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Summary

Distributional reinforcement learning (DRL) conventionally models objective uncertainty
in the return distributions from states, allowing important quantities to be computed such as
risk-sensitive policies. Bayesian approaches additionally quantify subjective, or epistemic,
uncertainty and can therefore provide principled signals for exploration. However, most
Bayesian value-based reinforcement learning algorithms, such as the seminal Bayesian Q-
learning (BQL), rely on restrictive likelihood assumptions to remain tractable. This severely
constrains the set of approximating return distributions, and thus the risk-relevant statistics they
can represent. Due to these limitations, Bayesian risk-sensitive exploration has been relatively
underexplored. We propose a Bayesian DRL algorithm which maintains and updates a full
posterior belief over finite-dimensional mean embeddings of the return distribution, chosen to
capture higher-order moments and admit Bellman-consistent propagation. This representation
allows us to generalize the value of perfect information exploration policy that BQL employs to
moment-based risk objectives, enabling exploration that explicitly trades off epistemic uncer-
tainty and risk. As we show in simulations, our algorithm learns more accurate approximations
to return distributions compared to BQL, and the resulting risk-sensitive exploration improves
control performance over a matched non-Bayesian DRL baseline.

Contribution(s)

1. We introduce Bayesian Moment Learning (BML), a model-free DRL algorithm which

maintains a Bayesian posterior over finite-dimensional mean embeddings of return distribu-
tions. We show that BML can approximate (and model epistemic uncertainty over) a richer
class of return distributions compared to BQL.
Context: BML builds on mean-embedding sketches and kernel mean-embedding (Wen-
liang et al., 2023; Rowland et al., 2019; Muandet et al., 2017), and thereby relaxes the
Gaussian-return restriction that underpins BQL (Dearden et al., 1998). The derived
Bayesian updates performed by BML extend sketch-space temporal difference learning with
BQL-inspired mixture updating and projection to preserve a tractable approximate posterior
family.

2. BML explicitly represents epistemic uncertainty over important risk-relevant statistics (dis-
tribution moments). We use this uncertainty to generalize the value-of-perfect-information
(VPI) exploration policy to risk-aware objectives. We show in simulations using a widely-
adopted risky control task that BML exhibits efficient and risk-sensitive exploration.
Context: This action-selection rule is rooted in the classical VPI principle from
Bayesian RL and decision analysis (Dearden et al., 1998; Howard, 1966), but targets risk-
sensitive criteria rather than expected return alone. We focus on objectives that are com-
putable/approximable from finitely many moments.
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Abstract

Distributional reinforcement learning (DRL) conventionally models objective uncer-
tainty in the return distributions from states, allowing important quantities to be com-
puted such as risk-sensitive policies. Bayesian approaches additionally quantify subjec-
tive, or epistemic, uncertainty and can therefore provide principled signals for explo-
ration. However, most Bayesian value-based reinforcement learning algorithms, such
as the seminal Bayesian (Q-learning (BQL), rely on restrictive likelihood assumptions
to remain tractable. This severely constrains the set of approximating return distribu-
tions, and thus the risk-relevant statistics they can represent. Due to these limitations,
Bayesian risk-sensitive exploration has been relatively underexplored. We propose a
Bayesian DRL algorithm which maintains and updates a full posterior belief over finite-
dimensional mean embeddings of the return distribution, chosen to capture higher-order
moments and admit Bellman-consistent propagation. This representation allows us to
generalize the value of perfect information exploration policy that BQL employs to
moment-based risk objectives, enabling exploration that explicitly trades off epistemic
uncertainty and risk. As we show in simulations, our algorithm learns more accurate ap-
proximations to return distributions compared to BQL, and the resulting risk-sensitive
exploration improves control performance over a matched non-Bayesian DRL baseline.

1 Introduction

Uncertainty in reinforcement learning (RL) (Sutton et al., 1998) comes in at least two forms.
Aleatoric uncertainty reflects the inherent randomness of returns induced by stochastic dynamics
and rewards, as well as the decision policy. Epistemic uncertainty reflects what the agent does not
yet know due to limited priors and data. Both matter: epistemic uncertainty determines potentially
costly or risky exploration, while aleatoric uncertainty determines additional, irreducible, risk. How-
ever, classic, value-based RL typically ignores both, collapsing the future into a single number, the
expected long-run, discounted utility, i.e., the expected return.

The most complete accounting of the uncertainty that matters for reinforcement is the entire distribu-
tion of returns. From the perspective of aleatoric uncertainty, this provides access to variability, tails,
and higher-order shape information, and can naturally support computations such as risk-sensitive
decision-making (Heger, 1994). In many applications such as robotics, operations research, finance,
and safety-critical control, the difference between good on average and bad in the worst case is de-
cisive. Moreover, risk preferences vary across tasks and users, motivating methods that can trade off
performance against downside risk.

From the perspective of epistemic uncertainty, the focus has been on exploration. Exploration is an
information-gathering process: the agent should seek actions that reduce uncertainty where doing
so is valuable for future decisions. Bayesian RL offers a principled framework for doing this by
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maintaining beliefs over value-related quantities, updating those beliefs with experience, and select-
ing actions based on the expected benefit of information. Bayesian Q-Learning (BQL) (Dearden
et al., 1998) is a canonical model-free instance of this idea: it maintains approximate posterior dis-
tributions over action values and uses a value-of-perfect-information (VPI) criterion to quantify an
approximation to the expected improvement in the return from exploration (Howard, 1966).

However, existing RL approaches sit awkwardly across the aleatoric/epistemic divide. On the
Bayesian side, tractability often comes from restrictive likelihood assumptions, constraining the
class of return distributions and thus the risk-relevant statistics that can be represented. Conversely,
distributional reinforcement learning (DRL) (Bellemare et al., 2017) has concentrated on aleatoric
uncertainty, and typically does not maintain a Bayesian posterior that captures the epistemic uncer-
tainty necessary for principled exploration. Moreover, even when information-value criteria such
as VPI are used, they are commonly focused on improving the expected return rather than general
risk-sensitive objectives, leaving Bayesian risk-sensitive exploration comparatively underdeveloped.

This paper aims to close that gap. We propose a Bayesian distributional RL approach called
Bayesian Moment Learning (BML) that maintains a posterior over a finite-dimensional mean em-
bedding of the return distribution. By choosing embeddings that capture higher-order moments and
admit Bellman-consistent propagation (Wenliang et al., 2023), we obtain a computationally practical
belief state that represents risk-relevant return structure, together with epistemic uncertainty about
it. We use this belief state to generalize VPI-style action selection from expected return to moment-
based risk objectives, enabling exploration that explicitly trades off epistemic uncertainty against
risk. Empirically, BML shows improved approximation of return distributions in policy evaluation
and efficient risk-sensitive exploration that improves control under a risk-aware objective.

2 Background

We consider an agent interacting with an environment modeled as a Markov decision process (MDP)
(Puterman, 2014) (S, A, R, T,~), with state space S, action space .4, discount factor v € [0,1)
(with v = 1 used only in finite-horizon episodic settings such as in Section 4.2.1), transition kernel
to next states 7' : S x A — P(S), and stochastic reward kernel over real-valued rewards R :
S x A — P(R), where P(-) denotes the set of probability measures over the given space. A policy
7 maps each state to a distribution over actions, 7 : S — P(A).

The discounted random return from {Sy, Ag} = {s, a} under policy 7 is Z™(s,a):=> oo V'Rt |

{So = s,4p = a}. The corresponding return distribution is the law of this random vari-
able: n™(s,a) := Dist(Z™(s,a)) € P(R). The conventional state-action value function
is the expected return, Q™(s,a) := E[Z™(s,a)], and the associated state value function is

V7(s) := E™[Q™ (s, A)]. The Bellman operator for policy 7 acting on any @ is defined as
(T™Q)(s,a) = E™ [R+~E™[Q(S", A")]], so that Q™ satisfies the Bellman equation Q™ =
T™Q™. A Bellman update applies (an approximation of) this operator for each realized tran-
sition (s¢,as, 1, S¢41), e.g. the sample-based (Q-learning update Q(s;,a:) <+ Q(s¢,ar) +
ay (re + ymaxy Q(si41,a’) — Q(st, ap)) where oy is a learning rate (Watkins & Dayan, 1992).

In the standard risk-neutral control objective, we seek a policy, 7*, that maximizes expected return:
7 € argmax, V™(s) forall s € S.In this paper, we also consider objectives that depend on the
shape of ™ (s, a), rather than only its mean, as we make precise in later sections.

2.1 Distributional Reinforcement Learning

Distributional reinforcement learning (DRL) famously treats the random return as the primary object
of estimation and calculation and aims to learn its full distribution (Dabney et al., 2018; Bellemare
etal., 2017). A central characterization of ™ is the distributional Bellman equation:

Z7(s,a) 2 R(s,a,8') + vZ7(S',A) , with §'~T(-|s,a), A ~x(-| S (1)
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where 2 denotes equality in distribution. This induces the corresponding distributional Bellman
operator on return, which is the target of DRL’s canonical suite of temporal difference learning
rules. The distributional view captures aleatoric uncertainty in the form of the intrinsic randomness
of returns induced by the underlying MDP, and is conceptually distinct from epistemic uncertainty
about potentially knowable quantities (Bellemare et al., 2017).

Implementing DRL typically requires a finite-dimensional representation of n™ (s, a) and a learning
rule that approximates the distributional Bellman update. One prominent approach is the categorical
representation (e.g., C51), which approximates 7™ (s, a) by a discrete distribution supported on a
fixed set of atoms and learns their probabilities using a projected Bellman target and a divergence-
based loss (Bellemare et al., 2017). Another approach is the quantile representation, where the
distribution is approximated by a uniform mixture of learnable quantile locations (Dabney et al.,
2018).

2.2 Mean-Embedding Sketches and the Sketch Bellman Operator

Following work in probabilistic population codes (Sahani & Dayan, 2003), we consider a different
finite representation of 1™ (s, a) involving mean-embedding sketches (Rowland et al., 2019; Belle-
mare et al., 2023), which are closely related to kernel mean embeddings in traditional machine
learning (Muandet et al., 2017). These represent a distribution € P(R) through the expectation of
a multidimensional feature map ¢ : R — R™, i.e. Ez.,[¢(2)].

The (mean-embedding) sketch of the return distribution for a state-action pair is defined as
U™ (s,a) :=E[¢(Z7(s,a))] = Ezpr(s,a)[#(Z)]. Wenliang et al. (2023) showed that the Bellman
update can be carried out directly in embedding space for suitably chosen feature maps; this avoids
the need for the expensive “imputation” step (decoding sketches back into distributions). That is, if
for each reward value r there is a matrix B,. € R™*™ such that ¢(r + vg) = B, ¢(g) for all g, then
the sketch satisfies a closed Bellman-style recursion: U™ (s,a)=E[Br U™ (S’, A")]. This motivates
the sketch Bellman operator (TFU)(s, a):=E[Br U(S’, A")] . Notably, Wenliang et al. (2023) ob-
serve that any feature map spanning degree-k polynomials is Bellman-closed. In Section 3.1 we use
polynomial sketches but drop the constant feature (its embedding coordinate is deterministically 1),
yielding the equivalent affine form ¢(r + vg) = B, ¢(g) + ¢(r) (see Supplementary Section 6).

We build on this framework by (i) choosing a feature map which leads to embeddings which enjoy
Bellman-closedness and capture information about higher-order moments of the return distributions,
and (ii) maintaining a full Bayesian posterior over U (s, a) (dropping 7 where this is clear) which,
as we show later, is naturally amenable to risk-aware exploration heuristics.

2.3 Bayesian Q-Learning (BQL)

Bayesian Q-learning (BQL) is a notable temporal difference (TD) DRL algorithm which explicitly
represents epistemic uncertainty about action values (Dearden et al., 1998). BQL assumes that the
return for each (s, a) pair is Gaussian with unknown mean and precision: Z(s,a) ~ N (5,0, 750 ),

where 15, = Q(s,a). The prior over (us,q,7s,q) is further assumed to belong to the conjugate
Normal-Gamma family. Epistemic uncertainty about Q(s, a) is therefore encoded as p(fts q)-

The TD learning rule constructs a bootstrap target from each transition (s, a,r, s'), i.e., r+vZ(s',a’)
(often with greedy o’ at s’). Because BQL maintains a belief over the full return Z(s, a), boot-
strapping requires marginalizing uncertainty in the next-state return, which induces a non-conjugate
mixture posterior. To preserve a Normal-Gamma belief representation, BQL projects this mixture
back onto the Normal-Gamma family via KL minimization (Dearden et al., 1998). We discuss the
details of this projection step in the case of BML in Supplementary Section 7.7.

Given belief p(us ), BQL uses a myopic value-of-perfect-information (VPI) criterion to pick ac-
tions. The exploratory policy takes the form a € arg max;, {E[uss] + VPI(s,b)}, where VPI(s, b)
denotes the expected improvement in decision quality if the true value of action b were revealed
(Dearden et al., 1998).
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3 Bayesian Moment Learning

At the core of BQL is the assumption that return is Gaussian. This severely limits the scope of the
approximating distributions learnt by BQL, and as a result, the veracity of epistemic uncertainty
it represents (Antonov & Dayan, 2024). In Bayesian Moment Learning (BML), we improve the
representational capacity of BQL by maintaining a belief in the embedding space generated by
polynomial features, which correspond to raw, uncentred moments of the return distribution.

3.1 Bellman-Closed Polynomial Embeddings

We choose polynomial features so that the sketch Bellman operator is closed in embedding space
(Wenliang et al., 2023), however we drop the constant term such that ¢(z) = (z,22,...,2%)T".
Then for each reward r we can construct a matrix B, € R¥*¥ such that ¢(r + v2') = B,¢(2') +
o(r) for all 2’ (see Supplementary Section 6). This property yields an embedding-space bootstrap

target for our Bayesian update and avoids the need for decoding sketches back into distributions.

3.2 Bayesian Model in Embedding Space

Critically, unlike Wenliang et al. (2023) (but like BQL’s belief over the mean @-value p ,),
we maintain a Bayesian belief over the mean embedding U(s,a) = E[¢(Z(s,a))]. With
Y(s,a) = ¢(Z(s,a)) € RF as the embedded return, we model an observation y € R as
conditionally Gaussian:

p(y | U(s,a),A(s,a)) = My; U(s,a), A(s,a)_l), ()
with a conjugate Normal-Wishart prior on the unknown mean and precision
(U(s,a),A(s,a)) ~ NW (g, A\, W,v), (3)

where A(s,a) ~ W(W,v), and U(s,a) | A(s,a) ~ N(po, (AA(s,a))™!). Marginalizing out
A(s, a) yields a multivariate Student-t belief over U(s, a) € R* ( Supplementary Section 7.3).

This Normal-Wishart model yields closed-form posteriors for U(s, a) given i.i.d. observations in
embedding space, allowing us to implement Bayesian updates efficiently. However, since TD’s
bootstrapped targets are not i.i.d. samples of the true embedded return, conjugacy only holds for
terminal transitions; all other updates require integrating over next-state uncertainty, producing a
non-conjugate mixture posterior that we approximate using BQL-style mixture-and-projection steps
(Supplementary Section 7.7). Moreover, because ¢ : R — RF, valid mean embeddings occupy a
constrained subset of R that our Gaussian embedding likelihood does not enforce explicitly (we
examine this caveat in Supplementary Section 12). In the main text, we focus instead on conver-
gence of the learned moments to the true return moments (Section 4.1.1), which we view as sufficient
evidence that the approximation behaves well in practice. In summary, we treat the Gaussian embed-
ding likelihood as a pragmatic approximation enabling efficient Bayesian inference and exploration
in moment space; we validate it via moment convergence in the main text and report feasibility
diagnostics in Supplementary Section 12.

Note that on terminal transitions (i.e., when the update is a direct observation in embedding space
rather than a bootstrapped target), the update to the first-moment component performed by BML
coincides exactly with BQL’s update to ). This agreement is visible in the moment-convergence
results in Figure 1 and demonstrated formally in Supplementary Section 9.1. The mixture pos-
terior and KL projection breaks this exact equivalence for all other states, leading to the observed
divergence in first-moment predictions (Figure 1).

3.2.1 Mixture Posterior Update in Embedding Space

Let o’ denote the next action used for bootstrapping (for example, greedy with respect to the current
objective), and define the random next embedded return Y’ := ¢(Z(s’,a’)) . The distribution of Y’
is induced by our current belief at (s’,a’).
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According to the distributional Bellman equation (1), the embedding-space target for TD updates is
o(r+~Z(s',a’)). For Bellman-closed embeddings we can compute this target directly from Y’. For
polynomial features (Section 3.1) we have the exact relationship ¢(r +~vZ(s',a’)) = B, Y' +¢(r).

Conditioned on a particular realization y of Y’, the bootstrap target x = B,y + ¢(r) acts as a
pseudo-observation for ¢(Z(s, a)) under our Gaussian embedding likelihood. The corresponding
conditional posterior is conjugate: p(U(s,a), A(s,a) | x) € NW. However, Y’ is random under
our current belief, so the correct update integrates over Y’, yielding a mixture posterior

Pmix(U(s,a),A(s,a) | s,a,r,8) = /Rk p(U(s,a),A(s,a) | x = B,y +é(r)) py/(y) dy, 4)

where py- is the predictive distribution of Y’ induced by the belief at (s', a’). Since pmix is generally
not Normal-Wishart, we approximate it by a Normal-Wishart belief via a forward-KL projection
(sufficient-statistic matching); details are given in Supplementary Section 7.7.

3.3 Risk-Sensitive Action Selection via VPI

Our posterior induces uncertainty over the moment embedding U(s, a), which we convert into a
scalar risk-sensitive score ¥(s,a) = p(U(s,a)), where p is a moment-based functional, e.g., a
mean—dispersion criterion (Mannor & Tsitsiklis, 2011). To avoid undefined quantities when sampled
moments are temporarily inconsistent early in training (Supplementary Section 12), we use always-
real transforms. With m; =E[Z?] and v =my—m?, we define

U =my — Ao(v), where o(v) = sign(v)+/[v] ®)

Empirically, retaining the sign in o(v) (treating transient v < 0 as a moment-feasibility artifact,
rather than clipping at v > 0) avoids an artificially pessimistic early distribution over ¥ that can
suppress exploration under high posterior uncertainty. This effect diminishes as learning drives
samples toward moment-feasibility (see Supplementary Section 12 for diagnostics). Higher-moment
terms can also be included without changing the inference procedure.

rsVPI over U. To distinguish this risk-scored variant from the standard VPI used in BQL (com-
puted over expected return), we refer to it as risk-sensitive VPI (rsVPI). At state s, let a1 =
arg max, E[¥(s, a)] and ay = arg maxq-q, E[¥(s, a)]. We define rsVPI for action a as

E[(E[¥(s,a2)] — ¥(s,a))+], a=a1,

E[(¥(s,a) — E[¥(s,a1)])4], a# ar, ©

rsVPI(s,a) = {

where (z)4 = max(z, 0), and select actions by a € argmax;, {E[U(s,b)] + rsVPI(s,b)}. We use
a Monte-Carlo estimator for rsVPI (see Supplementary Section 9.2).

4 Results

We evaluate our Bayesian mean-embedding approach along two axes. First, in policy evaluation, we
ask whether maintaining a posterior over moment embeddings yields a more accurate approximation
of the return distribution than BQL. We assess this via (i) the quality of reconstructed return distri-
butions (Section 4.1.2) and (ii) the tracking and convergence of individual moments (Section 4.1.1).

Second, in control (Section 4.2), we test whether Bayesian uncertainty in moment space improves
potentially risk-sensitive exploration relative to a non-Bayesian counterpart with the same represen-
tational capacity. Concretely, we compare BML against Sketch-TD (Wenliang et al., 2023) with the
same polynomial feature map in the BART environment, using the risk score ¥ in (5) and sweeping
A € {0, 1,2} to cover both risk-neutral and risk-sensitive regimes. To contextualize the risk-neutral
case (A = 0) against a standard Bayesian baseline, we also include BQL as a reference.
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In the control experiments, unless stated otherwise, we instantiate the risk score ¥ using only the first
two moments (mean and dispersion) to keep the objective simple and to isolate the effect of Bayesian
uncertainty. In Supplementary Section 13.2.1 we additionally extend ¥ with a third-moment term
for skewness and show that BML can reliably prefer positively skewed paths over negatively skewed
alternatives even when mean and variance are matched.

4.1 Policy Evaluation

To isolate the effect of moment propagation and make distributional differences easy to interpret, we
consider a simple chain MDP. The agent starts in state sg, transitions deterministically to s1, So, S3,
and finally to a terminal state s, where it receives a stochastic terminal reward drawn from a mixture
of Beta distributions (see Supplementary Section 11.1.2). Thus, all upstream return distributions are
nontrivial discounting-based shifts of the same underlying multimodal terminal reward, so any dis-
crepancy in learned moments directly reflects propagation and approximation errors. Furthermore,
to control for the effect of prior choice, we initialize BQL and BML with matched priors on the
scalar mean (for full details see Supplementary Section 11.1.1). Moreover, within each run both
agents are trained on the exact same sampled rewards.

4.1.1 Moment Convergence

We compute the true moments of the return distribution at each state and compare them to the
moment estimates produced by BQL and our BML method. For each moment order, we report the
absolute relative error (see Supplementary Section 11.1.3). Figure 1 shows that at the terminal state
the first-moment updates of BQL and BML coincide (top-right highlighted panel), as mentioned in
Section 3.2 and proved in Supplementary Section 9.1. For all other states, the learning signal must
be propagated through multiple bootstrapped updates, and, owing largely to the projection step, the
BQL and BML estimates deviate, though not severely.
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Figure 1: Absolute relative distance between true and estimated return moments for BQL and BML
during policy evaluation. Panels from top to bottom correspond to 1st-3rd moments respectively.
Top-right highlighted panel shows the terminal-state first-moment updates, which are mathemati-
cally identical for BQL and BML. The first 100 episodes are omitted to reduce the visual impact of
the initial transient due to prior initialization.

The difference becomes much more pronounced for higher-order moments which BML (but not
BQL) models explicitly. In Supplementary Section 13.1.1 we demonstrate the same effect for higher-
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order moments beyond the third moment, where the divergence persists and typically grows with
moment order, indicating that the embedding-based posterior better preserves higher-order structure
of complex return distributions during propagation. We additionally show that this advantage is ro-
bust across a range of prior initializations, with BML consistently producing more accurate moment
estimates than BQL.

4.1.2 Imputation

To visualize the return distributions implied by BML, we reconstruct (impute) an explicit distri-
bution from the learned representation. Because a finite-dimensional moment embedding does not
uniquely identify a return distribution, we treat these imputations as an illustrative decoding of
the learned representation; the moment-convergence results (Section 4.1.1) provide the primary,
representation-level evidence for the accuracy of BML’s approximation. In particular, we use the
imputation procedure of Wenliang et al. (2023), which finds a categorical distribution whose mean
embedding best matches a target embedding. As the target embedding for BML we use the poste-
rior mean E[U(s, a)] with a k& = 10 polynomial embedding (the first 10 raw moments), yielding
a single representative return distribution for comparison. Supplementary Section Supplementary
Section 13.1.3 studies the sensitivity of the imputation to the choice of k, and Supplementary Sec-
tion Supplementary Section 13.1.2 visualizes how posterior-sampled imputations evolve and con-
centrate over training.

Figure 2 contrasts the distributions learned by BQL and BML. Since BQL is tied to a restrictive
parametric form, it does not capture the multimodal structure of the true return distribution. By
contrast, the BML embedding can represent higher-order structure through its moments, and the
imputed distribution provides a substantially closer qualitative match to the multimodal target.

S1

Return Return Return Return

Figure 2: Reconstructed return distributions shown as CDFs in the chain environment.

4.2 Control

We now turn to the control setting. To crystallize the contribution of epistemic uncertainty, we
compare BML to Sketch-TD. We chose Sketch-TD as our baseline because it has the same repre-
sentational capacity but lacks an explicit representation of the epistemic uncertainty. We did not
include non-Bayesian baselines for comparison within uncertainty estimators since this lies beyond
the scope of our claims. Moreover, since Sketch-TD does not maintain epistemic uncertainty, we
pair it with a standard exploration mechanism (e-greedy) in all control experiments.

4.2.1 BART

We consider a simple variant of the Balloon Analogue Risk Task (BART) (Lejuez et al., 2002), which
poses an explicit sequential risk-taking trade-off. Each episode begins in state k& = 0, where k €
{0, ..., N—1} denotes the number of successful pumps so far. The agent has two actions: PUMP and
CASH. Taking PUMP either advances to k£ + 1 or terminates the episode with an explosion (BOOM).
The explosion hazard increases with k, where P(BOOM | k, PUMP) = . So risk grows as the
agent pumps more. Taking CASH ends the episode deterministically and yields reward proportional
to the number of successful pumps accumulated, R(k, CASH) = k - r, while all other transitions
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yield reward 0. In our experiments we use N = 10, r = 1, and v = 1, train for 2,000 episodes, and
average results over several independent runs.

Figure 3 summarizes the BART control results for A € {0, 1,2}. For each A, we optimize method-
specific hyperparameters by grid search (see Supplementary Section 11.2.1). Since standard BQL is
risk-neutral, we include it only for A = 0. With the risk-neutral objective (A = 0) BQL and BML
perform similarly well, displaying efficient exploration, which is in stark contrast to Sketch-TD.

For the risk-sensitive objectives (A > 0) the learning trajectories in Figure 3a clearly show superior
performance of BML. In particular, BML is able to discover near-optimal policies much earlier than
Sketch-TD, and with a drastically lower explosion rate. Sketch-TD is insufficiently risk-averse early
in learning when (the not represented) epistemic uncertainty should be high; it is also exceedingly
risk-averse late in learning, presumably having been discouraged by the early explosions. BML, by
contrast, exhibits appropriately cautious exploration and reaches near-optimal behavior earlier.
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Figure 3: (a) Learning dynamics (columns A € {0,1,2}): 50-episode rolling means of cashout
pumps (top; conditioned on cashout) and explosion rate (bottom); dashed gray marks the optimal
cashout threshold under m; — Ao. (b) Settled cashout vs. A (final 500 episodes; conditioned on
cashout) with optimal curve (dashed gray).

5 Discussion

We introduced Bayesian Moment Learning (BML), a model-free TD Bayesian DRL algorithm which
combines Bellman-closed mean-embedding sketches (Wenliang et al., 2023) with the Bayesian up-
dating and VPI-style exploration of Bayesian ()-learning (Dearden et al., 1998). BML maintains a
posterior over finitely many moments of return distributions. Although its belief does not strictly
respect the geometry of the embedding space, our sanity checks show that the issue is transient and
benign (Supplementary Section 12); when v < 0 early in learning we use sign(v)\/m to keep ¥
real and avoid undue pessimism. We focused on two implications of the representation offered by
BML.: first, its representational capacity substantially exceeds BQL’s Gaussian return model. We
showed that BML learns better approximations to complex return distributions compared to BQL.

The second implication is for control. We isolated the role of Bayesian uncertainty in risk-sensitive
exploration by comparing BML’s performance to a non-Bayesian baseline, Sketch-TD (Wenliang
et al., 2023), with the same representational capacity. In BART, BML’s rsVPI exploration policy
learned faster and suffered substantially fewer catastrophic outcomes, allowing it to converge closer
to the optimal risk-sensitive policy for various degrees of risk aversion. In Supplementary Sec-
tion 13.2 we additionally show the desired sensitivity of rsVPI to higher-order statistics of return
distributions. This highlights the importance of a proper accounting of epistemic uncertainty in
control problems where risk cannot be neglected.
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This also positions BML within recent work at the interface of distributional and Bayesian RL.
Standard DRL primarily represents aleatoric return uncertainty, while many epistemic RL methods
represent uncertainty over expected values. A closely related exception is Luis et al. (2024), which
takes a model-based Bayesian perspective and learns an epistemic distribution over value functions
induced by model uncertainty. BML takes a complementary, model-free route: its posterior lives
over Bellman-consistent moment embeddings of the return distribution, so epistemic uncertainty
is attached to risk-relevant return structure itself and can be used directly by rsVPI for risk-aware
exploration.

An important extension to our work is to consider risk utilities beyond moments that exhibit
favourable theoretical properties, such as conditional value-at-risk (CVaR) (Rockafellar & Urya-
sev, 2002). While BML can explore CVaR via imputed distributions, alternative embeddings may be
more efficient. For instance, Wenliang et al. (2023) report that bounded translation features (e.g., sig-
moid/Gaussian) and bin sketches can improve numerical stability and admit theoretical guarantees,
but they forgo exact Bellman closure and require tracking an (estimated) return range. It remains a
promising avenue for future research to examine risk-sensitive exploration with such approximate
sketches. Our experiments deliberately isolate one such mechanism in interpretable settings; exten-
sions to higher-dimensional and continuous-control domains in combination with offline RL also
merit attention.
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Supplementary Materials

The following content was not necessarily subject to peer review.

6 Bellman-closed polynomial sketches with and without a constant feature

This section resolves a notational point behind the polynomial sketch Bellman operator used in
the main text (Section 3.1). With an augmented polynomial feature map that includes a constant
term, polynomial sketches satisfy an exact linear Bellman-closedness relation. In the main text we
instead use the reduced map ¢(z) = (z,22,...,2")T, which drops the constant feature (since its

embedding coordinate is deterministically 1), yielding an equivalent affine recursion of the form

¢(r +72) = B,¢(2) + ¢(r).
6.1 Augmented map and exact linear closure

Define the augmented polynomial features ¢(z) = (1,2,2%,...,2%)T € R* 1. By the binomial
theorem, for each reward r € R there exists a matrix B, € RE+Dx(k+1) gych that

O(r+~z) = B, ¢(2) forall z € R. (7
Indexing monomial orders by 4, j € {0, ..., k}, one convenient closed form is
: ()il g<i,
B.)ii=4q VY 8
(Br)ij {0’ P> ®)

6.2 Reduced map and induced affine closure

In our Bayesian model we use the reduced features ¢(z) = (z,22,...,2")T € R¥, so that ¢(z) =
(1,¢(2)") 7. Partition B, conformably as
- 1 o'
B, = , 9
(¢<r> BT.) ®

where B, € RF*¥_ Extracting the lower block of ¢(r + vz) = B,(z) yields the reduced-space
affine recursion

¢(T + 72) =B, ¢(Z) + ¢(T’), (10

which is the form used in Section 3.

Example (k = 2). With ¢(z) = (z,2%)7, the induced matrices and offset are
(v O o
Br - (2T’Y ,72) ’ ¢(7") - (,’,2) ’ (11)

In the mixture posterior updates (Section 3.2.1 and Supplementary Section 7.7), the pseudo-
observation takes the affine form

so Eq. 10 holds exactly.

x:¢(r+'yZ($/,a/)) = B,y +¢(r), wherey:q&(Z(s’,a’)). (12)

Dropping the constant feature avoids carrying a deterministic coordinate in the Normal-Wishart
belief, while preserving exact Bellman-closedness via the induced affine recursion above.
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7 Normal-Wishart identities

Notation and mapping to the main text. In this appendix we use the standard Normal-Wishart
notation (p, A) for clarity. In the main text, the role of p is played by the embedding mean U(s, a),
and x denotes an (actual or pseudo) observation in embedding space. Throughout, d is the dimension
of x (or U), which in our setting equals the number of reduced moment features k (Section 6).

7.1 Prior

We use the Normal-Wishart prior

(ll:, A) ~ NW("'Oa )‘7 Wa V)a (13)
where po € R4, X > 0, W € R%*4 is positive definite, and v > d — 1. This means
A~ WW,v), A~ Npo, (M), (14)

(Here W(W, v) denotes the Wishart distribution on the precision matrix A with scale matrix W.)

7.2 Posterior

Given i.i.d. data x7.,, with

x; ~ N(p, A7), (15)
the posterior is also Normal-Wishart:
(/117[\) | X1 NNW(Mn,)\n,Wnﬂ/n), (16)
with updates
A\ _
M= Abn = B g, (7)
and
VVn_1 = I/V_1 + ;(Xl — )_()(Xi — )_()T + nrf:\)\()_( — ;l,o)()_( - [l,o)T, (18)

x = 15" )
where X = = > 1" | X;.

One-sample (rank-one) update and efficient inversion. For the special case n = 1, the sample
mean is X = x; and the scatter term Y -, (x; — X)(x; — X) | vanishes. Defining

A
Z:=X] — ci= ———
1 Mo, A+ 1
the Normal-Wishart posterior hyperparameters reduce to
A
A= A+1, m=%, v=v+l,  Wil=Wlicz. (19

Equation (19) shows that W ! is updated by a rank-one outer product. As a result, W; = (W1 +
czz' )~ can be computed efficiently via the Woodbury matrix identity (equivalently, the Sherman—
Morrison rank-one update). In general, for invertible A and C,

(A+UCV) ' =A A WW(C +VATU) VAL (20)
With A=W, U =2,V =2z",and C = ¢ (ascalar), we obtain
Wi=Wl4czz )t =W - Wz(c™' + zTWz)flzTW, (1)

where the term (c’1 + ZTWZ) is scalar.
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7.3 Marginal of

The marginal distribution of p under the Normal-Wishart prior is a multivariate Student-¢:
1
~ 1y, , W) 22
I d+1(ﬂo No—d+ D) ) (22)
The mean exists when v > d (equivalently v — d + 1 > 1). The covariance exists when v > d + 1
(equivalently v —d + 1 > 2), and is

v—d+1 1 o 1 -1
COVLU']_V—d—l )\(V—d+1)W _)\(V—d—l)W ' 23)

7.4 Prior predictive

Assume
p(X |/I,,A) ZN(X;/L,A_I), (ll'vA) ~ NW(AU'()?)"VVvV)' (24)

Integrating out g conditional on A gives

p(XIA)Z/de(xmz\)p(n\f\)dn

= RdN(X;,u,A‘l)N(u;uo,(AA)‘l)dM

-1
= N(x;po, 1+ A"HAT!) = N<x;u0, (Ail) A—1> . (25)

Integrating out A yields a multivariate Student-¢ prior predictive (Penny, 2014):
A+1 -1
new ™~ by — s W . 26
Xnew d+1</-110 )\(V—d—‘rl) ) (26)
It is sometimes convenient to also record the corresponding inverse-scale / precision matrix for this
t:

A+1 S\ A
— W =——WwW—-d+1)W. 27
(A(u—dﬂ) > RGO @7)
The predictive covariance (when v > d + 1) is
A+1 _
COV[XHEW] = m W 1. (28)

7.5 Posterior predictive

Using the posterior hyperparameters (ft,,, Ay, Wy, 1, ) from Section 7.2, the posterior predictive is
(Penny, 2014)

An+1 1
o~ bt (e W) 29
Xnew ‘ X1: n—d—+1 <.u' )\n(Vn —d+ 1) ) (29)
with corresponding inverse-scale / precision matrix
An+1 o
—_— W, ! = n—d+1)W,. 30
()\n(yn—d+1) n ) L G0

7.6 Sufficient statistics and expectations (for KL projection)

The Wishart and inverse-Wishart densities (as used for reference/parameterization) are
A|v=d=D/2 exp{ —Ltr (WA
W W) = 2 i )
quvd/2 ‘W|u/2 Ty (%)

3D
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and
oy WP exp{—ftr(WAT))
IW(AW,v) = 2vd/2 |A|(v+d+1)/2 7, ()

(With this convention, W(A; W,v) = ZW(A~L; W1 b))

(32)

According to So (2024), one convenient sufficient-statistic vector for the Normal—inverse-Wishart
(NIW) can be written (up to constant rescalings) as
T(U,A) = (—Llog|A|, —3vec(A™!),A7'U, —3UTAT'U). (33)
Replacing A~! by A yields a corresponding sufficient-statistic set for the Normal-Wishart (NW);
up to equivalent constant rescalings this gives
T(U,A) = (log|A], A, AU, UTAU), (34)
which matches the sufficient statistics used in the main text for forward-KL projection.

We also record the corresponding expectations under (U, A) ~ NW (o, A, W, v).

Log-determinant.

d .

+1-

Eflog|Al] = > ¢(”22> +dlog 2 + log [W]. (35)
=1

where 9(-) denotes the digamma function.

First moment.
E[A] = vW. (36)

Mixed moment. Using iterated expectation,
E[AU] = E[AE[U | A]] = E[A po] = (vW)pso. (37)
Quadratic form. Using E[X " AX] = m" Am + tr(AY) for X ~ AN (m, ¥),
E[UTAU] =E[E[UTAU | A]]
E[UTAU | A] = pg Apo + tr(AAA) ™) = pg Apo + %

d
= E[UTAU] = pi W) + T (38)

7.7 Normal-Wishart Projection via Forward KL

The mixture posterior p,ix(U, A) from Section 3.2.1 is not, in general, Normal-Wishart. Following
Bayesian Q-learning, we approximate it by a Normal-Wishart distribution via forward KL projec-
tion. We find

¢ =arg min KL(pmix || q) , (39)

such that ¢(U,A) = NW(u, A\, W, v). Since the Normal-Wishart is an exponential family, this
projection is equivalent to matching expectations of sufficient statistics under py,ix and q.

We use the sufficient statistics outlined in (34) and define the target moments
M, = Epmix [log |A|]7 My = ]Epmix [A]v M; = ]Epmix [AU]v M, = Epmix [UTAU] (40)

We estimate My, Mo, M3, M4 by Monte Carlo over the conditional posteriors induced by the sam-
pled bootstrap targets. Specifically, we sample y(*) ~ py- and set x(*) = B,.y(") + ¢(r). For each
x| conjugacy yields a conditional Normal-Wishart posterior

p(UA [ xD) = NW(p®, O, w0, (41)
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from which E[log |A[], E[A], E[AU], and E[U T AU] are available in closed form. Averaging these
conditional expectations over ¢ = 1, ..., K produces estimates of My, My, Mg, M.

Using the Normal-Wishart moment identities for E[log |A|], E[A], E[AU], and E[U " AU] (Supple-
mentary Section 7.6), moment matching yields the closed-form relations

p = M;'Ms, 42)
d
A= iring M. M. 43
AT requiring My > p' Mo, (43)
M.
W = —2, with M5 symmetric positive definite. (44)
v

The remaining parameter v > d — 1 is obtained by solving the scalar equation implied by matching
M; = E[log Al

Ya(v) + dlog2 +log | M| — dlogv = M, (45)

where ¥4(v) := Z?Zl P ( ”*;*j ) is the multivariate digamma. We solve (45) numerically and then
set W = My /v.

8 Normal-Gamma identities (BQL)

Model and parameterization. Bayesian (-learning (BQL) assumes a Gaussian return model with
unknown mean and precision:

2| Q. ~ N(Q, 77, (46)
together with a conjugate Normal-Gamma (NG) prior,
(QaT) ~ NG(MO,)\,O[,ﬂ), (47)

with the rate parameterization

7 ~ Gamma(a, 3), Q| 7~ Mupo, (Ar)7H). (48)
Here pg is the prior mean of @, A > 0 scales the conditional variance Var(Q | 7) = 1/(A7), and
«, B > 0 control the Gamma prior over 7.

Marginal of (). Marginalizing 7 yields a Student-t distribution,

Q ~ tQOz ([1,0, /8) ) (49)
a\
whose variance exists when e > 1 and equals
B
Vi =—. 50
Prior predictive for a return sample. Marginalizing (Q, 7) yields the prior predictive
A+1
Znew ~ t2q (NOa ﬁ()> ) (51)
aA
with variance (for o > 1)
A+1
Var(zpew) = f((a—li' (52)
Posterior updates. Given i.i.d. data z1.,, with z; ~ N (Q, 7*1), the posterior is
(Q7T) | Tim ™~ NG(/’LTH)‘naanvﬁn); (53)
where
Ao + nZ
An = A , n= "~ "
o K A+n
ato b=t LSt @ (54)
Qp = a0 n — o Ti— T oy T A\ )
2 2 & oA +n) O
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andz = 13" 2, Forn =1, letting z = 21 — yo and ¢ = 12,

+
Ao + 21 1 1 9
1 +1, r1 o Tty Pr=pB+;cz (55)
The marginal posterior over () is
Br
Q | Tl t2an (,U/nu . (56)
QpAn,

9 Additional Theoretical Details

9.1 Equivalence of first-moment updates for BQL and BML

On terminal (non-bootstrapped) transitions, BML receives a direct embedding observation x =
¢(r) and updates its Normal-Wishart posterior by the i.i.d. rule in Section 7.2. BQL receives the
corresponding scalar observation x( = [x]o and updates its Normal-Gamma posterior by Section 8.

Claim. Under the parameter mapping

v—d+1 w1
IU’ONG = [MU]U? )‘NG = )‘7 o = ?7 B = %7 (57)

the induced posterior marginal over ) in BQL equals the posterior marginal over the first coordinate
[U]o in BML after any number of direct observations.

Proof (one-step; extension by induction). Consider one direct observation x and its first coordi-
nate £y = [x]o. From the NW one-sample update (Eq. 19) withz = x — pg and c = A/(A + 1), we
have

(Wi oo = [W oo + ¢ 23, 29 = xo — [Ho]o- (58)

From the NG one-sample update (Eq. 55) we have
1
Br =B+ 5elzo— 1) (59)

Under (57), ud'® = [polo and B = $[W ~1]o0, so (58) and (59) imply

1

B = 3" Joo- (60)

Next, the NG marginal posterior is Student-t (Eq. 56) with degrees of freedom 2c;;. The NW
marginal posterior over the mean is Student-¢ by applying Eq. 22 to the posterior hyperparameters,
hence the first coordinate has degrees of freedom v; — d + 1.

Finally, with @ = (v — d + 1)/2 we obtain 2a; = 2(a + 3) = v1 — d + 1, and with (60) the
Student-t scale parameters agree as well. Since the posterior locations also match via u)'“ = [uo]o
and ANG = ) the two univariate Student-¢ posteriors coincide. O

9.2 Monte Carlo estimation of rsVPI

We estimate E[¥(s, a)] and rsVPI(s, a) from L posterior samples U) (s, a) by computing w((f) =
p(U®)(s,a)) and using sample averages E[¥(a)] = + 25:1 ) and

(4T @) - W), a-a
1sVPI(s,a) = t 2o (KLY )+ o (61)

L 0 =
%24:1 ( C(‘ = ]E[‘I’(al)])+v a#ay.
We do not reject posterior samples during action selection, since hard filtering can bias early beliefs

and suppress exploration. Moment-feasibility checks are used only as an empirical diagnostic in
Section 4.
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Algorithm 1 BML control with rsVPI

Require: Normal-Wishart beliefs {1, , }, discount +, risk functional ¥, sample counts L, K
1: for each interaction step at state s do
2: for each action a € A(s) do
3: Draw UM (s,a),...,U%) (s, a) from the marginal Student-t belief induced by B, ,
4: Compute risk scores 1 = U(U® (s,a)),for ¢ =1,...,L
5: Estimate ﬁ[@(s, a)] and rb/V\PI(s, a) from these samples
6: end for
7
8:
9:

Select a € arg max, {E[W¥(s, b)] + 1@?1(5, b)}
Execute a, observe (r, )
if s’ is terminal then

10: Set x = ¢(r)

11: Update B; 4 by the conjugate Normal-Wishart posterior with observation x

12: else

13: Select bootstrap distribution ¢(- | s’)

14: if control then .

15: a* € argmaxy, E[¥(s,b)]

16: q(- | 8') + da»

17: else

15 q(- | ') (- | ')

19: end if

20: fori=1,..., K do

21: Draw al, ~ q(- | §)

22: Draw y () from the posterior predictive distribution induced by Bs: o

23: Form pseudo-observation x(9) = B,y + ¢(r)

24: Form the conditional Normal-Wishart posterior for B, , given x(®)

25: end for

26: Match the mixture expectations My, Mo, M3, M, of these conditional posteriors

27: Project the mixture back to the Normal-Wishart family by forward KL, and store the
result as B; ,

28: end if

29: Recompute the rsVPI policy at s using the updated belief

30: end for

10 Algorithmic Summary of BML

For completeness, we summarize the BML control loop in Algorithm 1, tying together rsVPI action
selection and the per-transition Bayesian update. We maintain a Normal-Wishart belief B, , =
NW(tts,0, As.a, Ws.a, Vs,o) Over the mean embedding U(s, a) at every state—action pair, using the
reduced polynomial map ¢(z) = (z,...,z*)" (Section 3.1). Priors are set as in Supplementary
Section 11.1.1, and B,., ¢(r) are the Bellman-closed affine maps of Section 3.1.

In policy evaluation, the bootstrap distribution ¢(- | s’) is the fixed evaluation policy (- | "), and no
policy-improvement step is performed. In control, rsVPI is used for action selection at the current
state, while the bootstrapped target uses the greedy action under the current expected risk score.
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11 Experimental details and reproducibility

11.1 Policy evaluation

11.1.1 Prior matching between BQL and BML

In the policy-evaluation experiments we initialize BQL (Normal-Gamma) and BML (Normal-
Wishart) so that they encode the same epistemic uncertainty about the mean return. For polyno-
mial embeddings ¢(2) = (z,22,...) T, the first coordinate of the embedding mean is the first raw

moment, [U]y = E[Z], which plays the same role as BQL’s mean parameter ().

Matching the marginal over the mean. BQL uses the Normal-Gamma prior (Q,7) ~
NG(uONG, ANG o, B) (Section 8), whose marginal over @ is Student-:

Q~m(@9 b ) (62)

a\NG

see (49). BML uses the Normal-Wishart prior (U, A) ~ NW(ug, A, W,v) (Section 7), whose
marginal over U is multivariate Student-t:

1
U~t,_ , —— W, 63
d“(m Av—d+1) ) (63)
see (22) (Section 7.3). Hence the first coordinate satisfies

[Ulo ~ ty—d+1 ([#0]07 ﬁ [W_1]00> : (64)

To make the priors over @) and [U]y identical (same location, degrees of freedom, and scale), we set

v—d+1 w1
mo ¢ =luolo, A=A a=—F—, p= " Joo (65)

This is the same NG-NW mapping used in Section 9.1 to show equivalence of terminal first-moment
updates.

Initializing higher-moment coordinates for BML. Matching the mean coordinate does not deter-
mine the remaining entries of the NW prior mean vector po € R?. In policy evaluation we initialize
these entries using the prior predictive return distribution implied by BQL’s Normal-Gamma model.

Specifically, marginalizing (@, 7) yields the prior predictive over a return sample z (Eq. 51):

A+1
Znew ~ t2q (/J/ONGy B(a—;)> . (66)

We set the BML prior mean embedding to the corresponding raw moments of this predictive distri-
bution:

[olo = 15 <, (67)
ol =E[zi'],  j=1,....d—1 (68)

new

These moments exist provided 2a > j + 1, and under our hyperparameter choices below this
condition holds for all required coordinates.

Hyperparameter choices used in our experiments. We set \N¢ = \ = 1 and )¢ = 0. We
choose v to satisfy two requirements: (i) the NW marginal covariance exists, requiring v > d + 1
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(Section 7.3); and (ii) the predictive Student-¢ in Eq. 66 has finite raw moments up to order d,
requiring 2« > d, i.e.,

v—d+1>d <= v>2d-1, (69)
since &« = (v — d + 1)/2 under Eq. 65. In practice we use

—d+1
v =max(2d, d+ 2), and hence a= % (70)

Finally, we choose an isotropic Wishart scale W = wI, which implies [W ~1]pg = 1/w and there-
fore (by Eq. 65)

1
== (71)

2w’
This single scalar w controls the prior uncertainty in embedding space. Using the NW covariance
formula (Section 7.3),

Cov(U) = Wil=—-— T (72)

My —d—-1) Ay —d-1w

Equivalently, to target Cov(U) = 021, we set

(73)

11.1.2 Chain Environment

The Chain environment used in Section 4.1 is a deterministic episodic MDP with five states S =
{50, 81, 82, 3, 84}, start state sq, terminal state s4, and discount factor v = 0.8. We use a single
action, so the dynamics form a simple chain:

Sp —> §1 — So —> S3 — S4, (74)

and the episode terminates upon entering sy.

Rewards are 0 on all nonterminal transitions. The only stochastic reward is obtained on the transition
into the terminal state: if s = s3 and s’ = s4, then

Poo. {Beta(lo, 100), with probability 0.2, as)

Beta(100, 10), with probability 0.8,
and otherwise R = 0.

11.1.3 Moment absolute relative error

In Figure 1 (Section 4.1.1) and Figures 6-9 (Section 13.1.1), the y-axis reports the absolute relative
error of each raw return moment. Let m} denote the true ith raw moment of the return distribution
at the relevant state, and let /; denote the corresponding estimate produced by the algorithm at a
given episode. We plot

(76)

(For the chain environment used in these figures, m > 0 for the moments considered, so the
denominator is nonzero.)
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11.2 Control

11.2.1 BART hyperparameter search

We evaluate control in the BART environment with N = 10 and actions {PUMP, CASH}. Each
episode begins in state kK = 0 (number of successful pumps so far). Choosing CASH terminates the
episode deterministically and yields reward k& (we use reward-per-pump r = 1). Choosing PUMP
transitions either to BOOM (terminal) with probability 1/(N — k) or to k + 1 otherwise, with reward
0 on all non-CASH transitions. We report results for ¥ defined in (5) with A € {0,1,2}.

Tuning objective. Hyperparameters were selected by grid search on a held-out set of random seeds
using the same risk-sensitive objective used in the experiments, computed from realized episode
outcomes. For episode e, define the realized return

G, = {kze, if the episode ends by CASH at pump count ke, a7

0, if the episode ends by BOOM.

. . . o . A~ _ 1 A _ 1 2
Given a window of episodes, define empirical moments 177y = 37 > . G, and 7y = 37 >, G2, and
compute the final-window score

o~

Iy =1y — Ao (D), (78)
b = 1o — 13, (79)
o(b) = sign()/[9]. (80)

For A = 0, this reduces to maximizing the empirical mean return.

Protocol and seed splits. For each candidate hyperparameter setting and each A € {0,1, 2}, we
trained the corresponding agent for 2000 episodes and evaluated Jy on the final 500 episodes (the
“final-window” objective). Each candidate was evaluated over multiple independent random seeds
and the scores were averaged. We used different tuning budgets per method to reflect computational
cost: BML used 5 tuning seeds, Sketch-TD used 10 tuning seeds, and BQL used 10 tuning seeds.
After selecting hyperparameters, we ran the final reported curves using a disjoint set of 10 new
random seeds (separate from all tuning seeds), again training for 2000 episodes per run.

What is tuned. We tuned method-specific hyperparameters separately for each A. For Sketch-TD
we tuned the learning rate and epsilon-greedy exploration rate («, €). For BML we tuned a single
scalar prior scale controlling the initial epistemic uncertainty Cov(U) = ¢21. For BQL we tuned
an analogous scalar prior scale controlling the Normal-Gamma prior, and we evaluate BQL only for
A = 0 (risk-neutral baseline).

Search grids. For each A € {0, 1,2}, we performed a grid search over:

Sketch-TD: « € {0.01,0.05,0.1,0.2}, ¢ € {0.01,0.05,0.1,0.2}, (81)
BML: o2 € {500, 1000, 5000, 10000, 30000, 50000, 100000} (82)

For BQL (tuned and evaluated only at A = 0), we searched the same scalar prior scale values:
BQL: 03 € {500, 1000, 5000, 10000, 30000, 50000, 100000} . (83)

For BML and BQL, 073 is a scalar controlling the magnitude of the initial prior uncertainty (diagonal
scale) and therefore the strength of early exploration induced by posterior uncertainty.

Action selection during tuning. For BML, we used rsVPI and for Sketch-TD we used epsilon-
greedy control with respect to its learned value estimates and the specified risk objective through the
target definition. BQL used its standard VPI rule over expected return.
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Optimal cashout reference. In Figure 3 we additionally plot the analytically optimal cashout
threshold for each A\, computed by enumerating fixed-threshold policies (“pump to z, then cash™)
and selecting the maximizer of E[G] — A Std(G) using the environment’s closed-form statistics.
These optimal thresholds are used only for visualization and interpretation, not for hyperparameter
selection.

Plotting. Learning curves are shown as rolling averages with window size 50 episodes for both
cashout level (conditioned on CASH) and explosion rate. “Settled cashout” is computed as the mean
cashout level over the final 500 episodes.

12 Moment-feasibility diagnostics

This section evaluates the practical impact of the modeling approximation introduced in Section 3.2:
our posterior over the embedding mean U(s, a) € R* does not explicitly enforce the structural con-
straints that define valid embeddings. We therefore report diagnostics tracking how the posterior
evolves relative to the feasible set during learning. To ensure these trends are not artifacts of initial-
ization, we present results under two priors: (i) an uninformative baseline with pg = 0, and (ii) a
BQL-matched initialization that sets g using moments of the BQL-implied prior predictive (Sec-
tion 11.1.1). We use the same chain environment as in Section 4.1, with full specifications given in
Section 11.1.2.

12.1 Geometry of Valid Embeddings.

Just as in BQL, the Gaussian likelihood in (2) is an approximation; however, because we place this
likelihood on the embedded return Y = ¢(Z) and maintain uncertainty over its mean U = E[¢(Z)],
we can capture complex (e.g., multimodal or heavy-tailed) return distributions through the chosen
embedding without committing to a restrictive parametric form for Z itself. However, since ¢ :
R — R*, the embedded return lies in the one-dimensional subset M := ¢(R) C R¥. Thus, the
mean embedding U = E[Y] cannot be an arbitrary point in R* but has to lie in the convex hull of
M, such that U € conv(M), since U is an expectation of points on M.

For polynomial feature maps, this corresponds to the usual feasibility constraints on finite-order
moment vectors. For random variables supported on R, this reduces to the truncated Hamburger
moment problem, which imposes positive-semidefiniteness (and related extension) conditions on
the associated Hankel moment matrices (Schmiidgen et al., 2017). Our Gaussian model does not
enforce these constraints explicitly, so the posterior may assign density to moment vectors that are
not realizable by any distribution over Z. We therefore evaluate this effect empirically by track-
ing how often posterior samples correspond to moment-feasible vectors (Section 12.3), where we
observe that the fraction of infeasible samples decreases over training. The aforementioned moment-
feasibility check is used only as a diagnostic and is not enforced during learning.

12.2 Contour plots (two-moment case).

This constraint is easiest to visualize when m = 2 and U = (m;, m2) encodes the first two raw
moments. If ¢(z) = (z, 22), then ¢(2) lies on the curve M = {(z,2°) : z € R}. Since U =
E[¢(Z)] is an expectation of points on M, it must lie in the convex hull of M, which in this case is
the epigraph of the parabola my > m?. Figure 4 shades this feasible region (light green) above the
parabola.

Figure 4 shows the evolution of the BML posterior over U(sg, a) for the start state s in the chain
environment. Early in training, the Gaussian embedding model assigns nontrivial probability mass
outside the feasible set. As experience accumulates and the terminal reward signal propagates back-
ward, the posterior contracts and shifts so that most of its mass concentrates in the moment-feasible
region my > m?3. Notably, this occurs at sg, several steps away from the terminal reward, indicating
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that feasibility emerges under repeated bootstrapped updates rather than only from direct terminal
observations. This qualitative convergence is observed under both prior initializations.

-2 X BML (zero prior) =21 X BML (zero prior) =21 X BML (zero prior)
f— X BML (matched prior) X BML (matched prior) X BML (matched prior)

-3 -2 -1 0 1 2 -3 -2 -1 1 2 -3 -2 -1 1 2

£12] £12] £12]
(a) Step 0 (b) Step 100 (c) Step 200
5 5 5
4 4 4
3 3 3
0 0 0
-1 -1 -1
=21 X BML (zero prior) =21 X BML (zero prior) =21 X BML (zero prior)
X BML (matched prior) X BML (matched prior) X BML (matched prior)
-3 -3 -3
-3 -2 -1 0 1 2 -3 -2 -1 1 2 -3 -2 -1 1 2
€21 £2] £2]
(d) Step 300 (e) Step 400 (f) Step 500

Figure 4: Evolution of the posterior over U(sg, a) in the (mq,m2) plane. The feasible region is
Mo > m%.

12.3 Fraction of feasible samples (higher-order moments).

For higher-dimensional embeddings, visualization is not practical, so we quantify feasibility by
sampling from the posterior. At each episode, we draw approximately 10* samples of the moment
vector U(s, a) for a fixed state—action pair and test whether each sampled vector is compatible with
some probability measure on R.

For m = 2, feasibility reduces to the nonnegative variance constraint ms —m?2 > 0. For higher-order
moment vectors, we apply a truncated Hamburger moment feasibility test, which checks whether
the finite moment sequence admits a representing measure on R (via the standard Hankel matrix
positivity and extendability conditions), following Schmiidgen et al. (2017). We observe that the
fraction of infeasible samples decreases over training, indicating that the posterior progressively
concentrates on the moment-feasible set. Figure 5 shows this trend for the two-moment case and for
larger moment dimensions.

One thing to note is that changing the dimension requires tuning the prior uncertainty. We use an
isotropic scale for the NW as outlined in Section 11.1.1 and target Cov(U) = 021 by setting w
according to (73). For d = 3 we target 03 = 1. For d = 5, we have 03 = 0.001. For d = 7 we have
o2 = 0.0001 and set w consequently.

13 Additional Results

13.1 Policy Evaluation
13.1.1 Additional moment-convergence plots

In Section 4.1.1 we reported moment-convergence results up to the third moment. Here we extend
these results to moments up to order seven. We also test robustness to prior initialization. The main-
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text plots use the prior-matching procedure in Section 11.1.1 with target covariance Cov(U) = o231
and 03 = 1. Below, we repeat the experiment with o5 € {5, 0.1, 0.01} (Figures 6-9). Across all
settings, BML maintains consistently lower error than BQL, and the advantage typically increases
with moment order.

13.1.2 Evolution of Imputed Returns Over Training

In Section 4.1.2 we impute a single representative return distribution from BML using the posterior
mean embedding E[U(s, a)]. Here we instead illustrate how the posterior over return distributions
evolves during learning. At selected episodes, we sample moment embeddings U*) (s,a) from the
marginal posterior over U(s, a) (with & = 10 moments) and, for each sample, impute a categori-
cal return distribution using the procedure of Wenliang et al. (2023). Figure 10 shows the resulting
imputed CDFs at episodes 10, 50, 100, 200, and 500: early in training the imputations are highly dis-
persed, while over time they contract and become more consistent, reflecting decreasing epistemic
uncertainty.

13.1.3 Effect of Embedding Dimension £ on Imputation

In Section 4.1.2 we report imputations using a £k = 10 polynomial embedding. Here we study
how the imputed return distribution depends on the embedding dimension k, i.e., the number of
raw moments matched. We repeat the same imputation procedure while varying k£ and holding all
other settings fixed. As expected, increasing k typically improves the imputation: matching more
moments imposes stronger constraints on the reconstructed distribution, allowing it to better capture
higher-order structure that is invisible to low-order moment summaries. Notably, in Figure 11 shows
that the improvement largely saturates quickly; already at k¥ = 5 the imputed distribution is almost
visually indistinguishable from the £ = 10 imputation.

13.2 Control
13.2.1 K-Paths (Skewness in control)

The K-Paths environment is a finite episodic MDP designed to test the agent’s sensitivity to higher
moments of the return distribution. There is a distinguished initial state, Sg., and K available
actions corresponding to K paths. In our setting K = 3 with action set A = {a, b, c¢}. Taking action
X € Ain sy, deterministically transitions the agent to the first state on that path, denoted x1.

Each path x forms a deterministic chain of length L (here L = 4) with states x1, x2, ..., xL. From
any nonterminal state xz with ¢ < L, the transition dynamics are: - If the agent selects the matching
action Y, it deterministically transitions to x[i + 1]. - If the agent selects any action X' # ¥, it
deterministically transitions to a terminal failure state, Sepg.

The set of terminal states is {aL,bL, cL} U {Sena }. The reward function is sparse. All non-terminal
transitions yield reward 0. Transitioning into the failure terminal s¢pq yields a fixed penalty of —10.
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Transitioning into a path’s terminal state L yields a sample from a path-specific terminal reward
R, that we describe below. The discount factor is v = 1. Thus, an optimal agent must select a path
at the start and repeatedly choose the same action to reach its corresponding terminal state. Any
deviation from the chosen path immediately terminates the episode with a negative reward. Figure
12 depicts the 3-Paths environment used in subsequent experiments.
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13.2.2 Skew

In the policy-evaluation experiments, BQL matches the second moment of the return distribution
reasonably well. However, its estimates deteriorate for higher-order moments, whereas our mean-
embedding (BML) posterior remains accurate. To make the practical consequences of this gap ex-
plicit, we construct a controlled variant of the Paths environment in which the agent must distinguish
options that are identical in mean and variance but differ in skewness.

Specifically, for the three paths A, B, and C the terminal reward distributions are skew-normal,
parameterized such that all three paths have the same mean and variance (mean = 2, variance
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Figure 8: 02 = 0.1

matched across paths). Paths A and B are negatively skewed with skewness —0.99, while path C'is
positively skewed with skewness +0.99. Figure 13 shows the reward distributions at the end of the
three paths. Because the distributions are indistinguishable at the level of mean and variance, any
method that only represents E[Z] and E[Z?] cannot reliably prefer one path over another.

The key distinguishing statistic is skewness (third central moment). We operationalize this by aug-
menting the risk score with a signed cube-root of the third central moment: ¥ = my — Ao (v) + avy
where v = (m3 — 3mamy + 2m$)'/? and o (v) is the dispersion term defined in (5).
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Figure 9: 02 = 0.01

The BML agent selects path C' (the positively skewed option) far more frequently, while BQL se-
lects among A, B, and C approximately uniformly, reflecting its inability to discriminate between
the matched-mean/variance alternatives. Figure 14 reports the mean cumulative action frequencies
across 100 runs (shaded regions indicate 4 one standard deviation).
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Figure 10: Evolution of posterior-implied imputations over training. At each listed episode we draw
samples U() (s, a) from the BML marginal posterior (with & = 10 moments) and impute a cate-
gorical return distribution for each sample; the plotted curves are the corresponding imputed CDFs.
The spread across curves visualizes epistemic uncertainty, which shrinks as training progresses.
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Figure 11: Effect of embedding dimension on imputation. Imputed return CDFs obtained by match-
ing polynomial moment embeddings of increasing dimension k& (number of raw moments), with all
other settings held fixed. Imputation quality improves rapidly with &k and largely saturates by k = 5,
after which the £ = 5 and k£ = 10 curves are nearly visually identical.
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Figure 12: Paths environment (3 paths, chain length 4). Only one incorrect action from a1l back to
that start state is shown as an example for clarity.
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Figure 13: Terminal reward distributions for paths A, B, and C (left to right) in the skewness
experiment. All three are matched in mean = 2 and variance = 2, but A and B are negatively
skewed while C' is positively skewed, so they differ only in higher-order structure.
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