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Summary

Multi-agent reinforcement learning (MARL) has shown strong potential in solving coop-
erative decision-making problems, but understanding how individual agents contribute to the
team outcome remains challenging. This difficulty becomes particularly pronounced in scenar-
ios with sparse and delayed rewards, where credit must be assigned across both temporal steps
and multiple agents. In this paper, we propose CAST, a causality-inspired spatial-temporal re-
turn decomposition framework for cooperative MARL with episodic rewards. The key idea is
to model the generation of long-term returns using a causal process that decomposes rewards
along both temporal and spatial dimensions. Temporally, the episodic return is decomposed
into team rewards at each timestep. Spatially, instead of assuming that team rewards are a
linear sum of individual rewards, we allow team rewards to be generated from a nonlinear
invertible mixture of individual contributions, enabling more flexible modeling of complex
multi-agent dynamics. Under this framework, we show that the individual rewards, team re-
wards, and the underlying causal structure are identifiable, providing theoretical guarantees
for reward decomposition and enabling interpretable credit assignment. We further design a
generative model based on iVAE to estimate individual rewards and integrate them into policy
learning. Experiments on the Multi-agent Particle Environment (MPE) and its nonlinear vari-
ants demonstrate that our method achieves better performance while providing interpretable
causal structures for reward generation.

Contribution(s)

1. Expanded theoretical understanding.
Context: We expand the theoretical understanding of spatial-temporal credit assignment
in MARL by introducing a nonlinear invertible mixture model for team reward generation.
The proposed method, CAST, captures the complex dynamics and ensures the identifiability
of causal relationships and unobserved individual reward functions within the generative
process of cooperative MARL.

2. Proposed causal modeling for the individual rewards generation.
Context: We explicitly estimate causal relationships that influence the generation of indi-
vidual rewards, thereby modeling the contribution of agents and providing interpretability.

3. Proposed estimation method for the causal relationships.
Context: We design an individual reward predictor based on iVAE (Khemakhem et al.,
2020) under the nonlinear mixture assumption.

4. Method Evaluation.
Context: Experimental results on the classic and modified Multi-agent Particle environment
underscore the superiority of our approach, and the visualization verifies the interpretability
of our method.
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Abstract

Multi-agent reinforcement learning (MARL) has been largely developed to solve multi-
agent cooperation problems. However, it remains insufficiently developed for explain-
ing decision-making processes. This challenge becomes particularly pronounced with
delayed rewards, especially episodic ones, as credit allocation must be accounted for
along both the temporal and spatial axes involving multiple agents. In this paper, we
propose a CAusally-inspired Spatial-Temporal return decomposition method, named
CAST, to tackle episodic reward in cooperative MARL. We provide interpretable re-
turn decomposition and allow the complexity of multi-agent dynamics by relaxing the
common assumption. Specifically, along the temporal dimension, episodic long-term
return satisfies a linear summation of team rewards from all time steps. More interest-
ingly, in the spatial dimension, beyond a simple linear summation of individual rewards,
team rewards are allowed to be general nonlinear mixtures of individual rewards, facil-
itating more reasonable and precise credit allocation. We theoretically show that, under
the proposed framework, the team rewards, individual rewards, and underlying causal
relationships are identifiable, which naturally introduces additional structure constraints
to enhance the interpretability of reward redistribution. Our experiments demonstrate
state-of-the-art results in MPE and its variants, and the provided visualization of the
causal structure demonstrates the interpretability of our method.

1 Introduction

Cooperative Multi-agent Reinforcement Learning (MARL) is a burgeoning area that allows agents to
learn to collaborate towards a shared team goal (Oroojlooy and Hajinezhad, 2023; Zohar et al., 2022;
Zhou et al., 2020; Yu et al., 2022). It widely accelerates multiple applications of Al in the real world,
such as games (Vinyals et al., 2017; Ye et al., 2020; Samvelyan et al., 2019) and robotics (Liu et al.,
2019; Shishika et al., 2020). The challenges of learning individual cooperative policies stem not
only from the complex dynamics where each agent’s actions influence both their own observations
and those of others but also from the single scalar team reward, which measures their collective
performance. These factors pose the central challenge in cooperative MARL: credit assignment
(Rashid et al., 2020; Son et al., 2019; Wang et al., 2021; Li et al., 2021; Foerster et al., 2018).
Those methods work well while the team reward signals are dense. However, a more practical but
challenging scenario is where the team of agents is only awarded sparse and delayed rewards at the
end of the episode. Recently, works along spatial-temporal credit assignment propose to explicitly
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Figure 1: A graphical illustration G of the causal process that describes the generation of long-term
return in general. Individual reward {r} --- ,r¥} is generated from the joint state {s1,¢ - S5 +}
and joint action {a} - - - , al¥'} by reward function f, and transformed individual reward {7}, - - -7~}
is generated from individual reward by invertible function g. Accordingly, team reward R; is the
causal effect of individual rewards of all agents, and long-term reward () equals the sum of team
rewards from all the timesteps.

redistribute the individual rewards for the agents and timesteps to mitigate this problem (She et al.,
2022; Chen et al., 2023).

Previous work often lacks detailed interpretability about why specific contributions are generated.
Understanding how states and actions impact the team’s outcome can provide valuable insights for
further policy learning. Some previous work emphasizes the benefits of utilizing the structural gen-
eration process of rewards. For instance, AdaRL constructs a compact representation for policy
learning (Huang et al., 2021a), and LAIES(Liu et al., 2023b) uses given structural information to
design intrinsic rewards. However, achieving both reasonable and precise credit allocation under
the complex dynamics of MARL while also providing interpretability is not trivial. Current stud-
ies commonly decompose the long-term return into individual rewards through a simple structural
assumption by assuming the team reward is a direct summation of individual rewards (Chen et al.,
2023; She et al., 2022). Although they do not explicitly estimate the causal structures behind the in-
dividual reward generation, such a simple and strict summation assumption indeed can guarantee an
identifiable causal structure for allocating individual credits. However, it oversimplifies the complex
dynamics in MARL and may hinder the ability to allocate credit accurately and reasonably. Let’s
consider a team game scenario with three players: A, B, and C. Players A and B are responsible
for attacking the enemy, while player C is a medic who heals A and B, allowing them to survive
longer and deal more damage over time. It is not reasonable to simply equate the success of the
game with the damage dealt by A and B, while ignoring the essential support provided by C, whose
contribution interacts with those of A and B in a complex manner. Hence, credit assignment in such
a case goes beyond linear decomposition, as the team outcome is generated by an unknown mix-
ture of the agents’ individual contributions, and using the linear summation assumption to estimate
individual reward functions can limit the representation capability of the learned reward predictor,
thereby impairing reasonable and precise credit allocation.

In this paper, we propose a CAusality-inspired Spatial-Temporal return decomposition (CAST)
method, providing the interpretability of allocating agents’ individual contributions. More specifi-
cally, as shown in Figure 1, along the temporal dimension, CAST models the long-term return as the
causal effect of team rewards at all the timesteps, enabling decomposition of the long-term return
into a team reward for each timestep (Ren et al., 2022; Zhang et al., 2023; Arjona-Medina et al.,
2019); Along the spatial dimension, CAST views team reward as the causal effect of the actual
individual contributions (for simplicity, we use individual rewards in the rest of the paper) of all
the agents. What makes CAST advance beyond previous work (Chen et al., 2023) is its departure
from the simple linear assumption, i.e., equating the team reward to the sum of agents’ individual
rewards. Instead, CAST adopts a more general and flexible modeling where the team reward is
generated from a nonlinear mixture of individual rewards, inspired by iVAE (Khemakhem et al.,
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2020). We assume an invertible mixture function to map the individual rewards to immediate trans-
formed rewards, which sum to the team reward, thus guaranteeing the identifiability of the causal
structures and the unobserved individual reward functions within the generative process of multi-
agent systems. Such identifiability further enables us to incorporate explicit structural modeling and
constraints that provide interpretability. Overall, we not only provide interpretability but also relax
the assumption of additive linear team reward as a nonlinear mixture of individual rewards which
allows a much richer class of possible functions.

Our contributions are four-faceted. (1) We expand the theoretical understanding of spatial-temporal
credit assignment in MARL by introducing a nonlinear invertible mixture model for team reward
generation. The proposed method, CAST, captures the complex dynamics and ensures the identi-
fiability of causal relationships and unobserved individual reward functions within the generative
process of cooperative MARL. (2) We explicitly estimate causal relationships that influence the
generation of individual rewards, thereby modeling the contribution of agents and providing inter-
pretability. (3) We design an individual reward predictor based on iVAE (Khemakhem et al., 2020)
under the nonlinear mixture assumption. (4) Experimental results on the classic and modified Multi-
agent Particle environment underscore the superiority of our approach, and the visualization verifies
the interpretability of our method.

2 Related Work

Below we review the related works on credit assignment in multi-agent reinforcement learning, in-
cluding those on spatial-temporal credit assignment and causality-facilitated reinforcement learning.

Credit assignment in multi-agent reinforcement learning investigates the contribution of each in-
dividual agent towards the common goal of the team (measured by a team reward) in cooperative
multi-agent environments Chang et al. (2003). A rich line of work (Sunehag et al., 2018; Foerster
et al., 2018; Wang et al., 2020; Rashid et al., 2020; Li et al., 2021) focus on value decomposition
under the centralized training with decentralized execution (CTDE) paradigm. SHAQ (Wang et al.,
2022) and SQDDPG (Wang et al., 2020) utilize an agent’s approximate Shapley value for credit
assignment. Another line of work follows independent learning and demonstrates a robust perfor-
mance while using decentralized training (de Witt et al., 2020; Lyu et al., 2021). Among them,
(Wang et al., 2023) decomposes the team reward and assumes that the team reward equals the sum
of contributions of individuals, which we relax in our method. Those methods may not work when
the reward signal is extremely sparse and delayed.

Facing the challenge of sparse and delayed rewards in the multi-agent tasks, there is a recent rising
need to do Spatial-Temporal Credit Assignment (She et al., 2022; Chen et al., 2023). This line of
work explores reward redistribution methods that can be integrated with independent policy learn-
ing. ATA (She et al., 2022) extends the RUDDER (Arjona-Medina et al., 2019) in a single-agent
setting into the multi-agent setting and treats the difference in long-term return predictions between
two timesteps as the agent’s redistributed rewards. However, the RUDDER-manner redistribution
method may not work well in complex environments and lacks interpretability (Patil et al., 2022;
Ren et al., 2022; Zhang et al., 2023). STAS (Chen et al., 2023) works in a similar way to us to
learn the individual reward redistribution model for each agent, which is more flexible. After the
decomposition of the long-term return into each timestep, STAS uses Shapley values to redistribute
the individual payoff of agents. However, STAS assumes that the long-term return is equal to the
linear sum of individual rewards from all the agents and timesteps, which is a strict assumption and
is abandoned in our work.

Plenty of work explores solving diverse RL problems with causality tools. From the aspect of the
transfer ability of RL agents, (Huang et al., 2021b; Feng et al., 2022) learn factored representation
and individual change factors for different domains in the stationary and non-stationary changes
separately. More recently, (Pitis et al., 2022) and (Hu et al., 2023a) work in different ways to
utilize the causal structure and variable dependencies to improve the generalizing capability of RL
agents. For model-based RL, (Zhang and Bareinboim, 2016) discerns the confounders and (Liu
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et al., 2023a) factorizes the state space in an identifiable way. In MARL, (Grimbly et al., 2021)
discusses some open problems and (Jaques et al., 2019) measures the causal influence of one agent
on others as intrinsic rewards to motivate the agents to achieve higher change in the other agent’s
behavior. Another work related is LAIES (Liu et al., 2023b), which also addresses the sparse reward
in multi-agent learning and working along another line using the intrinsic rewards. However, they
assume that the reward-relevant state components are known which is not practical in the real world.
By contrast, our method can disentangle the reward-relevant state from the non-relevant component
automatically.

3 CAST: Causality-Inspired Spatial-Temporal Return Decomposition

We focus on enhancing policy learning through explicit credit assignments in cooperative games
with sparse and delayed team rewards, especially episodic ones. We begin by describing the gen-
erative process in cooperative games, which lays the foundation for our proposed approach. We
then detail a technique for recovering this process and conducting policy learning using individually
assigned rewards. Similar to the previous work (Zhang et al., 2023), the proposed method, CAST,
contains a generative model ®,, and a policy model ®,. After learning individual reward functions
for each agent through generative model learning, we can exploit the predicted individual rewards
for independent policy learning. The overall learning objective is to minimize,

L((I)maq)W> :Lm(q)m)Jﬁ]ﬂ((I)ﬂ)v (D

where the Ly, is designed for model estimation (defined in Eq. 5) and J is for policy learning
depends on specific RL optimization algorithm (defined in Eq. 9).

3.1 Underlying Generative Process in MARL

We first state the setting of CAST: for each timestep ¢ with a joint state s;, the agentn € [1,--- , N|
takes action ay’, forming the joint action a;, and contributes to the team reward R; by individual
reward 7} (the goal of spatial-temporal credit assignment). However, the agent can only observe an
episodic reward, which measures the performance of the entire trajectory at ¢ = 7'; otherwise, the
agent receives zero rewards.

Generative Model. As shown in Figure 1, CAST exploits a Dynamic Bayesian Network
(DBN) (Murphy, 2002), G, over a finite number of random variables,

1 N 1 N ~1 ~N T
Hsre st Uiar, - -a yU{ry, - U {7, 7y }t:1UQ7
—_—
joint state agents’ action individual rewards  transformed individual rewards

where |s| and |a™| are the dimension of s; and a*, N is the number of agents, and G characterizes
the underlying generative process in MARL as follows,

individual reward: ) = f*(C" © 8¢, a7, €rm.t)
team reward: R, = ijzl 9”([7}1» T?» s ,Tiv]) @)

long-term return: ~ Q = 1 'R,

where © is the element-wise product. Note that such causal modeling relaxes the previous strict
linear assumption (Chen et al., 2023), which can be regarded as a special case of our model when
g is an identity function. In our experimental environments, where the state is not available during
training, we use the agents’ observations o; as a proxy for the environmental state s, and agents’
index n.

Notations. For simplicity, we define,

F=gt(r), re=[t N Fo=[RL 7Y 3)
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Figure 2: The overall pipeline of the proposed method. Generative Model ®,,: The causal struc-
tures for prediction of individual rewards r}* are C}', sampled from ¢cay; The module (Pyrans, in
green) takes (o, a}) as input to predict the transformed individual rewards 7} (in ) and op-
timized by Lins. The module (Pi,y, in blue) is constructed as an iVAE, consisting of an encoder
(@Penc), a decoder (¢g), an individual reward predictor (¢ 7). The encoder takes as input o;, a’ to
predict the individual rewards r}*, individual rewards 7,. We treat the latent of the iVAE as the in-
dividual rewards r7* (in purple) and optimize ®;,, through Lgipo. Policy ®,: The prediction of r}
from the encoder ¢, finally guides the independent policy learning process.

We denote by r} the individual reward at time step ¢ of agent n. In the rest of the paper, we call
7y as transformed individual rewards. @) is the trajectory-wise long-term return. 7’ is the maximum
episode length of the environment. €, ,, ; is the i.i.d. noise.

Causal structure and interpretability. C",Vn € [1,- .-, N]is a binary mask to capture the causal
structure between the elements of joint state and individual rewards of agents, with C™ € {0, 1}!5!.
C™ controls if a specific dimension of the state s; impacts the individual reward r}* at timestep .
Let C}! be the k-th element in the vector C™. If there is an edge from the k-th dimension of s; to
the agent n’s individual reward 77" in G, then C}} = 1. Given G, we can naturally explain how the
individual rewards are generated, i.e., the explicit contribution of each dimension of the joint state
towards individual rewards.

Functions in Eq. 2. f is the unknown individual reward function, whose output r}* is expected to
accurately describe the contribution of agent n, and serves as the reward signals for independent
policy learning. g is an invertible function to generate the transformed individual rewards 7; from
individual rewards 7, i.e., 7; is a nonlinear or linear invertible mixture of ;. We assume that the
sum of transformed individual rewards Z:Ll 71 equals (), where we follow previous work to ignore
the discount factor v Ren et al. (2022).

Beyond Linear Summation: A Relaxed Invertibility Condition. We want to highlight the com-
plexity of team reward generation in a multi-agent system, which can range from simple linear sums
to complex nonlinear functions. This contrasts with previous work, such as STAS (Chen et al.,
2023), which assumes that the team reward equals the sum of individual rewards. Such a restric-
tive assumption limits the reasonable and precise credit assignment in the complex MARL system.
In contrast, our proposed framework allows the team reward to be a general mixture of individual
rewards 7, with the linear assumption being a special case when r; = 7.

3.2 Theoretical Results

In this subsection, we provide 1) the identifiability results of the unknown functions and structures in
Eq. 2, which support the estimation of the causal structure from the data, enabling the interpretabil-
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ity of our method; 2) the equivalence of using the decomposed rewards for policy learning in our
proposed framework.

Proposition 3.1 (Identifiability for Spatial-Temporal Credit Assignment). Consider the data gener-
ating process in Eq. 2. Suppose the joint state s, the action a}' for each agent n and the long-term
return (can be calculated by the discounted sum of delayed rewards) are observable, while the indi-
vidual r}} for each agent n and team reward Ry are unobserved.

Under the Markov condition (Definition B.2) and faithfulness assumption (Definition B.3), if the
function g for generating the transformed individual rewards is invertible, then the causal mask C™
is identifiable and we can identify the individual rewards r’ to their monolithic invertible transfor-
mations, e.g. log (7).

Remark. The proposition 3.1 shows that we can identify causal structures and individual rewards
(up to their invertible nonlinear transformation) from the observed data, as long as the mixture
function g is invertible.

Proof Sketch. The proof begins by establishing the identifiability of the transformed individual re-
wards, represented by 7", indicating the possibility of recovering it from the data. The second part
of the proof highlights the relationship between our method and nonlinear Independent Component
Analysis (ICA), along with confirming the identifiability of individual rewards, r*. The full proof is
in Appendix C. O

Violation of Identifiability Conditions. Awareness of the consequences of violating the identifi-
ability conditions can help understand the theoretical strength of our work: any violation of these
conditions will result in the unidentifiable individual rewards, which means that they cannot be
uniquely recovered. Therefore, while adopting the additive assumption in a setting where the indi-
vidual rewards are mixed in a much more complex way, the individual rewards are not recoverable,
thus limiting the applicability of those methods. In contrast, our framework demonstrates that iden-
tifiability remains achievable under weaker structural assumptions, as long as the mixing function
is invertible. This greatly expands the class of environments and reward structures to which multi-
agent credit assignment methods can be applied.

Since the individual rewards are one-dimensional, i.e., they are scalars, their monolithic invertible
transformations are equivalent to their monolithic functions. However, monolithity could be positive
or negative. Therefore, we give Proposition 3.2 to show that if the individual rewards recovered are
positively correlated with their ground truth, learning a policy with estimated individual rewards can
induce the same optimal policy as the policy learning under the ground truth individual rewards.

Proposition 3.2. If k(-) is a monotonically increasing invertible transformation, then it is equivalent
to optimizing the policy using the ground individual rewards i’ and its k-based transformation
k(rp).

3.3 Generative Model Learning

In this subsection, we present how our proposed method recovers the underlying generative pro-
cess. This includes the identification of binary masks (C'), as well as the estimation of unknown
functions (f and g). The parameterized model ®,,, that incorporates the structures and functions
in Eq. 2 is used to approximate the causal generative process. We provide a pseudocode for better
understanding in Algorithm 1.

Generative Model. As shown in Figure 2, ¢y, consists of two parts:

1. @y for predicting transformed rewards 7" = @yans (01, a});

2. ®iny = [@Pcau, Df, Penc, g for prediction of individual rewards r;* while keeping the function ¢
invertible.
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As shown in Algorithm 1, in each epoch of generative model learning, we first train the transformed
individual reward predictor ®,,s and then train the iVAE ®;,,. We illustrate more details about ®;,,
as follows.

We first exploit a set of free parameters, e, € R ¥, to estimate the existence of the causal edges
for the generation of the individual rewards ry'. Define ¢7; .., as the (n,14,j)-th element of ¢cau,
where n € [1, N],i € [1,|o"]],j € [0,1]. The existence of the edge C},Vn € [1,N],j € [1,]0"]],

is modeled by ¢}'; .,,, whose value fails in between 0 and 1.

Then, given the output of @y, the transformed individual rewards 7', we construct an iVAE (Khe-
makhem et al., 2020) to mimic the invertible function, which consists of ¢ ¢, genc, ¢4. It is defined
as follows,

Prior: ' = ¢;(C™ © o}, a}),

Encoder: 7}" = ¢enc(C™ ® 07, a}, 7), 4)

Decoder: 7y = ¢g(r4),

where 7, = [F},---, 7] and vy = [r}, -+ ,7]]. In Eq. 4, ¢ and dene both aim to predict the
individual rewards. While both of them take as input the causal structure, the joint state, as well as
the action and index of an individual agent, the latter one takes one more, i.e., the prediction of the
transformed individual reward 7. Hence, we consider that the prediction of r{ from ¢¢y. is more
informative and use it for further policy learning.

Learning Objective. The overall loss term for generative model learning is,
Lm(q)m) = Ltrans(q)trans) + LELBO((I)inv)~ (5)

Specifically, L,y is responsible for optimizing @y, to predict the transformed individual rewards:

T N
2
Llrans = ]ETNDHQ - Z Z (I)trans(o?a at)” ) (6)
t=1n=1
where 7 := [0y, at]thl U Q. For the optimization of ®;,,, we maximize the lower bound on the

log-likelihood and define Lg; o as follows,

N
LptBo = Ery e, 7~ yuns, 7D {— > log Py, (ri' | C™ © of, a})
n=1 ) 7)
N ~ ~ N |0 (
+ > log Py, (17" | of,af,71) —log Py, (7 | 70)| +A >0 5. CF,
n=1 n=11:=1

where 7 = [0y, [@]N_,]L,, 7 is generated by @y, dropping the gradients, and the last loss term
is for regulating the sparsity of learned causal structure, avoiding trial solutions. For more details
about the model structure and hyper-parameters, please refer to Appendix E.

3.4 Policy Learning

After assigning the individual rewards r}* predicted by ¢enc, we convert the multi-agent learning
into independent single-agent policy training. To ensure the optimal policy remains invariant and to
stabilize the training process, we treat the predicted individual rewards 7} as weights and normalize
them across agents at each timestep using a global Softmax function:

W — exp(ry)
t T N :
> i=1 2an=1€xpP(r{’)

These weights are then used to redistribute the team return among agents: 7;"*, which are used for
policy learning.

®)

In the experiments, we adopt Proximal Policy Optimization (PPO) (Schulman et al., 2017) for in-
dependent policy optimization and let all the agents share the same policy. The policy model @
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contains two parts, a critic ¢, and an actor ¢, due to the applied PPO algorithm. PPO trains an actor
¢ (0}) by minimizing,

J.=E {min(mtflt, clip(mg, 1 —e,1+ E)At)} 9)
where
n n N n n N
J,=E {mmWAt,cup(W, -1+ G)At)} (10)
Pg.0u(ai | OF) Pg.0u(ay | OF)

and A is the advantage function in PPO (Schulman et al., 2017). Detailed implementation of & is
in Appendix E.

Search the positively correlated individual rewards. Supported by the identifiability result, the
proposed method is able to identify the individual rewards up to their monolithic transformation.
However, it is unclear whether the recovered reward is positively or negatively correlated with the
actual agent’s contribution (individual rewards), as we can only identify the latent rewards up to an
invertible nonlinear transformation. While one might consider constraining the recovered rewards
to be positively correlated (e.g., using a hypernetwork as in QMIX), such approaches require ad-
ditional parameters and lead to higher computational cost across training. Therefore, we adopt a
simple yet effective strategy: given the recovered individual reward r, we applied policy learning
for both the positive reward () and negative reward (—r) simultaneously and apply early stopping
when the accumulated reward of either model consistently drops, which helps prevent divergence
caused by sign flipping and does not cause high computational cost. As a consequence, according
to Proposition 3.2, we can then learn the optimal policy using the recovered positively correlated
nonlinear invertible transformation of the actual individual rewards.

4 Experiments

In this section, we begin with evaluating our method in the Multi-agent Particle Environment (MPE),
its variants and the Episodic Level-Based-Foraging Environment against several baselines. Then, we
conduct ablation studies to verify the benefit of relaxing the linear assumption and investigate the
interpretability of our methods.

4.1 Setup

We begin with the setup of our experiments, including the environments, metrics, and baselines.

Multi-agent Particle Environment (MPE). We evaluate our method and investigate its reasonable
design in MPE (Mordatch and Abbeel, 2017; Lowe et al., 2017), since the user can fully access the
data generative process of MPE, thus easily verifying the recovery accuracy of our method. More
specifically, we utilize the challenging episodic scenarios built upon the classic implementation of
MPE, Classical MPE (Episodic) and the variant of Episodic MPE with nonlinear team rewards,
named Nonlinear MPE (Episodic).

(1) Classic (Linear) MPE. We evaluate our method in Predator-Prey scenarios, where the agent
numbers vary in 3, 6 and 15. In the classic MPE, the team reward equals the sum of individual
rewards. This characteristic provides benefits for those methods that assume a linear sum of individ-
ual rewards, like STAS (Chen et al., 2023). What makes it challenging is the episodic modification:
we mark the performance of the team as R; for each timestep but only award they Zthl R; when
t = T, otherwise 0.

(2) Nonlinear MPE. Classic MPE is easy to address for the previous work making a linear assump-
tion of team reward, but not general. In order to create a more general evaluation platform, we
modify the linear team reward setting in classic MPE into a nonlinear setting, posing obstacles in
spatial credit assignment. We obtain the episodic rewards in the same way as that in the classic MPE
as well.
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We provide how we mix up the individual rewards as follows. Let there be 3N predators and N
prey. We evaluate our method in the Predator-Prey scenarios of 3N € [3, 6, 15]. For each predator,
the reward calculation is as follows:

Calculate the distance, di’j , between the predator  and the prey j

Denote the distance of predatory i to its nearest prey as di = min; d;”

The individual rewards for each predator, ¢, is given by r* = —0.1 x d_.

If a collision occurs between the predator i and prey, the predator is award +10 i.e. r* = r® 4

10x > ; 1(d™7) < dg,), where dyy, is the threshold for collision and 1 is indicator function.

The team reward in the classic MPE is then given by R; = Zfivl ri.

bl NS

A

The team reward in the Nonlinear MPE is then given by R; = Z?ivl 7 where transformed
individual reward 7 is,

F— {exp(ﬂ) Ty <0, (an

5 x [1 + IOg(Ft + 1)] e > 0,

and we provide python code for generating 7, for different scenarios in Listing 1, Listing 2 and
Listing 3.
7. When the episode ends, the episodic reward is given by Q) = Z;T:l R;.

It is important to note, that the above is the generative process of the individual rewards, transformed
individual rewards, team rewards, and episodic rewards. We address the episodic reward setting,
instead of observing the individual rewards and the team rewards, the agent can only observe the
episodic rewards when the episode ends, otherwise, it gets zero.

Baselines. We compare our method with multiple baselines, including,

* QMIX (Rashid et al., 2020) is a value-based Centralized Training with a Decentralized Execution
(CTDE) approach that computes joint action values through a monotonic non-linear combination
of individual agent values, which are based solely on local observations. This design enables effi-
cient maximization of the joint action value in off-policy learning and ensures alignment between
centralized and decentralized policies.

* COMA (Foerster et al., 2018), a Centralized Training with Decentralized Execution (CTDE) tech-
nique that effectively marginalizes an individual agent’s action for evaluation: holding the actions
of other agents fixed and comparing the estimated return for the joint action to the conterfactual
baseline. Meanwhile, their critic architecture facilitates the swift computation of the counterfac-
tual baseline within a single forward pass, enhancing efficiency.

* SQDDPG (Wang et al., 2020) addresses the inaccurate credit assignment and inefficient policy
learning caused by the team reward. They extend the convex game (ECG) and design a local re-
ward approach called Shapley Q-value to distribute the global reward, which reflects each agent’s
own contribution and serves as the critic for each agent.

* STAS (Chen et al., 2023) addresses the spatial-temporal credit assignment by learning the individ-
ual reward redistribution model for each agent. After the decomposition of the long-term return
into each timestep, STAS uses Shapley values to redistribute the individual payoff of agents. How-
ever, STAS assumes that the long-term return is equal to the linear sum of individual rewards from
all the agents and timesteps, which is relatively more strict than the assumption we made in this
paper.

Metrics. We evaluate the effectiveness of credit assignment of all the methods by reporting the
average accumulative reward across three random seeds. Intuitively, higher rewards indicate better
performance of credit assignment algorithms.

4.2 Main Results

We provide the learning curve on the classic and modified MPE scenarios, as shown in Figure 3.
The line in red and pink denote our method using the recovered individual rewards (CAST) and the
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Figure 3: Learning curve on Multi-agent Particle Environment with episodic rewards, based on 3
independent runs with random initialization. The shaded region indicates the standard deviation
and the lines are smoothed by averaging the 10 most recent evaluation points using an exponential
moving average. For better visualization, we use different scales for the y-axis.

recovered transformed individual rewards, (CAST-L) separately. The others are baseline methods.
The proposed method achieves a higher cumulative reward than the others across most different sce-
narios in the Multi-agent Particle Environment (MPE), including the classic MPE scenarios (linear,
first row) and the modified MPE (nonlinear, last row). Among the baselines, STAS (Chen et al.,
2023) explicitly addresses spatial-temporal credit assignment by reward redistribution thus obtain-
ing good performance in the classic MPE (first row). However, limited by the assumption of a linear
sum of individual rewards, they fail to credit the agents by a granular contribution allocation in non-
linear MPE. This observation demonstrates that applying a simple linear assumption to credit the
agents is not suitable in the nonlinear team reward setting, which is a more general setting in the real
world. In contrast, although CAST relaxes the linear assumption, it can perform well in both linear
and nonlinear team reward settings, revealing the generalizability of our method.

4.3 Ablation Study

We conduct the following ablation study: 1) the results of the ablation versions of our method:
CAST-L decomposes rewards under linear assignment CA-T: policy learning with predicted team
rewards, i.e. without spatial credit assignment; 2) the results of using ground truth rewards for policy
learning: methods named GT (team), GT (trans), GT use ground truth team reward, transformed
individual rewards and individual rewards, separately for policy learning; 3) the visualization of
causal structure to demonstrate the interpretability of our method; 4) the Spearman’s rank correlation
coefficient of the recovered individual rewards with the ground truth.

Policy learning with Linear Modeling. To demonstrate the necessity of relaxing the strict linear
team reward assumption, we provide the experimental results of policy with predicted transformed
individual rewards CAST-L, which can be treated as the redistributed reward under the linear as-
sumption. CAST-L obtains a good performance in the classic MPE while failing in the nonlinear
MPE, which demonstrates that through relaxing the linear assumption in previous work, our method
achieves a better performance.

Policy Learning without Spatial Credit Assignment. We provide the experimental results of CA-
T, using team rewards (sum of predicted transformed individual rewards) for policy learning, i.e.
without spatial credit assignment. According to Figure 4, lacking explicit spatial credit assignment,
the contribution of individual agents to the overall team performance is not distinctly identified,
inducing worse performance than that under spatial-temporal credit assignment.
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Figure 4: Ablation study on Multi-agent Particle Environment (MPE). The first row is the accumu-
lative reward in classical MPE, while the second row is in the modified MPE.

Policy Learning with Ground Truth Rewards. As shown in Figure 4, we provide the results
of policy learning with ground truth individual rewards (GT), transformed individual rewards (GT
(trans)) and team rewards (GT (team)). We are surprised that the performance is improved using
the estimated rewards. A possible reason is that such a reward can encourage exploration, thus
leading to better policies (Hu et al., 2023b).

Table 1: Spearman’s rank correlation coefficient between recovered individual rewards and the
ground truth individual rewards. The best values are in bold.

Classic MPE Nonlinear MPE
N=3 N=6 N=15|N=3 N=6 N=I5

Ours 092 079 065 | 0.84 0.74 0.73
CAST-L 094 084 0.74 | 047 0.62 0.55
STAS 040 027 020 | 021 0.16 0.04

4.4 Detailed Analysis of Recovered Individual Rewards

We provide a detailed investigation of
the recovered individual rewards in Causal Structure from s; to r" in Predator-Prey
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understanding the underlying causal

relationships between agents’ state

and their outcomes. As shown in Fig-

ure 5, the darker the color, the higher

the probability that the edge exists.

According to the reward design in the

scenarios, the agent’s individual reward is decided by their minimal distance from the prey. There-
fore, the causal edge only exists from the prey’s relative position (P3 in Figure 5) to the individual
rewards, which is consistent with the learned causal structure.

Recovery Accuracy. We provide Spearman’s rank correlation coefficient between recovered indi-
vidual rewards and the ground truth individual rewards to demonstrate the accuracy of the recovery
and the necessity of relaxing the linear assumption across the agents’ individual contributions. Ac-
cording to Table 1, CAST achieves comparable with the CAST-L in the Classic MPE and achieves
the best estimation of individual rewards in the Nonlinear MPE. Note that CAST-L in Classic MPE
is the model with the prior knowledge of the linear team reward setting, which is expected to be the
best one in the linear MPE. Therefore the comparable result demonstrates that our method can be
regarded as a general method to address both linear and nonlinear team reward settings without the
requirement of domain knowledge.

5 Conclusion

In conclusion, our paper addresses the challenge of credit assignment in cooperative multi-agent
learning, specifically focusing on delayed rewards in episodic scenarios. By modeling reward gen-
eration along spatial and temporal axes causally, we introduce a novel framework, CAST, to address
interpretable spatial-temporal credit assignment. We relax the conventional assumption of equal val-
ues between the sum of individual contributions to team outcomes and propose more general causal
modeling to allow the complex generation of the team reward. We show its state-of-the-art results
in MPE and its variants and verify the method’s interpretability through insightful visualizations.

Limitation. The limitations of our work primarily stem from certain assumptions and constraints
in the proposed method. Firstly, while our approach significantly enhances interpretability through
causal-inspired spatial-temporal return decomposition, it relies on the assumption of a linear summa-
tion of team rewards over time, which may not always hold in more complex, real-world scenarios.
Besides, although we allow for nonlinear mixtures of individual rewards in the spatial dimension,
it requires the invertibility between the transformed reward and the individual reward. Future work
could focus on extending our method to incorporate human knowledge to further relax the assump-
tion of linear temporal and invertible spatial assumptions, making the proposed method more gen-
eral.

Broader Impact

The proposed framework has significant broader societal impacts in the field of multi-agent coop-
erative learning, as well as the real world. First, we provide a general approach to solving sparse
rewards in Multi-agent Reinforcement Learning, especially enabling addressing the nonlinear team
reward function, which is much more general and practical in the real world. Second, we enhance
the transparency and credibility of algorithms through causal structure explanation, which can foster
reliable and responsible decision-making in various fields, leading to better human-Al collaboration.
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A Background

Decentralized Partially Observable Markov Decision Process (Dec-POMDP). Dec-POMDP
Oliehoek and Amato (2016) is widely utilized in multi-agent reinforcement learning. It is defined by
atuple M = (N, S, A, P, R,O,,~), where N represents the number of agents, S and A denote
the state and action spaces, respectively. At each timestep ¢, given an environment state (joint state)
s, each agent n observes observation 0 = O(s¢,n) : S X N — (), and takes its individual action
a? and all the actions form a joint action a; = [a},--- ,al’]. Afterward, the agent n receives the
team reward R; based on the team reward function R : & x A — R. P(sty1 | 8¢, ar) specifies
the probability of transitioning to a new state s;4; given the current state s; and joint action a;.
The objective for each agent is to find an optimal policy 7* that maximizes the discounted sum of
team rewards, which is denoted as 7* = argmax, E[Y.,° 7' R(s;, a.)], where ~ represents the
discount factor. The Dec-POMDP model is flexible and can be used in a wide range of multi-agent
scenarios, making it a popular choice for coordination among multiple agents.

Episodic Reward Setting in Cooperative Games. Commonly, the team of agents receives a reward
R, immediately after the execution of the joint action a; which consists of all the agents’ action a}’
at joint state s;. However, in the setting of episodic reinforcement learning, agents can only obtain
one global reward feedback at the end of the trajectory. Let 7 = (s1,a1,S2,a2, - ,ST,a7)
denotes a trajectory of length 7. Then, the team of agents can only observe an episodic reward R,
at timestep ¢t = 7', otherwise zero (¢t # T'). Therefore, the goal of the team of agents is to maximize
the trajectory return, J = E[Zle [v'7'R,]] = E[yT"!R,,]. In practice, it is common to assume
that the episodic reward has some structure in nature, i.e., reconstructing by an underlying reward
function in a sum-decomposable form: R, ~ ]:?ep = Zthl WtflR(st, a;), where 7y is usually
regarded to be 1.

B Theoretical background

B.1 Causal Inference

A directed acyclic graph (DAG), G = (V, E), can be deployed to represent a graphical criterion
carrying out a set of conditions on the paths, where V' and E denote the set of nodes and the set of
directed edges, separately.

Definition B.1 (d-separation (Pearl, 2000)). A set of nodes Z C V blocks the path p if and only
if (1) p contains a chain ¢ — m — j or a fork ¢ <— m — j such that the middle node m is in Z,
or (2) p contains a collider ¢ — m < j such that the middle node m is not in Z and such that no
descendant of m isin Z. Let X, Y and Z be disjunct sets of nodes. If and only if the set Z blocks
all paths from one node in X to one node in Y, Z is considered to d-separate X from Y, denoting
as (X 14 Y| 2).

Definition B.2 (Global Markov Condition (Spirtes et al., 2000; Pearl, 2000)). If, for any partition
(X,Y,Z), X is d-separated from Y given Z, i.e., X L; Y | Z. Then the distribution P over V'
satisfies the global Markov condition on graph G, and can be factorized as, P(X,Y | Z) = P(X |
Z)P(Y | Z). Thatis, X is conditionally independent of Y given Z, writingas X 1l Y | Z.

Definition B.3 (Faithfulness Assumption (Spirtes et al., 2000; Pearl, 2000)). The variables, which
are not entailed by the Markov Condition, are not independent of each other.

Under the above assumptions, we can apply d-separation as a criterion to understand the conditional
independencies from a given DAG G. That is, for any disjoint subset of nodes X,Y,Z C V,
(X ULY|Z)and X L;Y | Z are the necessary and sufficient condition of each other.
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B.2 Exponential family

Definition B.4 (Exponential family). A univariate exponential family is a set of distributions whose
probability density function can be written as

p(z) = Q(x)Z(0)e™ )7, (A1)

where T : R — R¥ is called the sufficient statistic, 8 € R is the natural parameter, ) : R — R the
base measure and Z () the normalization constant. The dimension k € N\ {0} of the parameter is
always considered to be minimal, meaning that we can’t rewrite the density p to have the form with
a smaller &’ < k. We call k the size of p.

Lemma B.5. Consider an exponential family distribution with k > 2 components. If there exists
a € R¥ such that Ty,(z) = Zi:ll o;T;(x) + ay, then a = 0. In particular, the components of the

sufficient statistic T are linearly independent.

C Details of Theoretical Analysis

Below is the proof of Proposition 3.1 and Proposition 3.2. The proof is carried out through,

* identify transformed individual reward 7}, given the long-term return (), joint state sy, joint action
a;, and agent id n (Appendix C.1);

* identify individual reward vector 7, given the transformed individual reward 7, joint state s,
joint action a¢, and agent id n (Appendix C.2);

¢ distinguishes the individual rewards from the individual reward vector r; (Appendix C.3);

* equivalence of policy learning with a monolithic transformation of the ground truth individual
rewards (Appendix C.4).

For each part, we begin by clarifying the assumptions we made and then provide the mathematical
proof.

C.1 Identifiability of transformed individual reward 77

Assumption We assume that €, ,, ; in Eq. 2 are i.i.d additive noise. From the weight-space view
of Gaussian Process (Williams and Rasmussen, 2006), equivalently, the causal models for trans-
formed individual reward 7}, team reward R, and long-term return () can be represented as follows,
respectively,

~n
Ty = ,R’f,g(stv ag, n) + €rnyt

(A2)
= W‘)z?g(bf,g(st, at) + €rn,t,

where ¢ , denotes basis function sets.

Then we denote the variable set in the system by V, with V =
{81,601 8|8t @105 -, Qa4 Tos T Re}{y U Q, and the variables form a Bayesian
network G. Note, we assume that there are possible edges only from s; ; € s; to 7', from a; + € a;
to 7, from 7} to Ry, and from R; to ) in G.
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Following the above assumption, we first rewrite the function to calculate trajectory-wise long-term
return () in Eq. 2 as,

QO

Il
M=
N
M)~
] =
It

I

]~
VO =

=

3
Il
-

H
Il
—
~
Il
—
3
I
—

(Rf,g(8t> ag, n) + er,mt))

~
Il
-

T N T N (A3)
=22 Wigbralsna)+> 3 erna
t=1n=1 t=1n=1
T N N
= WEQZZ fg St’at +Zz€r,n,tv
t=1n=1 t=1n=1
For simplicity, we replace the components in Eq. A3 by,
T N
C(X) = Z Z d)fvg(st’ahn)v
t=1n=1 (A4)
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where X := [s;, a¢,n] ,Iy:Tl ,—1 representing the concatenation of the covariates s;, a; , nfromn =1
to IV and from ¢ = 1 to 7. Consequently, we derive the following equation,

Q=WT¢X)+E. (A5)

Then we can obtain a closed-form solution of W7 in Eq. AS by modeling the dependencies between
the covariates X, and response variables (), where both are continuous. One classical approach
to finding such a solution involves minimizing the quadratic cost and incorporating a weight-decay
regularizer to prevent overfitting. Specifically, we define the cost function as,
1
CW)=5 > (Qr = WX+ AW, (A6)

X.,Q,~D

1
2

where T represents trajectories consisting of state-action-id combinations X - and long-term returns
(-, which are sampled from the replay buffer D. X is the weight-decay regularization parameter.
To find the closed-form solution, we differentiate the cost function with respect to W and set the
derivative to zero:

dC (W)
oW

=0. (A7)

Solving this equation will yield the closed-form solution for W7, i.e.,

W =\ + ¢ 7¢Q =¢((T¢C+ ML) 1Q, (A8)

where I,, denotes the identity matrix with size n. Therefore, W, which indicates the causal structure
and strength of the edge, can be identified from the observed data. In summary, given trajectory-wise
long-term return (), the causal structure for the generation of the transformed individual rewards 7
and team reward R; are identifiable.

C.2 Identifiability of individual reward vector r;

Now we solve the problem of identifying the individual reward vector 7, given the joint state s,
joint action a;, transformed individual rewards. We assume that there is no direct causal edge within
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individual rewards 7;'. The following proof is the application of the theorems in iVAE (Khemakhem
et al., 2020), and we further go beyond permutation-invariant latent by leveraging the agent’s action.

Assumptions Let ¥ € RP*¥ denotes the combination of joint state, joint action, and agent id for
simplicity, where D is the dimension of A" the combination of joint state, joint action and a single
id for the n-th agent. The agent number is N. Let R C R¥ be the individual rewards for N agents
organized by the order of the agent’s action in the joint action. Let R C RN be the transformed
individual rewards for [V agents, also organized by the order of the agents’ actions in the joint action.
Therefore, we want to identify R, given X and R. They have the following causal relationships,

X >R —R. (A9)

We suppose that X', R, R are open sets.

Therefore, we have the following conditional generative model for the generation of the involved
data,

N
po(7, 7 | ) =pg(7 | r)prA(r | @) =pg(F | 7) H prnan (P | 2", (A10)
n=1
where we define,
pg(”: | ’I‘) :pe(ffg(r))a (All)

which means that the value of 7 can be decomposed as # = g(r) + € where € is an independent
noise Variz}ble with probability density function p, i.e., € is independent of r or g. Therefore, the
set {7 € R | ¢. = 0} has measure zero, where ¢, is the characteristic function of the density p..

We use © = {0 := (g, T, A}) to denote the involved parameters. Recall our assumption that, g is
the invertible function, and the R is generated through the invertible function g from R. We denote
by g~ ! the inverse defined from R — R. Note that, since the g is invertible, it is also bijective (i.e.,
both injective and surjective). Also, the g has all second order cross derivatives We denote by

T(r): =(T'(r"),- , TN("))
= (Tll(rl)a e 7T11{(T1)a o aTlN(TN)7 e aT[](V(TN)) (A12)
c RN,K
the vector of sufficient statistics of the probability density function, and

Az) =AM, - AN (@)
= ()‘}(wl)7 e ﬂ)‘}((wN>7 T 7)\{V(wN> T ’)‘%(wN» (A13)
€ RVKE

the corresponding parameters, crucially depending on « for

Q"(r")
r|lx) =
pra(r | ) H Zn(z")
n
where Q" is the base measure, Z™(x™) is the normalizing constant, and the dimension of each

sufficient statistic, K. Such exponential families have universal approximation capabilities (Sripe-
rumbudur et al., 2013).

> T ") Z(w”>]7 (Al4)

Following iVAE (Khemakhem et al., 2020), we further have the following assumptions.

Assumption C.1. The sufficient statistics T} in Eq. Al4 are twice differentiable, and
(T7)1<k<k,1<n<n are linearly independent on any subset of R of measure greater than zero.

NEK guch that the matrix

Assumption C.2. There exist NK + 1 distinct point °,--- , =
L=A(") =A@, A@™) = A(z"), (A15)

of size NK x N K is invertible.
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Then we demonstrate that the vector r, i.e., the goal of credit assignment are identifiable up to a
class of transformation.

Recall © = {0 := (g, T, A}) to denote the involved parameters. We give the following definitions:

Definition C.3. Let ~ be an equivalence relation on ©. We say that,

pe(7,7) = po(T | T)pe(r), (A16)
is identifiable up to ~ (or ~-identifiable) if

po(T) = pg(T) = 0 ~ 6, (A17)

where (6,6) € ©. The elements of the quotient space ©/ ~ are called the identifiability classes.

Definition C.4. There are two equivalence relations on the set of parameters ©. Let ~ be the
equivalence relation on © defined as follows:

(9. T,X) ~ (3. T, X) & 3A,c| T(g7' (7)) = AT(§7'(F) + ¢,V7 € R, (A18)

where A is an NK x NK matrix and c is a vector. If A is invertible, we denote this relation by
~ 4. If A is a block permutation matrix, we denote it by ~ p.

We begin with proving that the parameters (g, T', X) are ~ 4-identifiable, which means that 1) if there
is no noise, we can learn the transformation g transforms the # into individual rewards r = g~ *(7)
that are equal to the ground truth individual rewards, up to a linear invertible transformation (the
matrix A) and point-wise nonlinearities (in the form of T" and T). 2) if with noise, we obtain the
posteriors of the individual rewards 7 up to an analogous indeterminacy. We prove the identifiability
result in several steps.

* In the first step, we demonstrate that, given the assumption that,
{FeR|¢. =0}, (A19)

has measured zero, it is possible to use a simple convolutional trick to transform the equality of
observed data distributions into the equality of noiseless distributions. In other words, it simplifies
the noisy case into a noiseless case.

* The second step consists of removing all terms that are either a function of transformed individual
rewards 7 or observed «. This is done by introducing the points provided by Eq. A15 and using
x( as a “pivot”. This is simply done in equations.

* The last step of the proof is to show that the linear transformation is invertible, thus resulting in
an equivalence relation.

Step I We introduce here the volume of a matrix denoted vol(A) as the product of the singular
values of A. When A is full column rank, vol(A) = v/det AT A, and when A is invertible, vol(A) =
|det A]. The matrix volume can be used in the change of variable formula as a replacement for
the absolute determinant of the (Ben-Israel, 1999). This is most useful when the Jacobian is a
rectangular matrix (N < D). Suppose we have two sets of parameters (g, T, A) and (g, T', A) such
that pg, 1 A (7|@) = p; 7 (7 | x) for all pairs (7, x). Then:

IR [PT,A (7‘|:l!)] P

(A20)

|pe(F — g(r))dr =
Jr [Prs(r | @) pe(F —g(r))dr
=[5 [pT)\(g_l(i‘)|m)vol(J)g_1(;)] pe(7 — i*)dfi::
% [Pe @ (P)|2)vol(J) 5-1.5)] pe(F — 7)dr,
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where J denotes the Jacobian, and we made the change of variable 7 = g(r) and 7 = §(r). Then,
we use the following to replace the terms in the Equation,

PT A9 (T) = pralg™ (F)lx")vol(J) -1 ()17 (7)

( (A21)
= pr (g™ (F)|z)vol(J)g-1 (F)14(7),

and get the following,

=~ [ 5 m?ef—?d?:/ 5 s o (F)pe (7 — F)dF
i nna@ped =07 = [ g5 5o el =) )

= (BT aga *Pe)(F) = (P75 j.o * Pe)(F),

where * denotes the convolution operator. Then we used F'[-] to designate the Fourier transform,
and where ¢. = F'[p.] (by definition of the characteristic function).

= Fprxgzl(@)pe(w) = Flpf 5 g o) (@)pe(w)

~ - (A23)
= Fpragel(w) = F[p’i"7)~“§7m](w)7

¢e(w) from both sides are dropped as it is non-zero almost everywhere {7 € R | ¢ = 0}. Then we
get

ﬁTA)\A,g,a:(f) = ﬁj’75\7§7w(7:)a (A24)
Eq. A24 is valid for all (7, x) € R x X. It basically says that for the distributions to be the same

after adding the noise, the noise-free distributions have to be the same. Note that 7 is a general
variable and we are actually dealing with the noise-free probability densities.

Step I By taking the logarithm on both sides of Eq. A24 and replacing pr » by its expression
from Eq. A10, we get:

log [pr,x,9,2(7)]
= log [pr.a(g™ " (7)[z)vol(J),—1 (7)1 (7)]

= log [vol(J) "]
= log [vol(J),-1(7)] +
n —1/=\1n K
log [H LU O exp S 127 )") z<w">H (42
n k=1
= log [vol(J),-1(7)] +
N K
> [log Q"(g~""(7)) —log Z"(x") + ZTEL(Q_I’"(W))\"(SBR)] ;
n=1 k=1

where we denote the n-th element of g~ () by [g~1(#)]". Therefore,

(A26)

Let 2, ..., VX be the points provided by Assumption C.2 and define A(x) = A(x) — \(z). We
plug each of those x* in Eq. A26 to obtain N K + 1 such equations. We subtract the first equation
for 2° from the remaining N K equations to get for = 1, ..., NK:
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(T (g7 (7)), Mz") + > log % = (T(57" (7)), Mx)) + ) _log gn((zl; :

(A27)

Let L be the matrix defined in Assumption C.2, and L similarly defined for A (L is not necessarily in-

vertible). Define b' = 3" log %

Eq. A27 for all points «' in matrix form, we get:

and b the vector of all b’ for [ = 1, ..., NK. Expressing

L™T(g7' (7)) = L"T (57" (7)) + b. (A28)

Then, after multiplying both sides of Eq. A28 by the transpose of the inverse of L7 from the left,
we obtain:

T(g~' (7)) = [L"] 7' LTT (5 (7)) + [LT] "D (A29)
Denoting A = [L”]~'L and ¢ = [L”]~'b, we have

T(g~'(7) = AT(5 (7)) + c. (A30)

Step IIT  Now by definition of T' and according to Assumption C.1, its Jacobian exists and is an
NK x N matrix of rank NV, which implies that the Jacobian of T" o gf1 exists and is of rank N and
sois A.

We distinguish two cases in the following.
If K = 1, then this means that A is invertible (because A is N x N).
If K > 1, define 7 = g~ 1(#) and T"(+") = (TP*(7),..., TR (¥)).

Lemma C.5. Consider a strongly exponential distribution of size k > 2 with sufficient statistic
T(x) = (T'(x), - ,T%(x)). Further, assume that T is differentiable almost everywhere. Then
there exists K distinct values 1 to x such that (T'(x1),--- ,T"(xy)) are linearly independent in
RE.

According to the Lamma, for each n € {1,..., N} there exist K points (7},...,7}%) such
that (T (#}),...,T™(+})) are linearly independent. Collect those points into K vectors
(F11,...,7x), and concatenate the K Jacobians Jr(7;) evaluated at each of those vectors hori-
zontally into the matrix Q = (Jr(71), ..., Jp (7)) (and similarly define Q as the concatenation of
the Jacobians of T'(§~" o g(7)) evaluated at those points). Then the matrix @ is invertible (through a
combination of Lemma C.5 and the fact that each component of T is univariate). By differentiating
Eq. A30 for each 7;, we get (in matrix form):

Q = A0. (A31)

The invertibility of @ implies the invertibility of A and Q. Hence, Eq. A30 and the invertibility of
A mean that (§, T, A) ~ (g, T, X). Moreover, we have the following observations:

* the invertibility of A and L imply that L is invertible,

« because the Jacobian of T o g1 is full rank and g is injective (hence its Jacobian is full rank too),

J has to be full rank too, and T,:“ (r) # 0 almost everywhere.

¢ the real equivalence class of identifiability may actually be narrower than what is defined by ~, as
the matrix A and the vector ¢ here have very specific forms, and are functions of A and .
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Step IV Following iVAE (Khemakhem et al., 2020), the assumption mentioned still holds, we then
remove the linear indeterminacy A, and reduce the equivalence relation to ~ p.

First, we want to show the case of K > 2. Recall we observe the following from the last part of the
proof:

T(g (7)) = AT(57'(F)) + c. (A32)

for an invertible A € RNEXNK  Following iVAE (Khemakhem et al., 2020), we index A by

(i,l,a,b) where 1 < i < N,1 <l < Kand1l <a < N,1 <b < K to denote the rows and

columns separately. Define v(r) = g=! o g(r) : R — R where v is bijective since both g and g~!

are injective. Then we show v;(r) is a function of only one 7, for all i. Define v := 2% (r) and
st

org

2

vit = 68, 5—(r). Foreach 1 <7 < N,1 <1 < K, we obtain
TsOT

8is T (r') = ZAi,l7a,bfél/(“a(r))v2(r)a (A33)
a,b

by differentiating Eq. A32 with respect to r; and by differentiating Eq. A33 with respecttor,, g > s,
we have,

0 =3 Aigan (T (va(m))v(r) + T (walr) vz (r)vid(2)) (A34)
a,b

which is valid for all pairs (s, q),q > s.

According to iVAE, the Jacobian of v at each 7 has at most one non-zero entry in each row. Since
Jy 1s invertible and continuous, the locations of the non-zero entries are fixed and do not change as
a function of r. Therefore, we know that, the §—! o g is point-wise nonlinearity.

Then we combine the mentioned observation of § o g~! with the results of Eq. A30 from the last
part of the proof. Let T'(r = v(r) + A-le. T is a composition of a permutation and pointwise
nonlinearity. Without any loss of generality, the permutation in T is assumed to be the identity.
Then we have,

T(r)= AT(r). (A35)
Let D = A~!, Eq. A35 is valid for every component in,

T/ (') = Z D 1.apTy (ra)- (A36)
a,b

Through differentiating with respect to rs where s # i, we have,

0= D1 T (rs), (A37)
b

which is valid for all [ and all s # i. By the Lemma 1 in iVAE (Khemakhem et al., 2020), we get
D;jap =0foralll <b < K. Then we know that matrix D has a block diagonal form:

D,
D= - . (A38)
D,

Therefore, A has the same black diagonal form. Each block ¢ transforms T°(r) into T¢(r), which
demonstrate A is necessarily a permutation matrix.
According to iVAE, in the case of K = 1, g o g is also a point-wise nonlinearity.

Therefore, we can identify the individual reward vector 7 up to its invertible transformation.
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C.3 Identify 77 from r for each agents

Through the iVAE’s application in our setting, we already prove that, we can recover a latent vector
T+, as well as the behind parameters, which also includes the causal structures. However, in the
setting of iVAE, it is only required to identify a permutation-invariant latent vector. So now the key
problem is how we determine which element of the latent vector r should be responsible for the
agent n.

We assume that, the individual rewards are the outcome of the joint state and the agent’s own action,
therefore, there is always a causal edge from the agent n’s individual action into its own individual
reward 7', which can help us extend the conclusion of identifying the permutation-invariant latent
vector into identifying a permutation-variant and agent-aware latent vector.

C.4 Equivalence of Policy Learning with Nonlinear Invertible Transformations of
Individual Rewards

Here is the proof of Proposition 3.2. Assume k(:) : R — R is a monotonically increasing trans-
formation in Proposition 3.2. We now prove that, it is equivalent to optimizing the policy 7 by the
guidance of individual reward r; and the transformation k(r;). For simplicity, we ignore the agent
index n, i.e., ry = 1.

Assume that optimal policy 7*:

T
VT (s) =Eq,~n Z ey
t=1 (A39)
7" = argmax V7 (s),
mell
T T
Ea,ors » 7' 7' 2 Bagr 3 47y, Vr eI (A40)
t=1 t=1

Recall k is monotonically increasing, therefore, the order of the sequence of reward [r;] |1_; is the
same as [k(r;)] |Z_,. That is, given any pairs of two reward sequences, [r¢] |7_; and [r}] |_;,

T T T T
Z'yt_lrt > nyt_lré = th_lk(rt) >va’_1k(r2). (A41)
t=1 t=1 t=1 t=1

Observed above, we can deduce the following,

T T
argmax Eq, Z’yt_lrt = argmaxEg, Z'yt_lk(rt). (A42)
well =1 well =1

Therefore, learning a policy that maximizes V7 (s) calculated by r; is equivalent to learning a policy
that maximizes V'™ (s) calculated by k(r).

D Experimental Details

D.1 Multi-agent Particle Environment (Predator-Prey)

We use Predator-Prey in our experiments, as illustrated in Figure Al. Good agents (green) are
faster and are controlled by pre-trained model (Mordatch and Abbeel, 2017; Lowe et al., 2017).
Adversaries are slower and aim to hit good agents. Obstacles (large black circles) block the way. By
default, there are N good agents, 3N adversaries, and several landmarks.
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State Each agent observes an ego-centric state. For the agent n, the state consists of,

agent.vel: agent n’s z, y-axis velocity;
agent.pos: agent n’s x, y-axis location in the global world;
landmark.relative_pos: the landmarks’s relative x, y-axis position in the agent n’s frame.

good_agent.relative_pos: the other adversaries agent’s relative x, y-axis position in the agent n’s
frame.

adversary_agent.relative_pos: the good agent’s relative x, y-axis position in the agent n’s frame.

other_agent.relative_vel: the good agent’s velocity.

Reward Let there be 3N predators and N prey. We evaluate our method in the Predator-Prey
scenarios of 3N € [3, 6, 15]. For each predator, the reward calculation is as follows:

bl S

e

Calculate the distance, di’j , between the predator 7 and the prey j

Denote the distance of predatory i to its nearest prey as di = min; d;”

The individual rewards for each predator, ¢, is given by r* = —0.1 x d_.

If a collision occurs between the predator i and prey, the predator is award +10 i.e. r* = r® +

10x >, 1(d"7) < dg,), where dgy, is the threshold for collision and 1 is indicator function.

The team reward in the classic MPE is then given by R; = Zf’ivl ri.

The team reward in the Nonlinear MPE is then given by R; = Z?ivl 7 where transformed
individual reward 7 is,

Fioo P <o (A43)
5x [1+log(fy +1)] 7 >0,

and we provide python code for generating 7; for different scenarios in Listing 1, Listing 2 and
Listing 3.
When the episode ends, the episodic reward is given by () = Zthl R;.

def nonlinear_mixture (self, rew):
# maping from rew_i, rew_{i+1l}:

rew_i = copy.deepcopy (rew)

rew_7j = np.concatenate([rew_i[l:], rew_i[:1]1])

rew_JjJj = np.concatenate([rew_i[2:], rew_i[:2]])
sum_rew_1ij = 0.75 x rew_i + 0.5 » rew_j + 0.25 % rew_jj

# convert into transformed rewards
rew = np.piecewise(sum_rew_ij, [sum_rew_ij < 0, sum_rew_ij >= 0], [lambda
x: np.exp(x), lambda x: 5 x* (1 + np.log(x+1l))])

self.transformed_individual_rew = rew
# return team reward
return rew.sum ()

Listing 1: Team reward in Nonlinear Predator Prey (N = 3)

def nonlinear_mixture (self, rew):

# maping from rew_i, rew_{i+1l}:

rew_i = copy.deepcopy (rew)

sum_rew_ij = 2 x rew_1i

coef = 0.75

for i in range(3):
rew_Jj = np.concatenate([rew_i[i:], rew_i[:1]1])
sum_rew_1ij += coef * rew_j
coef = 0.6

# convert into transformed rewards
rew = np.piecewise(sum_rew_ij, [sum_rew_ij < 0, sum_rew_ij >= 0], [lambda
x: np.exp(x), lambda x: 5 x (1 + np.log(x+1l))])
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Figure Al: Predator-Prey scenario (3 agents) in Multi-agent Particle Environments.

self.transformed_individual_rew = rew
return rew.sum/()

Listing 2: Team reward in Nonlinear Predator Prey (N = 6)

def nonlinear_mixture(self, rew):
# maping from rew_i, rew_{i+1l}:
rew_i = copy.deepcopy (rew)

sum_rew_ij = rew_i

coef = 0.75

for i in range(6):
rew_Jj = np.concatenate([rew_i[i:], rew_i[:1]1])
sum_rew_1ij += coef * rew_j
coef x= 0.8

# convert into transformed rewards

rew = np.piecewise(sum_rew_ij, [sum_rew_ij < 0, sum_rew_ij >= 0], [lambda
X: np.exp(x), lambda x: 5 * (1 + np.log(x+l))])
self.transformed_individual_rew = rew

return rew.sumf()

Listing 3: Team reward in Nonlinear Predator Prey (N = 15)

It is important to note, that the above is the generative process of the individual rewards, transformed
individual rewards, team rewards, and episodic rewards. We address the episodic reward setting,
instead of observing the individual rewards and the team rewards, the agent can only observe the
episodic rewards when the episode ends, otherwise, it gets zero.

E Other Implementation Details

We provide additional implementation details in this section, including the pseudo-code in Algo-
rithm 1.

E.1 Generative Model Learning

The generative model contains: ®@uqns, [Piny 1= ¢ £ Genc ¢g], whose network structure is listed in
Table Al.

Below, we give an illustration of the ¢ € RYV*I¢l. Recall the definition of C}* € [0,1]: if
C7? = 1, then the corresponding causal edge exists, and the ¢-th dimension of joint state causes
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Algorithm 1 Causally-inspired Spatial-Temporal Credit Assignment

Require: Environment &, Generative Model ¢y, := [Pyans, Piny]; Policy Model ¢,; Replay buffer

B, Br <+ 0; Frequency M.

1: foriin Training epoch do

10:
11:

24:

2
3
4:
S:
6
7
8
9

If using On-policy Algorithm: B, <
for b in Tlpatch size do
Sample trajectory 7 = [s¢, [a}, 0]
store T into the buffer By, B,
end for
/I Generative Model Learning
if i mod M = 0 then
for i in ngeps do
Sample a batch of trajectories D ~ By,
Calculate Lyys through Eq. 6
Optimize: Pyans < Pirans — O‘v@lmn;(Ltrans)
end for
for i in ngeps do
Sample a batch of trajectories D ~ By,
Calculate Lg; go through Eq. 7
Optimize ®jpy: Piny ¢ Pinv — oV, LELBO
end for
end if
// Independent Policy Learning
Sample data D from B
Calculate individual rewards r}* through @,
Calculate J; using
Optimize the policy &, < &, —aVe_J,

N

N JE,uQ from €, where Q is the long-term return

25: end for
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Layer# 1 2 3 4
Dyans | FC256 FC128  FCl1 -
oy FC64 FC64  FCl -
Penc FC128 FC64 FC64 FCl1
bg FC64 FC64 FCN -
o FC64  FC64 FCla| -
v FC64 FC64  FCI -

Table Al: The network structures used in CAST. CF256 denotes a fully-connected layer with an
output size of 256. Each hidden layer is followed by an activation function, LReLU. |a| is the
number of dimensions of the action in a specific task. N is the number of agents.

n: n: n:

1 1 1

2 o} 2 = 2

3 3 3

i:1 2 3 4 5 6 i:1 2 3 4 5 6 i: 1 2 3 4 5 6
Causal Mask C} observation o} C'Ool

. Edge Exsit D Edge Not Exist

, a
1 \ 1
2 _ - . 2
3 3
i: 1 2 3 4 5 6 1
C'®o! (shape = (3, 6)) Input size = (6, ) Individual reward 1}

Output size = (1, )

Figure A2: Illustration of using the causal mask to predict the reward by ¢ .

agent n’s individual rewards. We define,

Sigmoid(¢ppat) for training
C! = { Sigmoid(¢sl) for inference, if Sigmoid(¢y) > 0.1 (A44)
0 for inference, if Sigmoid (¢ ) < 0.1

where @7 denotes the (n,1)-element in the free parameters @cay.
One example of using the estimated mask is given as Figure A2.
E.2 Policy Model Learning

Considering the specific requirements of the employed RL algorithm, Proximal Policy Optimization
(PPO), our Policy Model @, comprises two components, the actor ¢, and the critic ¢,,. Detailed
network structures for both components can be found in Table Al.

E.3 Hyper-parameters

The network is trained from scratch using the Adam optimizer, without any pre-training. The initial
learning rate for ®qns, Piny and P, are set to 1 X 1074, 5 x 10~%and 1 x 1074, separately. The
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Table A2: The hyper-parameters.

hyperparameters value hyperparameters value
epochs 1000 optimizer Adam
® . learning rate 1x107% Dyans learning rate 5x 1074
®;,,, learning rate 1x107% ® . train_batches 100
D rans train_batches 50 d;,y train_batches 60
@ replay buffer size 2 x 106 | ®,, replay buffer size 2 x 10°
®,, training frequency 3 evaluation episodes 30
~y 1.00 A le-3

hyperparameters for policy learning are shared across all tasks, with a discount factor of 1.00. To
facilitate training, we utilize a replay buffer with a size of 2 x 105 time steps for policy learning
and a size of 2 x 100 trajectories for generative model learning. The warmup size of the buffer for
generative model learning is set to 1 x 103 timesteps and 4 x 103 timesteps. The model is trained
for 1000 epochs, with each epoch consisting of 100 policy learning cycles and 50 cycles for ®yapns
and 60 cycles for ®;,,. During each iteration, we collect data from 2 x 10 time steps of interaction
with the MPE simulation, which is then stored in the replay buffer. For training the ®,, we sample
512 trajectories, each is no more than 25 steps. As for policy learning and the optimization of @gyy,
we use data from 2000 time steps. Validation is performed per training epoch, and the average
metric is computed based on 30 test rollouts. The hyperparameters for learning the CAST model
can be found in Table A2. All experiments were conducted on an HPC system equipped with 128
Intel Xeon processors operating at a clock speed of 2.2 GHz and 5 terabytes of memory. Runtime
should be ranged between 5 hours to 22 hours for the different agent numbers in the evaluation
environments. Our code is built based on Code.


https://github.com/zowiezhang/STAS/tree/main

