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Summary

The link function, which characterizes the relationship between the preference for two
trajectories and their returns, is a crucial component in designing RL algorithms that learn from
preference feedback. Most existing methods, both theoretical and empirical, assume that the
link function is known (often a logistic function based on the Bradley-Terry model), which is
arguably restrictive given the complex nature of preferences, especially those of humans. To
avoid mis-specification, this paper studies preference-based RL with an unknown link function
and proposes a novel zeroth-order policy optimization algorithm called Sign-SZPO. Unlike
typical zeroth-order methods, which rely on the known link function to estimate the value
function differences and form an accurate gradient estimator, Sign-SZPO only estimates
the sign of the value function difference. It then constructs a parameter update direction that
is positively correlated with the true policy gradient, eliminating the need to know the link
function exactly. Under mild conditions, Sign—-SZPO provably converges to a stationary
policy with a polynomial rate in the number of policy iterations and trajectories per iteration.
Empirical evaluations further demonstrate the robustness of Sign-SZPO under link function
mis-specifications.

Contribution(s)

1. This paper introduces Sign Stochastic Zeroth-Order Policy Optimization (S1gn-SZPO), a

policy-optimization method that uses preferences to estimate only the sign of value-function
differences and form an ascent direction correlated with the policy gradient.
Context: Sign-SZPO is positioned as a direct policy-optimization approach for general
stochastic MDPs that avoids reward-model learning and does not require explicitly specifying
a link function, unlike approaches such as DPO and ZPG that assume a known link (e.g.,
Bradley—Terry). To our knowledge, it is the first provable policy-optimization method for the
unknown-link setting.

2. Provides a non-asymptotic stationary convergence guarantee for Sign—SZPO, with explicit

dependence on perturbation distance, the number of queried preference pairs, and a distin-
guishability term induced by preference comparisons.
Context: In contrast to existing theories for direct preference learning that assume a known
preference model or consider restricted settings (e.g., deterministic or tabular MDPs), this
analysis targets the unknown-link-function setting under the smooth non-convex assump-
tions. The resulting rate matches the typical order of standard zeroth-order optimization-style
guarantees, up to additional terms reflecting preference noise/distinguishability.

3. Empirically studies Sign—-SZPO under link-function mismatch on benchmark RL tasks
using synthetic preference oracles (e.g., linear link), and reports that Sign—-SZPO can
compare favorably to baselines that assume a Bradley—Terry model.

Context: The experiments are framed as proof-of-concept support for the theoretical claims
rather than as definitive human-in-the-loop validation, and they highlight that link-function
mismatch can materially affect baseline performance.
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Abstract

The link function, which characterizes the relationship between the preference for two
trajectories and their returns, is a crucial component in designing RL algorithms that learn
from preference feedback. Most existing methods, both theoretical and empirical, assume
that the link function is known (often a logistic function based on the Bradley-Terry
model), which is arguably restrictive given the complex nature of preferences, especially
those of humans. To avoid mis-specification, this paper studies preference-based RL
with an unknown link function and proposes a novel zeroth-order policy optimization
algorithm called Sign-SZPO. Unlike typical zeroth-order methods, which rely on the
known link function to estimate the value function differences and form a gradient
estimator, S1gn—-SZPO only estimates the sign of the value function difference. It then
constructs a parameter update direction that is positively correlated with the true policy
gradient, eliminating the need to know the link function exactly. Under mild conditions,
Sign-SZPO provably converges to a stationary policy with a polynomial rate in the
number of policy iterations and trajectories per iteration. Empirical evaluations further
demonstrate the robustness of Sign-SZPO under link function mis-specifications.

1 Introduction

Reinforcement learning (RL), as a paradigm for online sequential learning via interactions with the
environment (Sutton et al., 1998), has achieved success in many fields (Kohavi et al., 2009; Christiano
et al., 2017; Kiran et al., 2022; Ouyang et al., 2022). An RL problem is typically formulated as an
episodic stochastic Markov decision process (MDP). At each step, the agent observes the current state,
takes an action, and then receives a numerical reward to reflect the action’s quality (Bellman, 1958;
Puterman, 2014). The environment subsequently transitions to the next state, depending on the current
state and action taken. The desired behavior (the optimal policy) is learned by maximizing the return
(cumulative reward) in each episode. It is believed that for each RL problem, there exists a true reward
function where the optimal policy could be obtained by solving the associated return maximization
problem. However, the true reward function is usually unknown. In practice, a hand-crafted reward
proxy is designed by domain experts in the hope that learning from the proxy would induce the same
behavior, i.e., the same optimal policy (Hadfield-Menell et al., 2017; Kwon et al., 2023). The design
of such a reward proxy to accurately approximate the true reward is extremely non-trivial (Ng &
Russell, 2000), and this framework can easily induce undesirable agent behaviors known as reward
hacking (Skalse et al., 2022), which materially affect algorithmic performance.

In recent years, reinforcement learning from human feedback (RLHF) has been proposed to avoid
reward proxies and the associated reward-hacking problem (Kaufmann et al., 2023). In RLHEF, instead
of receiving a numeric reward, the agent actively queries a noisy comparison oracle (human/Al)
for preferences over trajectories to infer the quality of the policy and then deduce the optimization
direction. Two main approaches have been studied for policy optimization from preferences: (i)



reward inference and (ii) direct policy optimization. The first approach (Christiano et al., 2017) learns
an intermediate reward model to approximate the true reward function through a maximum likelihood
loss, and then optimizes the learned reward via standard RL algorithms such as PPO (Schulman
etal., 2017). The quality of the learned policy heavily depends on the quality of the reward model,
which usually suffers from insufficient state-action coverage, overfitting, and poor evaluation without
the ground truth (Casper et al., 2023). The second approach (Rafailov et al., 2023) avoids these
drawbacks by directly optimizing the policy from preferences.

Link Function. Most preference-based RL algorithms, such as DPO, make explicit use of an ideal
assumption that the preference is generated via a known stochastic process, e.g., the Bradley-Terry
model (Bradley & Terry, 1952), which assumes the probability that a trajectory 71 is preferred over
To is a logistic function of the return difference:

P (1 > 70) = (1 + exp (—[r(m1) = r(70)) 7" (M

where r(71) and 7(7() are returns of the two trajectories and 7 is a known constant representing the
expertise. One may replace the logistic function with another admissible function o(-) : R — [0, 1],
referred to as the /ink function, but the expression needs to be known. Moreover, DPO-like methods
often require that the optimal policy can be explicitly expressed as a function of rewards, a special
structure only valid for bandits or deterministic MDPs with an KL-regularized objective, combined
with the Bradley-Terry model. For general MDPs and link functions, a recent work (Zhang & Ying,
2025) shows the effectiveness of a zeroth-order approach called ZPG, which again assumes the link
function is known to estimate the trajectory return difference.

Given the complex nature of preferences, such as variability in time and population, which inspired
the rich literature on sensory, social choice, and behavior sciences (Azari et al., 2012; Greene,
2010; Lawless & Heymann, 2010; Meilgaard et al., 1999), it is not adequate to characterize human
preferences merely with a simple known logistic function. Most preference-based RL methods
suffer from preference model mis-specification, similar to classic RL suffering from reward mis-
specification. Therefore, it remains an open question:

Without knowing the link function exactly, can we still design provable policy optimization
algorithms to learn from preferences that work for general RL problems?

Our paper answers this question. We relax the requirement only to assume that the preference is
positively related to the rewards, while the exact formula is unknown and subject to variability.
Inspired by ZPG, this paper proposes a new zeroth-order policy optimization method. The key idea is
to estimate the sign of the value function difference instead of the exact value function difference
from preferences over trajectories, for which the link function is not needed. The algorithm then uses
the sign to identify a direction for policy improvement with a provable convergence guarantee.

1.1 Our Contributions

We propose Stochastic Zeroth-Order Sign Policy Optimization (S1gn-SZPO) from trajectory prefer-
ence. Under mild conditions and the correct choice of the hyperparameters, Sign—-SZPO enjoys the
following convergence rate (in terms of the gradient norm) to a stationary policy:

~( [H 1 .
\/g'0<\/;+\/0’(70)1\71 +\/§>,

where T is the number of policy iterations, H is the episode length, and N is the number of trajectory
batches for comparison in each iteration. ¢’(0) is the derivative of the link function at the origin,
which characterizes the expertise of the preference oracle. As the oracle has more expertise, o’ (0)
becomes larger to constitute a faster convergence rate. €7, captures the distinguishability by the
preference oracle when the batch size is D. The first term matches the rate for classic zeroth-order



methods. The second term captures the error of estimating the expected preference from finite
evaluators. The third term characterizes the hardness of inferring the value function sign through
trajectory preferences, which decreases as the batch size D increases. To the best of our knowledge,
in utility-based preference models (Bengs et al., 2021; Wang et al., 2023) for general MDPs with
an unknown link function, Sign—SZPO is the first policy optimization algorithm with a provable
convergence guarantee.

2 Preliminaries

We first introduce the preliminaries of the problem. For a scalar a, sign[a] denotes its sign. For two
vectors a and b, (a, b) denotes the inner product. E,[-] denotes the expectation taken over x.

Episodic RL: We consider an episodic MDP instance M = (S, A, H, P, p), where S is the state
space and A is the action space (both may be uncountable). H is the planning horizon, P = {Ph};'j[:1
is the set of transition kernels, and g is the initial distribution of states. The agent interacts with the
environment in episodes. At the beginning of each episode, the agent chooses a policy 7, a set of
functions {7y, : S — P(A)}HL |, where P(A) denotes the set of all probability distributions over A.
Then, nature samples an initial state s; from the initial distribution go. At each step h, the agent takes
an action aj, sampled from the distribution 7 (sp,) after observing the state sj,. The environment
consequently moves to a new state s sampled from the distribution P, (+|sp, ap) without revealing
any reward feedback. We use 7 = {(s5,,an)}fL, to denote a trajectory. We assume the expected
return of 7 is a function r(7) which maps any trajectory to a value in [0, H], which is more general
than classic MDPs where the return is the sum of per-step rewards. For any given policy 7, we define
the value function V{™(s) as the expected return of trajectories starting from s and using policy 7

Vi'(s) =Ex [r(7)[s1 = s] = E[r(r)]s1 = s,{a1,- - ,am} ~ 7.

We define the expected value function over the initial state distribution g9 as V(7)) = Esp, [V{7 (5)].

Policy Parameterization. The agent’s policy is parameterized by a policy network as a function
class N = {mg : S x [H] — P(A)|@ € R}, which takes a state s and a decision-making step h as
input and then outputs the probability distribution of the next action. Here 0 is the parameter of the
policy network. Each parameter 8 induces a policy, which we abuse the notation to denote as mg.

Preference Feedback. The agent has access to a preference oracle, for example, a black-box
mechanism, a human evaluator, or a language model. In each episode, the agent can choose two
batches of trajectories Dy = {79}, and D; = {1 ;}2 | to query the oracle to obtain a one-bit
feedback o € {0, 1}, where D is the batch size. If o = 1, the oracle prefers Dy, and if o = 0, the
oracle prefers Dy. The feedback o is generated according to a preference model characterized by an
unknown link function o : R — [0, 1] of the average reward difference between trajectories:

1 & 1 &
P(Dl - Do) = 0'(77('1)1) — ’F(Do)) =0 (D ZT(Ti’l) — 5 ZT‘(TZ'70)> R 2)

where 7(-) denotes the average return of a batch. If o(-) is a logistic function, it becomes the Bradley-
Terry model. In reality, most preference oracles like humans may not accurately aggregate the returns
of a large batch, so a smaller D is preferred. Generally, for reasonable and learnable link functions,
we expect the preference probability to be positively correlated with the average reward difference,
so we assume the following fundamental regularity of the link function, which is commonly noted in
dueling bandits (Bengs et al., 2021) and preference-based RL (Wang et al., 2023).

Assumption 1 The link function o : [—H, H| — [0, 1] is strictly monotonically increasing with
0(0)=1/2and o(—z) =1 — o(x).

The anti-symmetry is assumed for simplicity of presentation. Remark that most link functions studied
in the PbRL literature, such as logistic and linear, satisfy this assumption. Our goal is to find the



Algorithm 1 Sign Stochastic Zeroth-Order Policy Optimization

Require: initialize the actor-network parameter 1, learning rate {a;}7_,, perturbation distance
{us }E , size of trajectory batches D;
1: foriterationt =1:7 do
2:  sample a random vector v; from a normal distribution A/(0, I);
3:  obtain perturbed parameter 0; = 6; + 1, vy;
4 forn=1:Ndo
5: sample a batch of D trajectories D,, o ~ 7o, ;
6: sample a batch of D trajectories D,, 1 ~ ol
7 query the preference oracle with the two batches (D, 1, Dn,O) and obtain results oy ,,;
8 estimate the ascent direction with a majority vote: g; = sign[zg:l (ot — 1/2)|vy;
9 update the actor network 6,1 = 0; + a:gy;

optimal parameterization 8 to maximize the expected value function, i.e.,

max V(7).
6cRd

3 Sign Stochastic Zeroth-Order Policy Optimization from Preference

We propose Sign—SZPO for preference learning with an unknown link function. The algorithm is
summarized in Algorithm 1. At each policy iteration, say round ¢, it consists of the following steps:

1. Perturb the current policy mg, with a randomly sampled vector v; from a standard normal distribu-
tion and distance /i to obtain the perturbed policy mg; (line 2-3).

2. Sample N pairs of trajectory batches with size D under both policies 7, and mg; (line 4-6).
3. For each pair of batches, query the oracle for preference feedback (line 7).

4. Use the majority vote over the preference of N pairs to estimate ascent direction g; (line 8).
5.

Update the current policy mg, with learning rate o; and ascent direction g, (line 10).

Two main components are used to build Sign-SZPO: (i) estimate the sign of the value function
difference between the current policy mg, and the perturbed policy mg;, which is controlled by the
perturbation distance p; at each iteration, and (ii) use the sign of the value function difference to
construct a gradient estimator g; that has a positive correlation with the policy gradient VgV (7, ) in
expectation, and then use gradient ascent to find the optimal policy. We illustrate both aspects.

Policy Optimization from Signed Feedback. Suppose we have a policy oracle that can compare
the value function of g, and 7, and obtain sign[V(7g;) — V (me,)|. Then, we can construct the
gradient direction estimator g; from the perturbation direction v; as: g; = sign[V (mg;) — V (e, )]v;.
Intuitively, §; aligns with the gradient VgV (7, ): suppose the perturbation distance y is small, so
under mild conditions, we can linearize the value function difference around the neighborhood of 6;:

V(mg;) — V(me,) = (VoV(me,),0; — 01) = 1(VeV (me,), vs)- 3)
Therefore, the sign of the value function difference can be approximated as follows:
sign[V (me;) — V (7, )] = sign[(VeV (e, ), vt)]- 4)

In other words, if the sign of the value function difference is positive, then the perturbation vector v
is likely to have a positive inner product with the gradient VoV (mg, ), and if the sign of the value
function difference is negative, —v; will be positively aligned with the gradient, which ensures
a convergence dynamic similar to stochastic gradient. This function difference sign approach is
unconventional in the zeroth-order literature, which we further discuss in appendix 10.1.

Value Function Preference Approximation. We use batched trajectory preferences (Zhang et al.,
2024a) to estimate the value function difference sign with a majority vote rule. Specifically, we



ask the preference oracle to compare different pairs of trajectory batches generated from the two
policies with a proper batch size. Then, we perform a majority vote on which policy has a higher
value function and take the policy with more votes. The majority vote rule helps tackle the unknown
link function setting and resembles the preference based on value functions under mild conditions.

4 Main Results

In this section, we theoretically characterize the convergence rate of Sign—-SzZPO. We first introduce
the assumptions on the landscape of value functions, the preference model, and the distinguishability
with preferences.

4.1 Definitions and Assumptions

We impose the following assumption on the link function o (-), satisfied by the BT model. A weaker
version is justified in (Wang et al., 2023) as the minimal requirement to learn the optimal policy.

Assumption 2 The link function o(-) is L-smooth with a positive derivative at the origin.

lo’(x) —o'(y)| < Llz —vy|, Va,y€|[-H,H], and o' (0)>0.

We also require the landscape of the value function and the policy network to be “regular”, and
impose the following standard smoothness assumption in nonconvex optimization (Liu et al., 2019;
Bernstein et al., 2018; Reddi et al., 2018) and reinforcement learning (Zhang & Ying, 2025). Notice
that linearly realizable MDPs (Weisz et al., 2023; Li et al., 2021), including linear MDPs (Jin et al.,
2020), naturally satisfy this assumption when the policy parameterization 7g is smooth.

Assumption 3 The value function V (1) for the network parameter  is L-smooth on R%.

VeV (me,) — VoV (ma,)ll2 < L||01 — O2]l2, VO1,0.

For simplicity, we use L to represent the upper bound of the smoothness constants in both assumptions.
If the perturbed parameter ; is close to the original parameter 8;, the value function of the two
policies will also be close. However, in this case, the preference oracle may have difficulty finding the
better policy from comparing trajectories with a finite batch size D. Define the (preference) deviation
function as follows:

s(z) =0o(x) — %

For any RL problem instance M and any deviation function ¢(-), we define distinguishability:

Definition 1 (Distinguishability) For any RL problem M and deviation function <(-), define the
preference distinguishability €T, under batch size D to be the maximum constant €, such that for any
two policies mg and w1 with V (m1) — V(mg) > €, we have:

1 (V(m) - V(ﬂo))

EDONWU7D1N71 [g (f (Dl) - F(DO))] > §§ D)

where Dy and Dy are trajectory batches generated by 7y and 71 respectively with |Dy| = |D;| = D.

When two policies with a value function difference smaller than €7, are compared, the preference
oracle may not distinguish the better policy, which reveals a fundamental limit of learning from
preference with an unknown link function o(+). So, to effectively compare the policy 7g, and its
perturbation, we need to control the distance p; and make sure they are distinguishable. We can
derive an upper bound for 7, as follows.

Proposition 1 For any RL problem M and any deviation function <(-) that satisfy assumption 1
and 2, the distinguishability &%, under batch size D satisfies €%, = O(H//D).



The proof is based on concentration and is deferred to the appendix section 11. This shows that when
the batch size is large, the average rewards of each batch Dy and D; are concentrated around the
value function, so the preference over the trajectory batches is almost the preference over the policies.
More discussions of the limit of distinguishability are provided in the appendix section 10.3.

4.2 Convergence Rate

In this section, we present the theoretical guarantees under the assumptions in the previous sections.
We aim to learn an e-stationary policy mg with | VeV (mg)||2 < €, and study the convergence rate.

Theorem 1 Choose the perturbation distance to be time homogeneous, i.e., jiy = p, and the learning
rate to be oy = ©(\/H/dt). If we randomly pick 0 from {01,603, -- ,07} withP (0r = 6,) =
at/ Z;Trzl «;, then the convergence rate of Sign—SZPO satisfies:

(| VoV (o)) = O ( 2,1 (u <\/§> + sz)> " ud) |

The complete proof is provided in the appendix section 12. We first illustrate insights into the
convergence rate, the choice of hyperparameters, and the technical novelties and challenges.

Insights. The convergence rate of Sign-SzPO has three components: the convergence rate of
zeroth-order optimization, the preference distinguishability €7,, and the majority vote approximation

error:
%
T 1 1 N
— —~—
Zeroth-Order Optimization  Distinguishability Majority Vote Approximation Error

The first term resembles zeroth-order stochastic gradient descent (Nesterov & Spokoiny, 2017; Cai
etal., 2021; Liu et al., 2019). If we choose u = O(1/ VdT ) as in the literature, this term matches the
state-of-the-art O(/d/T) result for non-convex smooth functions. The second term comes from the
distinguishability limit of the preference oracle: when the current policy 8, is close to stationary, i.e.,
the gradient norm is smaller than €%, /1, the perturbed policy and the current policy have similar value
functions with a difference smaller than €7, according to equation 3, which becomes indistinguishable.
One could also view the parameter 8 learned by Sign—SZPO as the policy most preferred by the
oracle in the ¢7,-neighborhood of a stationary policy. The third term comes from approximating the
expected preference probability with a majority vote. As the number of batches N increases, the
approximation error would decrease since ¢~ 1(1/2/N) ~ 1/(c’(0)v/N) — 0, since the majority
vote becomes more accurate and reflects the population-level preference.

Optimizing the Upper Bound and Choice of Perturbation. The rate of convergence in Theorem 1
trades off the zeroth-order optimization error with both the distinguishability and the majority vote
approximation error. Optimizing the bound results in the tightest characterization as follows:

Corollary 1 If we choose oy = O(\/H/dt) and O the same way as in Theorem. 1, and if the
perturbation distance p satisfies: p? = ©(d~! max{s~1(\/2/N),e%}), Then, we have:

E[|VeV (mo,)ll2] = Vd - 6<ﬁ+ W + \/%)

To achieve it, we need to fine-tune the hyperparameter p in practice since it requires the knowledge of
¢(-) and €%, and a practical choice is discussed in Appendix 10.4. Some insights are offered. First, ;1
cannot be too large because the zeroth-order estimator of the ascent direction is only accurate when the
perturbation distance is small (Nesterov & Spokoiny, 2017). Second, p also cannot be arbitrarily small



as in vanilla zeroth-order optimization because the perturbed policy 7g; may be indistinguishable
by the preference oracle, and the convergence is not guaranteed. The moderate perturbation is
similar to ZPG (Zhang & Ying, 2025), where the biases of both gradient estimators are amplified
by 1/u. However, the reasons differ: in Sign-SzPO, the bias arises from the distinguishability of
preferences and from approximating the population-level preference via majority vote, whereas in
ZPG, it arises from recovering the reward difference using a non-linear link function.

Preference Oracle Quality. The convergence rate in Theorem 1 and Corollary 1 also reflects the
quality of the preference oracle, via the preference deviation function ¢(-) or the derivative o’(0). If
the preference oracle is more sensitive to distinguishing candidates with similar average returns, ¢(-)
is closer to a step function, and the majority vote error will decrease. The canonical Bradley-Terry
model has derivative ¢'(0) = 1/4. One may use an ensemble method to construct a better preference
oracle with a larger o/ (0) by querying multiple oracles and taking a majority vote over the results.

Proof Roadmap and Technical Challenges. Classic proofs for zeroth-order optimization use the
smoothing function framework (Nesterov & Spokoiny, 2017; Liu et al., 2019). However, it is difficult
to construct a smoothing function for the ascent direction estimator g; in Sign—-SZPO, since it
involves feedback with an unknown link function and thus can only preserve the information of
the value function sign. We use the value function as the Lyapunov function, which leads us to the
following drift analysis, neglecting problem-independent constants:

V(re,) = V(mo,,,) < — ausign [V(mg) — V(mo,)] (VoV (7e,), ve) +0i E[vell3]
——
— oy (sign

A =d
al 1
> om - 21 — sign [V (mg;) — vwg]) (VoV (ma,), v1) -
n=1
Ideally, we envision A; to constitute a negative drift since the sign of the value function differ-
ence resembles the sign of (VgV(mg,),v:) due to the linear approximation in equation 3, i.e.,
sign [V (mg;) — V(mg,)| =~ sign[(VeV (me,),v¢)], and therefore the expectation of Dy will be
approximated as follows:

Az

E[Ai] ~ E[sign [(VeV (7o, ), v1)] (VoV (w0, ), vi)] = E[[(VoV (ma,), v1)[],

which is proportional to the expected norm of gradient E[|| VgV (g, )||2] from Khintchine’s inequal-
ity (Vershynin, 2018). Then, a negative drift is constructed, which allows us to bound the value
function difference as follows:

E[V(me,) = V(mo,.1)] 5 —Oét\/zEHlVoV(Wet)Hz] +ajd + oy [E[As]|

Next, we bound the positive drift via a separation of events based on how well the perturbation vector
v, aligns with the gradient direction VoV (7g, ). Finally, we apply the telescoping sum in classic
Lyapunov analysis to obtain the final convergence rate.

5 Empirical Evaluation

To validate our theoretical results and to evaluate the practicality of Sign-SZPO in real-world tasks,
we conducted empirical experiments on a set of robotic RL tasks in Gymnasium (Towers et al.,
2024). We considered two simulated robotic environments with the MuJoCo physics engine, i.e.,
HalfCheetah and Hopper. To isolate and measure the influence of a mis-specified link function,
we experimented with two synthetic oracles: one using a logistic link function (Bradley-Terry model)
in equation 1 and the other using a linear link function (Chen & Frazier, 2017; Bengs et al., 2021),
i.e., for two trajectories 7y and 71, we have:

P(r > 79) = max {min {7 [r(71) — r(70)] + 0.5, 1} , 0},
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Figure 1: Return (mean =+ std) during training: in Fig. 1(a) and 1(b), the preferences are generated
from the BT model which matches the link function used by baselines, and in Fig. 1(c) and 1(d), the
preferences are generated from the linear link function, which creates a link function mismatch for
baseline algorithms. Results are averaged over 50 random seeds, and the means are smoothed for

clarity with a window size of 5.

Environments HalfCheetah Hopper
Link Function logistic linear logistic linear
Online DPO 536.8 £45.4 305.1 £51.3 1249.8 £45.5 1213.3 £35.2
RM+PPO 8.7+£784 —37.0£57.0 194.7 £ 27.0 195.0 £26.1
ES 168.8 £ 36.1 224.24+40.4 1857.7+131.3 1443.24+115.3
ZPG 1733.5+72.9 1345.6 +=44.1 3078.8 £86.1 2830.8 +100.6

Sign-SZPO 1588.9+95.9 1541.7+£107.4 3054.7+90.0 3006.1+93.8

Table 1: Averaged return for the final policy (mean =+ CI), where the boldfaced entries represent the
best results in each environment.

where ~y characterizes the expertise of the preference oracle similar to BT in equation 1. However, in
both cases, the true underlying link function is unknown. More details on the implementation and
additional ablation experiment results are provided in Appendix 8.

Baselines. We used a fully-connected neural network with two hidden layers of 64 neurons as
the actor network of all algorithms. We compared Sign—-SZPO to four baseline algorithms: (1)
RM+PPO (Christiano et al., 2017), which trains a reward model first and then uses PPO over the reward



model to train the actor network, (2) Online DPO (Dong et al., 2024; Guo et al., 2024), which
optimizes the DPO loss and updates the reference policy for each policy iteration, (3) ZPG (Zhang &
Ying, 2025), which uses the link function inverse to estimate the zeroth-order policy gradient, and (4)
ES as evolution strategy (Busa-Fekete et al., 2014; Salimans et al., 2017), where the agent constantly
“mutates” to obtain new policies and maintains the one most preferred by the preference oracle. For
baseline algorithms that require a known link function, i.e., RM+PPO, DPO, and ZPG, they assume the
preferences follow the Bradley-Terry model with a logistic link function. This creates a link function
mismatch only when the preferences are generated using the linear link function. For RM+PPO, which
require a critic network and a reward model, we used two other fully-connected neural networks
with the same structure as the actor network (except the output layer). In all experiments, we used
N = 1and D = 1 to test the robustness of algorithms, especially the proposed Sign—-SZPO, to
noisy feedback in practical tasks. That means between policy updates, each algorithm only rolled out
one pair of trajectories, and the preference feedback from the oracle is purely based on this pair of
trajectories instead of two batches of trajectories as assumed in our theoretical sections. We remark
that this setup exactly matches the classic RLHF framework for RM+PPO and DPO. For all algorithms,
we warm-started from the same behavior cloning actor trained from expert data. The averaged return
dynamics during policy training are presented in Fig. 1, and the averaged returns of the final policy
are summarized in Tab. 1.

Correct Link Function. We first compare the performance of all algorithms when the link function
is correctly specified as in Fig 1(a), Fig 1(b), and Tab. 1. In this case, the true link function unction
is logistic. Both ZPG and Sign—SZPO achieve a much better performance than other baselines,
including algorithms that require extra structures such as the reward model or the critic network,
which demonstrates the potential of zeroth-order policy optimization in preference-based general RL
tasks as compared to methods that arise specifically for language models such as DPO and RM+PPO.
Typically, we observe that RM+PPO suffers from reward hacking: as training progresses, the policy
accurately optimizes the cumulative learned reward from the reward model, but becomes worse than
the initial behavior-cloning policy in the environmental reward. This means the learned reward model
does not fully capture the true reward function given finite preference data, and also demonstrates the
difficulty of training a good reward model. On the other hand, pure evolution strategies are much
noisier than zeroth-order optimization approaches, which limits their performance. In this correctly
specified link function setting, ZPG has the best performance among all algorithms, but the return of
our proposed Sign—-SZPO is very comparable. This demonstrates the practicality of Sign-SzZPO
in complex tasks even with limited trajectories and preference feedback, i.e., a single trajectory
comparison, despite our theoretical results requiring large NV and D. We remark that the empirical
results do not contradict our theoretical results because (i) the tested environment transitions are
mainly deterministic, resulting in a low variance in policy evaluation, so we do not need a large N
for variance reduction; and (2) the reward is regular enough so €7 is small to ensure consistency.

Link Function Mismatch. However, when the link function is mis-specified as shown in Fig. 1(c),
Fig. 1(d), and Tab. 1, i.e., when the true link function is linear, but the baseline algorithms assume lo-
gistic, the performance of most baseline algorithms significantly drops, while Sign-SZPO maintains
a similar performance and achieves the best performance among all algorithms. Typically, the mean
return of ZPG decreased by at least 200 in both environments, while the mean return of Sign-SZPO
only decreased by 50. This shows that link function mismatch can materially affect algorithmic
performance, and Sign-SZPO is robust across preference models due to the sign estimator. For
other baselines, the intermediate reward, either implicitly or explicitly learned from the preference
with a mis-specification, deviates from the true reward function, and thus shifts the learned policy. For
example, the DPO loss is not the correct loss due to the link function mis-specification, so Online
DPO suffers additionally from it and exhibits unstable or slow training dynamics. Its final policy is
also worse than the BT setting. RM+PPO suffers additionally from the same reason, where the reward
model does not accurately learn the true environmental reward function due to the link function
mis-specification. We remark that even though ZPG suffers from a performance drop due to link
function mismatch, it still learns meaningful behaviors and control policies in both environments.
This is because the sign of the value function difference recovered by ZPG is still accurate, but the



difference is not estimated accurately and could be arbitrary in essence. Therefore, ZPG can be
viewed as Sign-SZPO with an uncontrollable time-varying learning rate, i.e., the gradient direction
learned from the zeroth-order estimator is correct, but the norm is biased. This results in overshoots
and instability unless the overall learning rate is low, where ZPG could also converge to the same
optimal solution as Sign-SZPO. However, the training dynamics will be less stable and will take
more policy iterations due to the inappropriate learning rate. This explains why ZPG is still much
better than other baselines.

6 Conclusion

In this paper, we studied policy optimization in preference-based RL with an unknown link func-
tion. We developed Sign-SzPO, which estimates the sign of the value function difference from
preferences and then constructs an ascent direction. We showed that Sign—-SZPO has a provable con-
vergence guarantee with polynomial sample and preference-query complexities. We then conducted
numerical experiments on MuJoCo robotic tasks to demonstrate the robustness of Sign-SzZPO to
link function mismatch.
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7 Related Works

The study of preference learning without a known link function has a long history, where dueling
bandit (Bengs et al., 2021) and heuristic evolution algorithms (Busa-Fekete et al., 2014) are among
the early attempts. However, most of these methods are often suitable only in tabular problems or are
inefficient without theoretical guarantees. Most recent works (Christiano et al., 2017) overlooked the
role of the preference model and the link function. Some Works (Munos et al., 2024; Azar et al., 2024)
also studied policy optimization with an unknown link function from the viewpoint of a dynamic
game, assuming no relation between preferences and rewards. Consequently, the learned policy is
usually quite pessimistic and is far from the optimal policy due to the limitations of preferences (Knox
et al., 2024; Zhang et al., 2024a). Our work is most related to (Zhang & Ying, 2025), where our
proposed Sign-SZPO improves over their ZPG to eliminate the need for the link function. Next,
we thoroughly review the literature on preference-based RL and zeroth-order optimization that is
relevant to our paper. One could refer to (Kaufmann et al., 2023) and (Casper et al., 2023) for a
thorough survey on these topics. We review each subfield in detail as follows.

Empirical Studies on RL from Preference. Reinforcement learning from human feedback has
been used in various fields such as training robotics (Christiano et al., 2017) and large language
models (Ouyang et al., 2022), where the preference is used to align their behavior with human interest.
The typical pipeline consists of three steps: (i) pre-train a actor network with supervised learning, (ii)
generate multiple pairs of trajectories to query human experts for preference and then use the human
feedback to train a reward model to infer the true reward of the RL task, and (iii) use off-the-shell
classic RL algorithms to train the actor network with the help of the reward model. So far, most works
in the literature of empirical RLHF follow this pipeline and focus on either improving the quality of
the reward model (Gao et al., 2023; Wirth et al., 2016), or developing better RL algorithms tailored
for learning the optimal policy from an imperfect reward proxy in each application field (Guo et al.,
2025; Rae et al., 2021; Ahmadian et al., 2024). However, it is commonly observed that training agents
from reward models is prone to reward hacking (Skalse et al., 2022) and overfitting (Zhu et al., 2024),
and therefore, direct RLHF approaches such as DPO (Rafailov et al., 2023; 2024; Dong et al., 2024,
Xiong et al., 2024) and SLiC-HF (Zhao et al., 2023) are also studied to avoid reward model training,
which utilizes a direct relationship between the optimal policy and the reward function in some
specific settings such as contextual bandits or deterministic MDPs with KL regularization. These
approaches, as pointed out in (Zhang & Ying, 2025), are difficult to generalize to settings beyond
LLMs with stochastic transitions. An essential step in the aforementioned works that relates the
human preference with the true reward of each state-action pair is to make use of the Bradley-Terry
model (Bradley & Terry, 1952):

1
P(ri > ) = 1+ exp(r(ro) — (1))’

Therefore, one could formulate the likelihood of observing the human feedback when the reward is
unknown, i.e., a cross-entropy loss. Then, by minimizing this loss function, we could either estimate
the reward function through approximations or utilize the relation between the optimal policy and the
reward function and directly learn the optimal policy. However, when used in real tasks where the
human preference does not exactly follow the Bradley-Terry model, these approaches suffer from
model misspecification, and the performance loss could be non-negligible.

Provable Preference-Based RL with Known Link Function. Even though empirical studies
have been conducted for some time, it was not until recent years that provable preference-based
RL algorithms were studied. For both reward inference and direct methods, previous works have
attempted to characterize their provable performance and provide insights for developing better
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algorithms. In (Wang et al., 2023) and (Du et al., 2024), a preference-to-reward intermediate module
was considered to infer the reward function from preference feedback with an MLE loss. Both
value-based and policy-based RL algorithms are analyzed when learning from the approximated
reward. Both works convey the message that with a reward model, preference-based RL should not
be significantly harder than standard RL. Similar analysis has also been conducted in contemporary
theoretical preference-based RL papers such as (Saha et al., 2023; Zhan et al., 2024a;b; Zhu et al.,
2023; Kong & Yang, 2022; Wu & Sun, 2024) for offline, online, and hybrid RL problems. The
analysis usually characterizes the error of the reward model parameters using the concentration
property of the MLE estimator and then integrates the error into the sample complexity proof for
standard RL algorithms. On the other hand, the analysis of direct approaches receives less attention
due to the non-standard analysis framework of each method (Li et al., 2023; Chakraborty et al., 2024;
Kausik et al., 2024). (Azar et al., 2024) attempts to analyze the theoretical performance of DPO,
but only shows the existence of loss function optima. For deterministic MDPs, (Xie et al., 2024)
combines DPO with optimistic exploration to provide a provable convergence to the KL-constrained
optimal policy. (Xu et al., 2020) and (Zhang et al., 2024a) reduce the tabular MDP problem into a
sequence of dueling bandit problems and provide both instance-independent and instance-dependent
sample complexity guarantees. For general MDPs with infinite state-action pairs, (Zhang & Ying,
2025; Tang et al., 2024b) establish the relation between human preference and zeroth-order gradient
to design an algorithm with a provable convergence guarantee. However, the theoretical guarantees
of the works mentioned above require the preference to be either generated from the Bradley-Terry
model or a preference model with a known link function. This assumption is likely to fail in reality,
and the convergence guarantee may not be meaningful.

RL with Unknown Relation between Reward and Preference. Some previous research also
recognizes the complex nature of humans and studies preference-based RL without exactly knowing
how preference is generated. In this setting, the classic MLE loss cannot be formulated, and it is
difficult to infer the complete reward information from preference data. Most studies around this
topic change the definition of optimality. They define the optimal policy as the one most preferred
by evaluators instead of the policy with maximum cumulative reward. Specifically, in the dueling
bandits literature, (Yue & Joachims, 2009; 2011) specifies a preference over all pairs of arms and
assumes properties such as transitivity and triangle inequality so that one will be able to learn the
most preferred arm via comparisons (Bengs et al., 2021). In the RL setting, (Azar et al., 2024) and
(Tang et al., 2024a) propose to optimize a general non-decreasing loss function of the population-level
preference probability instead of the cumulative reward, and (Chen et al., 2022) proposes to learn the
mapping between trajectory pairs and the preference. Recently, a line of work named Nash learning
from preference feedback (Munos et al., 2024) has been considered, where they define the best policy
in a game-theoretic manner to avoid assumptions such as transitivity. In their definition, the best
policy is the one that achieves the largest population-level preference probability when competing
against any other policy using preference feedback as a mechanism. Works have extended this idea
both theoretically (Ye et al., 2024; Zhou et al., 2025) and empirically (Rosset et al., 2024; Zhang
et al., 2024c). However, all previous works in this field do not aim to learn the reward maximization
policy. As shown by (Zhang & Ying, 2025) and this paper, the reward maximization policy could be
different from the policy most preferred by the preference oracle. Therefore, completely ignoring the
reward structure of the RL problem may result in performance loss since real human feedback can
be misleading or indifferent among candidates. Moreover, the performance gap between the policy
learned by these works and the optimal return is not characterized.

Zeroth-Order Optimization and Evolutionary Strategy. When the first-order information, such
as the gradient, cannot be easily obtained due to the limitation of the optimization problem itself or
the high computation requirement, zeroth-order methods are usually considered for both convex and
non-convex problems (Ghadimi & Lan, 2013; Duchi et al., 2015; Nesterov & Spokoiny, 2017), where
the authors used a two-point method to estimate the gradient through the function value difference
and then proceed with stochastic gradient descent. Variants of the zeroth-order stochastic gradient
descent have also been studied (Liu et al., 2018a;b; Cai et al., 2021; Gao et al., 2018) with block-
coordinate descent and variance reduction tricks. These methods have also been used in optimizing
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the loss function in LLMs (Malladi et al., 2023; Zhang et al., 2024b) as well. However, in ordinary
zeroth-order problems, the function value can be queried or estimated in the presence of noise, which
is used to approximate the gradient via difference, i.e.,

fe) ~ B, [[E )~ (@)
"

where f is the loss function, « is a point, v is a randomly sampled vector from some symmetric
distribution, and p is a perturbation distance which should be chosen small. This idea is also adopted
in (Zhang & Ying, 2025) for developing preference-based RL algorithms. However, in our setting
with an unknown link function, we have no access to estimate the function value, and therefore,
this approach can not be directly applied. One approach to circumvent this dilemma is to use the
evolutionary strategy (Rechenberg, 1973), which does not estimate the gradient to proceed with
gradient descent, but to update the current policy with a perturbed policy that has better performance.
As long as there is a way to verify the superiority of the perturbed policy versus the current policy,
the value function difference would be of no significance. The evolutionary strategies have also been
studied in classic RL (Salimans et al., 2017; Conti et al., 2018), preference-based RL (Busa-Fekete
et al., 2014; Akrour et al., 2011), and language model optimizations (Malladi et al., 2023) as well.
However, the theoretical guarantees of evolutionary algorithms are much less clear compared to
zeroth-order optimization, and provable algorithms are underdeveloped. Another approach that
does not rely on the value function difference is to replace gradient descent with sign gradient
descent (Bernstein et al., 2018; Liu et al., 2019). But to estimate the element-wise sign of the gradient
vector without using the value function difference, one needs to perturb each entry of the policy
parameter one by one to obtain a perturbed policy for each entry, and compare the performance of
each policy pair. This proves to be difficult when dealing with complex policy approximations such as
neural networks. Our work is inspired by both fields and closely related to zeroth-order optimization
with one-bit feedback (Cheng et al., 2020; Cai et al., 2022; Zhang & Li, 2024), which receives much
less attention compared to classic settings. However, these works assume a perfect preference oracle,
but in our paper, we estimate the sign of the value function difference from noisy feedback and then
plug it into the zeroth-order gradient descent framework.

Link Function and Preference Model. It has been a long-standing effort to understand the rationale
for how humans make decisions and establish models to predict human behaviors (Thurstone, 1927;
Train, 2009; Greene, 2000; Meilgaard et al., 1999; Lawless & Heymann, 2010) from both social
science, economics, and behavioral science fields. Despite the complexity of humans, the most
dominant models that have been adopted in the literature are the random utility model in social
choice theory (Azari et al., 2012), developed as early as the 1920s (Thurstone, 1927). The random
utility model assumes each person is associated with a utility function for all candidates and will
choose the action that maximizes the utility. Therefore, how the utility of each person is generated or
distributed, which is characterized by the link function (Bengs et al., 2021), gives rise to different
preference models. Even though the logistic link function, i.e., the Bradley-Terry model (Bradley &
Terry, 1952), is mostly adopted in the literature due to the closed expression and easy-to-manipulate
nature, other preference models such as the Probit model (Thurstone, 1927), the Cauchy model, the
complementary log-log model, and the Weibull model (Greene, 2000) have also been studied in the
literature. Any cumulative distribution function for continuous distributions would be a valid link
function, and the best model to describe human behavior is yet debatable. Therefore, in this paper,
we explore the common traits of admissible preference models and develop algorithms applicable to
any preference model without knowing the link function.

8 Details on Experiments

In this section, we first describe the important details of the experiments conducted in Sec. 5. Then,
we perform additional experiments on robotic tasks with discrete action spaces and Gridworld with a
stochastic transition kernel (Zhang & Ying, 2025) to evaluate the influence of stochastic transitions
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and demonstrate the robustness of Sign—SZzPO in general RL problems. Finally, we perform ablation
studies on the number of rollouts per policy update.

8.1 Details of Robotic Experiments Based on Gymnasium

We first present the implementation details of the experiments conducted in Sec. 5 for MuJoCo robotic
tasks from the Gymnasium benchmark: HalfCheetah-v5 and Hopper-v5. The benchmark
has been widely used to evaluate RL algorithms in complex environments. The detailed information
about these three environments can be found in Towers et al. (2024). We set the planning horizon
H to be the default value of each environment, i.e., H = 1, 000, and then we report the cumulative
return of each episode.

Preference Feedback. In all three environments, we assume agents have access to multiple simulated
preference oracles (representing different human evaluators or language model judges in the real
world) that compare a pair of trajectories, i.e., D = 1 for the preference. Each oracle will generate
preferences over two trajectories based on the link function on the trajectory returns. We considered
both the logistic and the linear link function. For two trajectories 7y and 7y, we have:

1
1+ exp(—y[r(m1) —r(70)])’

Linear: P(7y = 7o) = max {min {’y [r(ry) — ()] + % 1} ,0} :

Logistic: P(r; = 1) =

where + is a constant characterizing the expertise of the preference oracle. Then, each preference
oracle will sample a Bernoulli random variable with probability P(7; > 7¢), and then use the result
as the preference feedback to agents. For each preference oracle and each environment, we adjust the
constant v such that the return difference (1) — r(7p) is normalized almost into the effective range
of each link function, i.e., [—0.5, 0.5] for the linear link function and [—3, 3] for the logistic function.
The expertise constants we used in the experiments are summarized in Tab. 2. This ensures moderate
randomness and uncertainty in preferences between trajectories. We set the number of preference
oracles to 101 so that all baseline algorithms can aggregate feedback from different oracles, ensuring
a stable learning dynamic. We remark that for Sign-SZPO, using multiple preference oracles with
a smaller v is equivalent to using a single preference oracle with a large v due to the majority vote
nature of the sign mechanism. Therefore, Sign-SZPO does not unfairly benefit from using multiple
preference oracles. In fact, some information, such as the fraction of preference oracles preferring
one trajectory over the other, is used by many baselines like DPO and ZPG, but not Sign-SZPO.

Environment HalfCheetah Hopper

Logistic 0.003 0.001
Linear 0.0005 0.0002

Table 2: Expertise constants of preference oracles used in experiments

Policy Network. The policy network that agents train to make decisions is a fully connected neural
network with two hidden layers. Each hidden layer has 64 neurons, and depending on the input and
output dimensions, the total number of parameters is around 6, 000. We conducted a full training
on the actor network and did not freeze parameters. We used the hyperbolic tangent function as the
activation function and initialized the neural network parameters from a standard normal distribution.
Then, we normalized the output of each layer to balance the smoothness. Since both HalfCheetah
and Hopper environments use continuous action spaces, we used a normal distribution as the policy
class, where the mean is the output logits and the standard deviation is another set of trainable
parameters. The RM+PPO baseline requires two extra architectures, a reward model and a critic
network. For the reward model, we also used a fully connected neural network with two hidden
layers of 64 neurons, similar to the size of the actor, where the input is the concatenation of a state
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vector and an action vector, and the output is a numeric reward. The state critic network has a similar
structure as well, i.e., two hidden layers with 64 neurons, where the input is the state and the output
is a numeric value representing the value function of the state.

Initial Policy. To reduce computation and more efficiently demonstrate the performance difference
between algorithms, we warm start all algorithms with a pretrained behavior cloning policy in both
environments. We first train an expert policy using PPO (Schulman et al., 2017) on top of the
environment reward function with a much larger actor network. The expert training is conducted
using Stable Baselines3 (Raffin et al., 2021). Then, we generate 30 expert trajectories for
each environment and use the demonstrations to train a behavior-cloning actor for 80 epochs. Notice
that for both environments, the maximum reward achieved by Sign—-SZzPO is much larger than that
of the initial behavior-cloning policy.

Training and Interaction Protocol. To have a fair comparison, we let online preference-based
algorithms conduct 1000 policy iterations on both environments, i.e., 7' = 1000. For each policy
iteration, we let the algorithms sample a pair of trajectories and obtain the pairwise preferences
from all oracles. However, we let the baseline RM+PPO and DPO conduct multiple rounds of
loss optimization in each policy iteration. The RM+PPO algorithm is not fully online and requires
additional samples to train the reward model. To ensure fairness, we allow it to sample half of the
total number of trajectories using the initial behavior-cloning policy to train the reward model, and
then use the same number of policy iterations and sampled trajectories in the actor network training
phase. That is to say, we separated the total number of samples into two parts of equal size: one for
training the reward model and one for training the policy network. We used 50 different random seeds
to test the robustness of all algorithms, i.e., the smallest 50 prime numbers. The running returns are
first averaged over the 50 seeds and then smoothed for presentation clarity. The results are reported
in Fig. 1, and the return of the final policy for these seeds is also demonstrated in Tab. 1.

Hyperparameters and Implementation of Sign—-SzPO. Two hyper-parameters need to be fine-
tuned in practice for Sign-SZPO: the learning rate o, and the perturbation distance ;. Depending
on the environments being tested, we set the perturbation distance y; to be time-homogeneous. We
used 0.03 for Hopper and 0.3 for HalfCheetah. In each policy iteration, Sign—-SzPO perturbs
the actor network using a normal noise vector and then samples one trajectory for the perturbed and
unperturbed actor network, respectively. To improve the empirical performance of Sign—-SZPO,
demonstrate its flexibility for modern optimization methods, and showcase its practical potential, we
incorporate Sign-SZPO with the AdamW optimizer using a starting learning rate around 1/10 of
the perturbation distance, depending on the environments being tested. We first use Sign-SZPO
to estimate the ascent direction g; as in Algorithm 1, and then replace the gradient in the Adamw
optimizer with the estimation g;. After that, we use the AdamW optimizer to conduct gradient ascent.
This simple modification helps Sign—-SZPO to re-aggregate the ascent direction from past policy
iterations and improve its sample complexity compared to the vanilla stochastic ascent paradigm. We
also used a linear learning rate decay for better stability in training, where the final learning rate is
0.3 of the initial learning rate.

Implementation of Baseline Algorithms. For the ZPG baseline, to ensure fairness among com-
parisons, we perturbed the actor network and sampled trajectories the same way as Sign-SZPO.
We also incorporated the AdamW optimizer under a linear learning rate decay, with the zeroth-order
gradient estimator, and fine-tuned the perturbation distance and the starting learning rate. It turns
out the best perturbation distance for ZPG is the same as S1gn-SZPO, and the best learning rate is
also around 1/10 of the perturbation distance. For the ES baseline, we only needed to fine-tune the
perturbation distance. Then, we perturbed the actor network and sampled trajectories the same way
as Sign-SZzPO. For the Online DPO baseline in each policy iteration, we used the current policy
to sample a pair of trajectories to obtain the fraction of preference oracles preferring one trajectory
over the other. Then, we constructed the DPO loss using this fraction instead of the pure zero-one
feedback to reduce variance. We used the AdamW optimizer and fine-tuned the starting learning rate.
For the RM+PPO baseline, we first trained an exploratory policy to collect trajectories and preferences
to train the reward model. Notice that, similar to our Online DPO implementation, we used the
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Figure 2: Studies on CartPole-v1l: (a-b) comparison of algorithms on BT preference model and
linear link functions, respectively; (d) Sign-SzPO with different numbers of roll-out trajectories
per policy update. Averaged and smoothed running returns (mean =+ std) are reported.

fraction of preference oracles preferring one trajectory over the other instead of the zero-one feedback
to construct the likelihood loss to train the reward model. The method of obtaining feedback from
multiple humans, instead of one, to learn the reward model is exactly the classic method proposed
in Christiano et al. (2017). Then, we used the reward model and fine-tuned the learning rate of
PPO, with the clip variant. The other hyperparameters of PPO were set similarly to the standard
benchmarks in Stable Baseline3.

9 Additional Empirical Studies

In this section, we conduct several additional empirical studies to validate the effect of the link
function mismatch in discrete action and stochastic transition problems, and the performance of
Sign-SZPO under different numbers of rollouts.

9.1 Studies of Discrete Actions and Number of Rollouts per Policy on CartPole

In this section, we conducted numerical experiments on CartPole-v1 to validate the performance
of Sign—-SzPO. The results are shown in Fig. 2. We also tested both link functions and compared
them to all four baselines. Similarly, when the true link function is linear, some baselines suffer from
link function mismatch. The setup of the environments, preference oracles, and the hyperparameters
are chosen and fine-tuned similar to the MuJoCo experiments. For the actor, we used a softmax
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Figure 3: GridWorld: (a) comparison of Sign-SZPO and baselines without link function mismatch,
and (b) comparison of Sign—SZPO and baselines with link function mismatch. Results are averaged
over 103 repetitions, and shaded areas are 95% confidence intervals.

policy with similar neural network parameterization, and we also pretrained the behavior-cloning
actor as a warm start. From Fig. 2(a) and Fig. 2(b), we observe the same takeaway as in the MuJoCo
experiments: by switching from a logistic link function to a linear link function, the performance of
almost all baselines decreased due to link function mismatch, but Sign—SZPO remains stable.

Number of Rollouts. We then studied the performance of Sign—-SZPO under different N, the
number of trajectory rollouts per iteration, to validate the variance reduction effect brought by
averaging the return over multiple trajectories as in the preference oracle model. To separate this
effect, we implement Sign-SZPO on CartPole with N = 1,4, 16,64 trajectories per rollout,
and the performance of 200 policy iterations is shown in Figure 2(c). It is observed that with a
larger N, the performance of Sign-SZPO improved much more quickly. This is because with more
rollouts, the variance in estimating the preference between the current policy and the perturbed policy
decreases, which reduces the chance of going into an incorrect policy optimization direction. It is
consistent with our theoretical results as larger IV decreases the majority error term in Theorem 1.

9.2 Studies of Stochastic Transitions in GridWorld

To demonstrate the hardness of MDPs with stochastic transitions and test the empirical performance
of Sign-SZPO under link function mismatch in such environments, we considered a stochastic
GridWorld environment in (Zhang & Ying, 2025) with H = 10. We tested the empirical perfor-
mance under different unknown link functions, i.e., logistic and linear (Chen & Frazier, 2017; Bengs
et al., 2021), similar to our main robotic experiments in Sec. 5.

Environment. The environment has 5 x 5 blocks, denoted as (1, 1) to (5, 5). For each block, with
probability 1/2, a random reward is sampled from a standard normal distribution and is assigned
as the reward of the state. So on average, half of the blocks will have a reward of 0. Each episode
consists of H = 10 steps, and at the start of each episode, an agent is positioned in block (3, 3),
i.e., the center of the GridWor1d environment. At each step, the agent can choose to go up, down,
left, or right. However, the action may be changed due to environmental disturbances. Each state
has a disturbance action probability distribution over the four actions, which is randomly generated.
For each action taken, with probability 1/2 the state will transition according to the selected action,
and with probability 1/2 the action will be re-chosen according to the disturbance action probability
distribution. The motivation for imperfect control arises naturally from designing agents for turbulent
environments, where wind or a bump may shift the agent’s action. The goal of the agent is to
maximize the cumulative reward, and the interaction is conducted episodically.

23



Preference Feedback. In this experiment, we also assumed access to 100 oracles. Each will generate
a preference either based on the standard Bradley-Terry model or based on a linear link function over
the trajectory rewards, depending on the underlying unknown preference model. We used v = 1
for the Bradley-Terry model, and v = 0.02 for the linear model. We also assumed D = 1 in this
experiment to study the effect of distinguishability: the oracles only compared a pair of trajectories.

Policy Parameterization. For all algorithms implemented in our experiment, we used tabular policy
softmax parameterization, i.e., each state-action pair (s, a) is equipped with a parameter ¢, , and the
policy 7(a|s) of taking action a at state s would follow:

als) = eXP(fS,a)
) = 5 ()

Baseline Algorithms. We also considered four baselines: (1) RM+PPO (Ouyang et al., 2022),
(2) DPO (Rafailov et al., 2024), (3) Online DPO (Dong et al., 2024; Guo et al., 2024), and (4)
ZPG (Zhang & Ying, 2025), where all of them require a known link function to be implemented.
Therefore, we let them assume a logistic link function. Note that both DPO and Online DPO are
only designed for deterministic MDPs. In this experiment, due to the noisy reward signal from both
the stochastic transition kernel and the heterogeneous reward, all algorithms collected N = 1, 000
trajectories between policy updates and then queried the preference oracles to evaluate each trajectory.
For Sign-SZPO, the preferences for different pairs of trajectories and from different oracles were
aggregated via a majority vote. The implementation details are similar to the ones used in our robotic
experiments as specified in Sec. 8.1.

Performance. We first compare Sign-SZzZPO to the baselines in the Bradley-Terry model so that
the underlying preference link function matches the one used by baselines, as shown in Fig. 3(a). In
this setting, all algorithms know the true link function, except ours. We observe that even though our
proposed Sign—-SZzPO does not know the link function and may suffer from distinguishability, it has
almost the same performance as the best baselines. This confirms the correctness of our design, i.e.,
Sign—-SZPO continues to improve the policy with sign information of the value-function difference
and does not need to explicitly know or learn the link function. This demonstrates the robustness of
Sign-SZPO in stochastic general RL problems.

Link Function Mismatch. We then experimented with the setting with a link function mismatch, i.e.,
the true link function is linear while the baseline algorithms adopt a logistic link function, as shown
in Fig. 3(b). It shows that Sign—SZPO (our algorithm) is more robust compared to the baselines
and converges quickly. DPO has poor performance in both cases since the KL regularization to the
reference policy restrains the possibility of finding a near-optimal policy. When a link function
mismatch exists, DPO and PPO suffer severely from the mismatch, where the return of the learned
policy is much inferior compared to Fig. 3(a). This is because the intermediate reward, either implicitly
or explicitly learned from the preference with a mis-specification, deviates from the true reward
function, and thus shifts the optimal policy learned from it. Online DPO avoids the drawback of
the KL regularization, but still suffers from link function mismatch with a worse final policy than that
under Sign—-SZPO. ZPG, on the other hand, has a similar final policy return as Sign—-SZPO and
demonstrates some robustness. This is because both algorithms are based on similar ideas, where
the information of value function differences is recovered to estimate the gradient via zeroth-order
approximation. However, when the preference is generated from a linear function instead of the
logistic function, where both are anti-asymmetric, the sign of the value function difference recovered
by ZPG is still accurate, and the algorithm is equivalent to Sign-SZPO with an inappropriate
non-stationary learning rate. Thus, the convergence speed of ZPG in this setting is much slower than
Sign-SZPO, which is due to the mismatch of the link function. We note that both Online DPO
and DPO, designed for deterministic MDPs, suffer amplified inherent performance loss when the link
function is specified. The observation from the GridWor1d environment coincides with that from
Gymnas ium environments.
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10 Discussions

In this section, we provide an additional discussion of the proposed Sign-SZzPO algorithm, the
assumptions, including the distinguishability constant €7,, and main results for our theoretical
contribution, and the empirical experiments and the practicality of the proposed approach.

10.1 Sign-Based Zeroth-Order Optimization Algorithm

The sign-based estimator has been understudied in the zeroth-order literature. To be more specific and
illustrate the novelty, we consider a setting where the value function V' (7g) can be directly queried,
similar to the non-convex optimization setting. The classic two-point zeroth-order optimization
algorithm (Ghadimi & Lan, 2013), i.e., the zeroth-order stochastic gradient descent (ZO-SGD)
algorithm, perturbs the current parameter 8, with a small distance ;1 and a randomly sampled vector
v; from a d-dimensional normal distribution to obtain the perturbed parameter 8; = 8, + pv;. Then,
it constructs the gradient estimator based on the difference of the two points as follows:

. V(mg;) — V(7e,)
gtzo-sep = —— Uy,
!

and then proceeds with gradient ascent as 6;,1 = 0; + ags zo-sep, Where « is the learning rate.
Researchers have shown that this version of the zeroth-order method converges to the stationary point
with a convergence rate y/d/T (Nesterov & Spokoiny, 2017) when the learning rate and perturbation
distance satisfy « = p = 1/ VdT. Some researchers also studied the zeroth-order sign gradient
descent (zZO—-signSGD) (Liu et al., 2019) to achieve more robustness against adversarial attacks.
This algorithm uses the same gradient estimator g; as ZO—SGD, but only uses the sign of the gradient
estimator to obtain the parameter for the next iteration, i.e., 6,41 = 6, + asign[g; zo.sep], Where the
sign operator here takes the sign of each entry and combine them into a vector in the same dimension
as g;. The algorithm perturbs the current policy multiple times at each iteration, and achieves the
same convergence rate as ZO—SGD if the number of perturbations is large. Variants of both algorithms
have also been studied, such as variance-reduced gradient and ADMM (Liu et al., 2018b;a).

Our algorithm Sign-SZPO is different from both approaches. Sign—-SzPO uses a different gradient
estimator, which uses only the sign of the value function difference as follows:

Jt,sign-szpo = Sign [V(Weg) - V(ﬂ-et)] Ui,

where the sign operates on scalars, and v, is sampled from a random normal distribution. Then,
Sign-SZPO uses a classic ascent procedure to obtain the parameter for the next iteration ;1 = 0;+
Qg sign-szea- It can be observed from our Corollary 1 that when N — co and D — 00, S1ign-SZPO
achieves the same convergence rate as classic zeroth-order methods. However, Sign—-SZPO has
multiple advantages. First, it only requires the sign of the value function to construct the gradient
estimator, which is the reason it can be applied in our preference-based RL problem with an unknown
link function. In general, the sign is much easier to obtain than the full difference information.
Second, it may be more suitable for distributed optimization settings since only the component related
to the value function to be optimized is the sign information, which can be easily transmitted through
channels since it only consists of a single bit. Moreover, since the gradient estimator is different from
the classic zeroth-order stochastic gradient descent, we cannot directly use the smoothing function
framework in (Ghadimi & Lan, 2013) to prove its convergence, and therefore, a new framework is
developed.

10.2 Link Function

Link Function for Reward Estimation. The link function o (-) plays an important role in preference
learning problems. In reward inference, the agent fine-tunes the reward model parameters to maximize
the likelihood of the preference outcomes for the offline dataset. This can only be achieved when the
preference generation mechanism, i.e., the link function o (-), is known. DPO uses almost the same
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Figure 4: a two-step MDP example: the reward depends on the state at the second planning step with
two deterministic actions and one random action. Policy 7 selects action a; deterministically and
policy 71 randomizes over action ag and as. Notice that V(7;) — V(mp) =& > 0.

idea, and additionally views the reward function as an intermediate step, expressed as a function of
the optimal policy 7*. Similarly, ZPG uses the inverse link function 0~1(-) to recover the reward
difference of trajectories to estimate the zeroth-order gradient. Almost all algorithms in the literature
explicitly use the link function, and therefore, become inapplicable when the link function o(-) is
unknown, It becomes difficult, if not impossible, to recover the true reward function from preference.

Link Function Agnostic Sign Estimation. The main reason Sign-SzZPO can be applied with
unknown link functions is that S1gn—-SZPO does not attempt to recover the full numerical reward
information from preference. Specifically, for each trajectory pair (71, 79), ZPG from (Zhang &
Ying, 2025) queries each trajectory pair with multiple oracles to estimate the preference probability
P(1 = 7o), and then plug it into the inverse link function o~1(-) to estimate the return difference
r(71) — r(70). This step is required for value function difference estimation and policy gradient
approximation. On the other hand, Sign—SZPO in this paper only estimates the sign of the reward
difference and then uses a majority vote rule to reconstruct the sign of the value function difference.
The information is much more compressed, but is much easier to recover from preferences, which
does not require knowledge of the link function. In the meantime, this piece of information turns out
to be sufficient to infer the landscape of the value function and guarantees the convergence of policy
gradient algorithms.

10.3 Distinguishability from Preference Oracle

In this section, we discuss the distinguishability constant €7, for batches of trajectories with size D.
Specifically, we discuss the regularity of the preference model, the policies to be compared, and the
underlying RL problem that affects the distinguishability constants, so that the expected preference
based on batches of trajectories aligns with the value function difference.

10.3.1 An Example to Demonstrate Factors Influencing Distinguishability

We consider an RL problem example with planning step H = 2 and two policies 7y and 71 as shown
in Figure 4. The first step & = 1 has only one state sy with three actions {a1, as, a3}, and the MDP
will always initialize to sg. The second step consists of four states {s1, $2, s3, S4}, and each state
only has one action. The true reward of the MDP depends on the state on the second planning step,
and since the planning step H = 2, the transition only happens when the agent chooses an action
at state s in the first planning step h = 1. If action a; is chosen in sy, the state deterministically
transits to s; with reward r(s1) = 1. If action as is chosen, the state deterministically transits to s,
with reward r(s3) = 2. If action a3 is chosen, the state transits to s3 with probability 0.2 and reward
r(s3) = b, or it transits to s4 with probability 0.8 and reward r(s4) = 0.
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For simplicity of demonstration, we assume the link function o (-) is the 0-1 step function, i.e., the
oracles would deterministically prefer the trajectory batch with a larger average return. Even though
this link function is not smooth or strictly increasing, we can construct a series of smooth and strictly
increasing link functions, such as logistic functions, to approximate it, and the step function is the
limit of such a series of approximating functions. We consider two policies 7y and 71, where the
only difference is the strategy on the first planning step when choosing actions at state sg. Policy
o chooses a; deterministically, so the state will always transition to s;. Policy m; randomizes
between ao and as3. Specifically, it chooses ao on state sy with probability € and chooses action ag
with probability 1 — €. We also assume the batch size D = 1, i.e., for each policy, we sample one
trajectory 7y ~ mg and 7, ~ 71 and then query an oracle for feedback.

We can easily verify that the value function of g is V' (my) = 1 since it is the state that deterministi-
cally transits to s; with reward 1. For policy 71, we can also calculate its value function:

V(my) =P (az|s0) P (s2|az, so) r(s2) + P(as|so) (P (s3]as, so) r(s3) + P (s4]as, s0) r(s4))
=1+e.

Therefore, policy m; would have a larger value function and therefore a better performance than
policy mo with V(71) — V(mg) = ¢ > 0. We would also hope that the preference probability
P(m; > 79) > 0.5 since 71 is generated from the better policy 71 and 7y is generated by the worse
policy. We could characterize this event, which is the event that the state transits to s, or s3 after
taking action a3 following policy 7;, which happens with probability:

P(Tl - 7'0|7'0 ~ T, T1 ~~ 7T1) =P (a2|so)]}”(32|a2,so) + HD((I3|SO)HD (33|a3,50)
=0.8-¢+0.2.

Therefore, when ¢ is large, i.e., when € > 3/8, the two policies 7, and 7y will be distinguishable for
oracles, since the preference probability P(7; > 7¢) is larger than half. However, when ¢ is small, the
two policies may not be distinguishable since the oracles, in expectation, may prefer the trajectory
generated from the worse policy 7, and the expected preference over the trajectories is contradictory
to the true value function, which measures the authentic quality of the policy. Therefore, we have
the distinguishability e > 3/8. This example demonstrates that the distinguishability constant from
oracles could be non-zero, and it comes from the asymmetric randomness of the policy, reward of
each state, and MDP transitions. Notice that if we change the link function from a step function to
the standard logistic function, we can also verify that to obtain (71 > 7¢) > 0.5, it would require
€ > 0.277. So the distinguishability constant €7, is dependent on the link function o (-).

10.3.2 Characterization of Distinguishability Constant

If the distinguishability constant €7, is positive, the oracles may not be able to distinguish two policies
based on the trajectories sampled from them, which causes mistakes. Therefore, when we implement
Sign-SZPO, which uses trajectory batches and oracle preferences to approximate the sign of the
value function, we need to be cautious in choosing the perturbation so that the perturbed policy and
the original policy are distinguishable. Therefore, we must understand this constant €7, and the factors
that influence it. In general, the constant €7, depends on multiple factors such as (i) the transition
kernel and reward of the MDP, (ii) the link function, and (iii) the batch size used to query oracles. We
emphasize that even though our empirical experiments seem to suffice to only use D = 1 and ignore
the effect of the distinguishability constant, this is because either the inherent distinguishability is
small in these experiments due to the nice and regular structure of the problem with low reward noise,
or the agent’s policy is still far from optimal, which means the effect of distinguishability has not
yet kicked in. Nonetheless, this inherent difficulty of preference-based RL under the unknown link
function should be recognized and studied due to its important practical implications, as preferences
may not offer the correct direction to improve the policy.

RL Problem. The limit of distinguishability in the example of Figure 4 results from the fact that even
though action a3 has the same expected reward as action ay, the probability of obtaining a reward
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larger than r(s;) is much smaller than half. In most of the trajectories, the state will transition to s4
with a reward r(s4) = 0, and thus the policy would be less preferred by the oracles. On the other
hand, we can revise the transition kernel and reward function so that under action a3, the MDP would
transit to state s3 with probability 0.5 and reward r(s3) = 2, and transit to s, with probability 0.5 and
reward 7(s4) = 0. Then, the probability of preferring the trajectory generated by 71 would become
P(11 > 79) = 0.5(1 + ¢) which is larger than half for all €. Then, when only comparing these two
classes of policies, the limit of distinguishability would be 0, and the preference of the trajectory
batches exactly reflects the relationship between value functions.

Link Function. Moreover, if we switch the 0-1 step link function to the logistic function under the
Bradley-Terry model, the minimum ¢ for the probability P (71 > 7¢) to reflect the value function
difference, i.e., P (11 > 79) > 1/2, will also be different, i.e., 0.277 versus 0.375. Furthermore, if
the link function o(-) is linear on the interval [— H, H], then according to definition 1, we could push
the expectation inside the deviation function as follows:

Epy.p, [¢ (7 (D1) =7 (Do))] =< (Ep, [F (D1)] = Ep, [T (Do)]) = < (V(m1) — V(mo))

Z%< <V(771) g V(WO)) .

Therefore, for batch size D, the limit of distinguishability €7, = 0 and the expected oracle preference
will always point to the policy with a larger value function. In general, for the same batch size D, the
distinguishability constant €}, measures the skewness of the link function o (-) compared to the linear
function. When the link function is closer to a step function, which is highly non-linear, e}, may be
larger. If the link function is more linear, then €7, is likely to be smaller since the linearization of the
deviation function would be close to the deviation function itself. If we recall the convergence rate of
Sign-SZPO in Theorem 1, the link function controls the trade-off between the distinguishability
and the majority vote approximation error. Specifically, to achieve a better approximation error, one
would hope the oracles possess a link function which is very close to a step function, so that for the
same number of trajectory batches [V, the approximation error would be smaller. This link function
is likely to be non-linear. However, to reduce the distinguishability error, one would prefer a linear
link function over the aforementioned non-linear close-to-step function since it helps to estimate the
sign of the value function from the oracle’s preference.

Batch Size. The limit of distinguishability €7, is dependent on the batch size D of trajectories
that we use to query oracles for comparison results. In general, if we consider a pair of trajectory
batches (D, Dy) generated from 7 and 7 in figure 4 respectively with large enough batch size D,
the average return 7(D; ) of policy m; would be concentrated around its expectation V (71 ) with a
distribution converging to a normal distribution. Since the return of policy 7 is deterministic and
V(m) — V(mo) = € > 0, by the symmetric nature of the normal distribution, the probability that the
oracle prefers batch Dy over D; will be less than half, because the average return #(D;) < 7(Dy).
Even though increasing the batch size D is generally helpful to decrease the distinguishability
constant €7,, the oracles may have an upper limit for the number of trajectories to aggregate and
compare at the same time. This implies that if we want to obtain a better policy, we should also
employ better oracles with a larger capacity to aggregate trajectories.

Structure of Policies. If the policy 7 in figure 4 is a randomization between action a; and a» instead
of the randomization between action as and ag, the probability P (77 >~ 72) will be larger than half
for all ¢ > 0. This demonstrates that the structure of the policies being compared by the oracle
influences whether one can distinguish a better policy by comparing trajectories. However, in our
proposed algorithm Sign—-SZPO, we intend to compare the value function between the perturbed
policy mg; and the current policy g, using preference feedback, and the structure of the two policies
could be arbitrary. Therefore, the convergence result will be dependent on the distinguishability for
the most difficult pair of policies, as defined in definition 1.
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10.4 Discussions on Convergence Rate

Distinguishability in Convergence Rate. Due to the approach that Sign—-SZPO uses oracles, i.e.,
using trajectories generated by different policies to query oracles to infer which policy has a larger
value function, the method we propose suffers from the oracle distinguishability limit £7,, which
limits the convergence rate of the proposed Sign-SzPO algorithm. The influence may depend on
multiple factors that the RL agent cannot control, as specified in section 10.3. These factors may
include the underlying RL problem itself, the true reward function, and the nature of the oracles being
used. To mitigate it, we could either employ oracles of higher quality and let them compare larger
batches of trajectories, or we could regularize the policy being explored so that the comparison suffers
less from this distinguishability. It also remains an open question whether the way Sign—-SZPO uses
the preference oracles is the optimal approach to train RL agents from preference feedback.

Practical Choice of Perturbation. To obtain a practical choice of perturbation distance 1 which
does not rely on unknown quantities such as €}, and g(-), we seek to construct an upper bound for the
optimal choice of p. The distinguishability €7, can be bounded with Proposition 1, and the majority
vote approximation error is bounded under the smoothness assumption of the link function, i.e.,
s~ '(y/2/N) = O(1/V/'N). Then, we have the following corollary:

Corollary 2 Choose a; = O(y\/H/dt) and p*> = O(d~ max{1/v'N, H/\/D}), If we randomly
pick Or the same way as Theorem 1, then the convergence rate of Sign—SZPO satisfies:

E[[ VeV (m,)ll2] = Vd- o (ﬁ—i_ min{o’(O; 1} N1/4 * ﬁ) ’

The proof can be obtained easily following appendix 13. The canonical Bradley-Terry model has
derivative ¢’(0) = 1/4. Tt implies that we need to choose the batch size D as large as possible
(within the capacity of the preference oracle) to maintain distinguishability when the parameter 6;
is around the neighborhood of convergence. We also choose the number of batches N to be large
so that the majority vote result is accurate and reflects the value function sign. Finally, we prefer
preference oracles with more capacity and a larger o’(-), which reflects the sharpness of oracles
towards trajectories with similar returns.

Preference Oracle Quality. The convergence rate in Theorem 1 depends on the preference model,
i.e., the deviation function ¢(-) and its derivative o’(0) at the origin, which constitutes the majority
vote error. If the preference oracle is more sensitive to distinguishing candidates with similar average
returns, ¢(-) is closer to a step function. Then, the majority vote error will decrease faster, resulting
in a better convergence rate. On the other hand, for the same pair of trajectories, we can also query
multiple different preference oracles (multiple evaluators) to provide preferences and then aggregate
the results via another majority vote. This is equivalent to querying a preference oracle with a more
step-like deviation function, i.e., with more expertise, and a better convergence rate is anticipated.

10.5 Discussions on the Proof of Main Results

Smoothing Function Framework. Assume the perturbation distance p; = p is time-homogeneous.
Classic proofs in the zeroth-order optimization literature, including the convergence of ZP G, make use
of a smoothing function V,,(mg, ) whose derivative is the expectation of the gradient estimator g,. For
example, in zeroth-order stochastic gradient descent or sign gradient descent, the smoothing function
is defined as the expected value function of the perturbed parameter: V,(mg) = E, [V (764 0)]s
where v follows some distribution in R%. Moreover, when y is small, the smoothing function will
behave almost the same as the original value function. Then, using the smoothing value function as
the Lyapunov function and combining it with the smoothness assumption, we can obtain the following
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inequality, neglecting problem-independent constants:

Vi(8:) = Viu(0r41) < — ¢ [[VoViu(ma,) |13 +as (VoViu(ma,), VoVi(mo,) — Gi)
Drift 1st Order: bias
+af|lge — VeVyu(me,)|5 -

2nd Order: var

Since in the classic setting, the expectation of g; is the gradient for the smoothing function, the
first-order term bias is 0 in expectation, and the second-order term var is much smaller than the
drift term when the learning rate o is low. Taking a telescoping sum over both sides and dividing by
the sum of learning rates, we can obtain a bound for the gradient of the smoothing function V,,(mg),
which can be transferred to the bound for the original value function V' (7g) when p is small.

Proof Comparison. As we explained in section 4.2, our proof framework is different from this
approach to extract a negative drift. It is difficult to construct a smoothing function for the ascent
direction estimator g; in Sign—SZzPO, since it involves feedback with an unknown link function and
thus can only preserve the information of the value function sign. To remind, we constructed the
following decomposition:

V(re,) = V(mo,,,) < — ausign [V(me) — V(7o,)] (VoV (7e,), ve) +0i E[vel3]

———
— oy (sign

Ay =d
By the linear approximation in equation 3, we leverage the following relation:

N
Z Ot,n — ;‘| - Sigl’l [V(WOQ) - V(’R—Bz)]> <V9V(7T9t), vt> .

n=1

Az

sign [V(Trg;) — V(me,)] = sign [u(VeV (me,), v:)] = sign[(VeV (me,), vi)] , 5)

and therefore the expectation of D; will be approximated as follows:

E[A1] = E[[{VeV (mq,), v1)|] = \/ZE[IIVoV(Wet)Ilz]-

This leads to the following negative drift:

E[V(7e,) — V(7e,.,)] S —ut \/ZE[HVGV(WG,)Hz] + afd + oy [E[A2]] .

However, the sign between the value function difference and the inner product (V¢ V (g, ), v¢) is not
guaranteed to be the same due to higher-order terms in the linear approximation error. To ensure both
terms have the same sign and make equation 5 exactly an equality, the magnitude of the first-order
inner product should dominate the sum of higher-order errors, which requires the value function
difference to be large enough. Therefore, to analyze this error resulting from the sign of linear
approximation, we need to condition on the sampled vector v; and divide the event space into events
with high value difference and events with a low value difference, and then analyze the error in each
event separately. The characterization of A, i.e., the approximation error of using the preference to
estimate the sign of the value function difference, mainly follows a classic concentration argument.
However, due to the existence of the distinguishability limit €7,, the signs of both values only coincide
with one another when the function difference is large, similar to the error in A;. Therefore, we again
need to perform an event separation to bound the approximation error.

Local Convergence. Our main result in Theorem 1 states the convergence rate for Sign-SZPO
to a stationary policy instead of the global optimal policy. The results can be extended to global
convergence under regular assumptions in optimization, such as convexity (Boyd & Vandenberghe,

30



2004) or the Polyak-F.ojasiewicz (PL) condition (Karimi et al., 2016). However, these assumptions
usually do not hold in reality when general function approximation is considered. It remains an
interesting question whether the global convergence of Sign—SZPO can be proved without these
assumptions, even for tabular parameterization as in (Mei et al., 2020). We conjecture that combining
the analysis in this paper with the convergence analysis of classic policy gradient algorithms, the
global convergence rate of Sign—SZPO for tabular parameterization could be proved.

10.6 Discussions on Practicality for Real-World RL Tasks.

Practicality on Zeroth-Order Optimization. It has been widely believed that zeroth-order optimiza-
tion methods are not efficient in real-world experiments, since their complexity is usually dependent
on the dimension of the parameters, which could be huge in real-world tasks such as large language
model finetuning, let alone Sign-SZPO only uses a one-bit feedback. This is observed in tasks that
arise in many machine learning fields. However, as counterintuitive as it may be, recent advances
such as Mezo (Malladi et al., 2023) have shown the opposite that zeroth-order optimization could also
achieve competitive performance in these complex tasks, with the merits of memory and computa-
tional efficiency without the need for backpropagation, as long as a parameter-efficient fine-tuning or
training framework is used to efficiently decrease the effective dimension of the optimization problem.
This is also partly because the dependence on the number of parameter dimensions is based on the
worst-case optimization instance, but practical problems usually have much more benign landscapes.
These tasks are over-parameterized, and a low-rank finetuning of the full model is sufficient to achieve
competitive performance, so the effective dimension of the parameters is much lower.

Unavailability of Gradients. Moreover, in other real-world tasks involving preference-based
reinforcement learning, such as autonomous driving and human-robot co-operation, or experiments
in online platforms and developments, the gradient of a meaningful objective function simply
cannot be obtained without restrictive assumptions, and therefore, one cannot hope to use first-order
methods. The same situation is encountered with preference-based RL when the mechanism of
preference generation is unknown or variable over time. In these cases, zeroth-order methods such
as Sign—SZPO are the only resolution that could make things work. Moreover, as shown in the
empirical experiments in this paper, accurately estimating the gradient is usually not necessary
to optimize the policy. A policy improvement direction correlated with the gradient direction is
empirically enough, as we only use a single pair of trajectories for each policy update in some of our
experiments in section 5. Therefore, we conjecture that the full potential of zeroth-order methods in
practice is still largely underexplored. We consider evaluating the performance of Sign-SzZPO with
real preference feedback in real-world tasks like robotics and language models as our future direction.

11 Proof of Proposition 1

We first define the following positive constant:

2
2log | —— |- (6)

—
RN

Let us consider two arbitrary policies my and 7;. Without loss of generality, we assume the value
function V' (mry) is larger than the other policy V(mg), and their difference is larger by &, i.e.,
V(my) — V(mg) > €p. Let Dy be a batch of trajectories generated from policy 7, and let D; be a
batch of trajectories generated from policy 71 with |Dg| = |D;| = D. Since the reward function r(-)
is bounded in [0, H], we obtain that 7 (D;) — 7 (Dp) is a sub-Gaussian random variable. Notice that:

E[f (Dl) - f(Do)] = V(ﬂ'l) - V(ﬂ'o).
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For simplicity, define the random variable A to be the difference in the empirical reward as follows:
_ _ 1 1
A=7(Dy)—7(Doy) = D Z r(r) — D Z r(7).
T7€D, TE€ED

Now, we analyze the expectation of the deviation function for the empirical reward difference in
definition 1. First, from assumption 1, the link function is monotonically increasing, so the deviation
function is also monotonically increasing, and we have:

Els(A
[c (A)1, v vm)} +E [§ (A) ]lASV(n);V(Wz)]

( (my) — )>IP>(A V(Wl);v(ﬂo)>+g(_H)P<A§V(Wl);V(W0)>

C(W>P(AZW>_;P<A§W>

v

)

2

where the last inequality uses the fact that the deviation function is bounded below by —1/2. By
Hoeffding’s inequality, we can use concentration to characterize the probability that the empirical
reward difference deviates from the value function difference as follows:

IP(A < W) <P (%(Dl)—f(Do)—V@nHV(m) < —5) <ex p( §§3>

where the first inequality uses the fact that V(my) — V(m) > 9. So we can lower bound the
expectation of the deviation function as follows:

Els(A)] > (1 — exp (513(2;)) 3 (V(“)2V(”°)> - ;exp< ;’Ijg) (7)

Notice that by the construction of ¢ in equation 6 and the fact that the deviation function ¢(-) is
upper bounded by 1/2, we can lower bound ¢ by:

g 2log -2 >£
vD <(H/@) ~ VD

Since the value function difference V(1) — V() is positive, the deviation function in the first term
of equation 7 is positive, and therefore the first term is lower bounded as follows:

(1_exp (‘51)) ) (Vm);wm)) o (1) (V(m);V(Wo))

>% (V(Wl) ; V(W0)> .

On the other hand, for the second term of equation 7, we want to provide an upper bound and relate it
to the deviation function of the value function difference. Therefore, we first characterize a slightly
tighter lower bound on &% as follows:

4H
€0 = V2logd > — 8)

75

5(2):32H—210g 2 28—210g 2
b7\« (m/vD) b7\ (u/vD)

The last inequality is because the deviation function ¢(+) is upper bounded by 1/2 and therefore the
element inside the logarithm is lower bounded by 4. Therefore, the logarithm is positive, and we can
divide the coefficient by 4. This implies:
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Again, as shown in the equation 8, we have:

€0

< —.
-2

Sl=

By the monotonicity of the preference deviation function ¢(+), we can upper bound the second term
in equation 7 as follows:

1 DE% 1 H 1 €0 1 V(ﬂ'l) — V(ﬂ'o)

- S0 o[ ) < e () < o (R T AT0)

2€Xp< 8H?>—zf(\/ﬁ)—zf(z)—zl< 2 ’
where the last inequality uses our assumption that V' (71) — V(mg) > €. Therefore, substitute the
bound for both terms back to equation 8, and we have:

E [ (7 (D) — 7 (Do))] Zzg <V(”1)2V(7T0)) _ i (‘/(7r1)2V(7m)>
& ()

Therefore, for any two policies 7, and my whose value function is separated by ¢, the requirement
presented in definition 1 is satisfied, which means the limit of distinguishability €7, should be even
smaller. Then, we can conclude:

4H

5*D§€0:ﬁ 210g

2
v

According to the link function smoothness assumption in assumption 2, we have that the deviation
function () is also smooth with the same constant L. Then, when D > L?H?/(o’(0))?, we have:

H H o'(0)H LH?> _ o'(0)H
s{l—=])=¢l—=)—-5(0)> - > :
vD vD vD 2D 2v D
This implies the distinguishability €7, is upper bounded by:

e (fJ— )

On the other hand, when we have D < L?H?/(o'(0))?, the smoothness approximation is vacuous,
and by the monotonicity of the preference dev1at10n functlon, we have:

(v5)=+(7)

This implies the distinguishability €7, is upper bounded by:

-0 (oo (i)

Combining both bounds, we conclude that:

1

=0 (f 1°g<max{<<o/<o>/m’a/(lg)H}))'

12 Proof of Theorem 1

In this section, we prove our main result on the convergence rate of Sign—-SzPO. Before we start,
we first provide a few lemmas that will be important for the proof.
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12.1 Fundamental Lemmas

We first present and prove a few fundamental lemmas that will be repeatedly used in the proof of
Theorem 1. Since the perturbation vector v; is sampled from a normal distribution in R?, we have
the following two lemmas to characterize the Euclidean norm:

Lemma 1l Let v € R? be a random vector sampled from a d-dimensional normal distribution
N(0, 1), then we have:

E [[[v]3] = d.
Proof. Let v = [v1,v9, -+, vq]. Since the vector v is sampled from N (0, I;), its coordinates vy,
va, - - -, vq are independent of each other and follow the same standard normal distribution N (0, 1).

Therefore, we would have:

=dE [vi] =d,

ol — E [z

where the second-to-last step comes from the identically distributed nature of the coordinates, and the
last equality is because each coordinate is zero-mean with unit variance. |

Lemma2 Let v € R? be a random vector sampled from a d-dimensional normal distribution
N (0, 1,), and let a € R? be any deterministic vector; we have:

E[l(v,a)l] = \/zllalb

Proof. Let v = [v1,v2, - ,vq] and @ = [aj, a2, - ,aq4|. Since the vector v is sampled from
N (0, 1,), its coordinates vy, v, - - -, v4 are independent of each other and follow the same standard
normal distribution A/(0, 1). Therefore, we have:

d
(v,a) = Zaivi ~N (0, ]lal3),
i=1

by the property of jointly normal random variables. Therefore, to characterize the expectation of its
absolute value, we have:

E(|(v, @[] =———b /+°°| | ( o )d 2 /*"" ( 22 )d
v,a)|]| =——— z|lexp [ — = —— zexp | — x.
V2rlallz J-oo 2||all2 V2r|al2 Jo 2[|a3

Let u = 22/(2]|a||3), and substitute it into the integral, we have:

2 1 oo 2
E(/(v,a)] = \fmz | lalgesp (—u) - \/;||a||2-

This concludes the proof of the lemma. ]

We also assume that both the link function o(+) and the value function V' (mg) are L-smooth, and
therefore the function value difference of two points can be approximated by the first-order Taylor’s
expansion with controllable error, which is stated in the following lemma.

Lemma 3 (Lemma 7 in (Liu et al., 2018b)) For any L-smooth function f : R® — R, and any pair
of points © € R? and y € RY, we have:

7))~ (V(@)y — ) < 5 lly — ol
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12.2  Proof of Convergence Rate

Now, we follow the Lyapunov drift analysis framework to analyze Sign-SZPO in algorithm 1. For
simplicity, let the perturbation distance i; = p be time-homogeneous. Since the value function
V(mg) is L-smooth, by Lemma 3, we can approximate the value function increment at each gradient
step as follows:

L
V(me,) — V(me,,,) <(~VaV(me,), 0111 — 0;) + *||9t+1 — 6,3

. o?L
=— o (VeV(me,),gt) + t

§ Otn_

where the first equality is due to the ascent update in line 9 of algorithm 1 and the second equality is
due to the expression of g; in line 8 of algorithm 1 and the fact that the sign is either 1 or —1, so it
would not affect the norm. By Lemma 1, the expected squared norm of the perturbation vector v; is
exactly the dimension d, so we can proceed as:

E Otn_

= — ay sign [V(m);) —V(me,)] (VoV (mg,),ve) +

Dy
— oy (sign Z Ot n — ;] — sign [V(Trgé) — V(ﬂ'gt)]> <V9V(7Tgt),’ut>,

g3

o?L
(VoV (mo,),v0) + “L2E [Iuall3]

= — oy sign

a?Ld
2

V(me,) — V(7e,,,) < — a;sign (VoV(me,), vt) +

a?Ld
2

D,

where in the last equality, we add and subtract the sign of the value function difference sign[V' (g, ) —
V(me,)]. The first term D; does not involve any preference feedback. The second term Dy character-
izes the difference between the majority vote result and the sign of the value function, which we hope
coincides in most cases. To efficiently bound the gradient norm, we would need to extract a negative
drift from either D; or D5, which directly relates to the gradient of the value function. Indeed, it
comes from D;. From a high-level, if the perturbation vector v; has a positive inner product with
the gradient, the perturbed policy mg; should have a larger value function, since the parameter shifts
towards the gradient ascending direction, then we will have sign[V (mg;) — V'(mg,)] > 0 and as a
consequence D; > 0. The following lemma relates D; to the gradient norm:

Lemma 4 For Sign—-SZPO, conditioned on the information filtration F; of any time t, the negative
drift term D1 can be upper bounded as follows:

E[D1|F] =Eo, [sign [V(76, +v,) = V(7e,)] (VoV (ma, ), v1)] > \/z VeV (me,)ll2 — pLd.

The proof of Lemma 4 is deferred. With its help, we can obtain the following drift upper bound:

2
E [V(ro,) = V(7o,1)IFi] < =i/ ~[|VeV(ma,)|l2 + rnld [D2| ]| -
Then, it suffices to bound the error D5 that uses preference feedback to estimate the sign of the value
function difference. The following lemma characterizes this error and implies that it will not be larger
than the negative drift except for some additional positive terms that can be made small if the number
of batches [V increases and the perturbation distance p is chosen properly.
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Lemma 5 For Sign-SZPO, conditioned on the information filtration F of any time t, the preference
error term Do can be upper bounded as follows:

E l(sign Z Otn — ;1 — sign [V (mg;) — V(ﬂ'gJ}) <VQV(F9t),Ut>1 ‘

2 /2 x 8 2
S\/>||V9V(7T9t)|2 +4 (uLd+ ED) +—¢! ( ) .
eV m I 1 N

With the help of both Lemma 4 and Lemma 5, we can derive the drift upper bound as follows:

|E [Ds| Fi}| =

E [V(ro,) — V(no,,,)|Fi]

1 2 2Ld 4oyt 8 2
<—[(1-= \/7at||V9V(7rgt)2+5at,uLd+ Y@ ZHEp | DM V< |-
e m 2 n 7 N

Let g = (1 — e 1)/2/m > 0 be the coefficient of the negative drift, and we have:

E [V(mg,) = V(mo,.,)|F:] < — coas||[VaV (mo,) |2 + i Ld

ep 1 2
pLd + —= + —¢ — -

Finally, we take the expectation over the filtration F; and then take a telescoping sum over the time
horizon ¢, and with some manipulation over the terms, we will obtain:

+ 80@

T .
1 1 6,)— V(0
— E E[|VeV (ma,) 2] <— <V( 1) - V(Or41) n Z%:l o; Ld)
Yoy O Co Do Or S ar

ep 1 2
pLd + —= + —¢ -~
[ ( N

Since we choose the learning rate oy = O(/ H/dt), this implies the following relationship:

T T
B [HT 2 HlogT
;at—@< d)’ ;at—@< 7 )

Recall the mechanism of choosing 8 for output, we have:

Hdlog®T 1( _( [2 )
E[[VeV (mey)ll2] = O \/TJr m <§ ! ( N) +€D) + pd

12.3 Proof of Lemma 4

8
+7
co

In this section, we prove the lower bound on the negative drift term D;. Notice that D, does not
involve any randomness from the preference feedback mechanism, and therefore the randomness
only comes from both 6, and the choice of v,. We take a conditional expectation over the filtration
Fi, where 0, is viewed as conditionally given; then the only randomness is the choice of v;:

E[D;|F:] = Eo, [sign [V(ﬂ'gg) — V(Tl'gt)} <VQV(7T9t),’Ut>] .

According to Lemma 3, the value function difference can be approximated by its linearization, and
therefore, neglecting the approximation error, the sign of the value function difference will be the
same as the sign of (VgV (7, ), v+). This motivates us to separate v; into the following three events
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depending on how close the sampled perturbation vector is to the gradient of the value function.
Define:

L
e ={ VoV (000 = "l |
L
. ={ (VaV (o)) < 2Ll

L
€ ={ oV (0w < S}

We call them the positive event, the negative event, and the margin event, respectively, since the inner
product of the gradient and perturbation vector v; would be positive, negative, and close to 0. On the
positive event &,, 1, we use Lemma 3 to lower bound the value function difference as follows:

L
V(mg:) — V(me,) >(VeV (7,),0; — 0:) — 5“‘92 — 643

2
L
>11(VeV (w0,),ve) — 5 [vrl
2 2
S L woL
-2 2
:()7

lvell3 — == llwell3

where the last inequality is due to the definition of the positive event &, 1. Since the sign of the
inner product is also positive on this event, we can conclude that:

sign [V (me;) — V(ma,)] (VoV (7a,), vi) = (VoV (ma,),v:) = |(VoV (7a,), v1)].

Similarly, on the negative event &,, _, we also use Lemma 3 to upper bound the value function
difference as:

L
V(me;) = V(ro,) <(VoV(ma,), 0; — 0:) + 1167 — O.I3

2
L
<u(VoV (w0,),ve) + 5= vr]
2 2
w*L weL
< = el + 5 el
207

where the last inequality is due to the definition of the negative event &,, _. So the sign of the value
function is negative, and we also have the inner product being negative, so overall, the product of the
value function sign and the inner product is still positive, i.e.,

sign [V (mg;) — V(ma,)] (VaV (ma,),v:) = —(VoV (7a,), ve) = |(VoV (7g,), v1)|.

Now, we analyze the negative drift term D; under separated events as follows. Since on the filtration
F, the variable 6, is given, and the randomness only comes from sampling the vector v;, we omit
the filtration and denote the expectation over v;.

E[D\|F,] =Eo, [Dile, ] +Ey, [Dile,, ] +Ey, [Dile,, ]
—E,, [|<v9V(7r9,,),vt>|11551‘0] + By, [Dilg,, ,]
=E., [(VoV (79,), v0)|] — Eu, [[(VoV (7q,), vi)|1e,, o] + Eo, [D1le,, ]

2
Z\EHVGV(?T@JHz —Ey, [[(VoV(7a,), vi)|1e,, o] + Eu, [D1le,, ]

2
Z\/;IIVGV(MHH —Ey, [[(VaV(7a,), v)|1e,, ] —Ew, [|D1lle,,,]
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where in the second-to-last step, we use Lemma 2 to relate the inner product to the gradient norm of
the value function, and in the last inequality, we used the fact that the absolute value is no less than
the original value. Then, it remains to analyze the additional terms. Notice that the sign of the value
function difference in D1 is either —1 or 1, so we have:

Ev, [|D1|1e,, o] =Ev, [|sign [V(7g;) — V(7e,)] (VoV (7a,), v1)| e, , ]
:Evt [|<VQV(7T9t),’Ut>| ]]-5”,0} s
which is the same as the other additional term. By the definition of the margin event &,, o, we have:

Eu, [[(VoV (ra,), vil1e,, o] < BVE [lwil3] = 222,

where the last equality uses Lemma 1. Substituting it back into the lower bound of D, we conclude:
2
BID\IF:) >/ 2I¥oV (o)l — pL

12.4 Proof of Lemma 5

In this section, we prove Lemma 5 to bound D-, which characterizes the approximation error of
preference feedback with majority vote to estimate the value function sign. Notice that the randomness
of Dy comes from four sources: the current policy parameter 8;, the perturbation distance v;, the
trajectory batches D,, ; and D, o, and the preference feedback o, ,. Therefore, we first take a
conditional expectation over the first two sources to fix the policies 7, and mg; and analyze D5 as:

01/67 0;|

N
=2P (sign lz Otn — ;] # sign [V (mg;) — V(ﬂ'gt)]> [(VeV (me,), ve)],

B (D267, 6,]| < |E [(VoV (m0,), v1)]

al 1
sign [Z Otn — 2] — Sign [V(ﬂ_ﬂg) - V(Wgt)}

n=1

n=1

where in the last step, we notice that the term will only be non-zero if the two signs inside the
expectation disagree with each other. Then, it is sufficient to study the event where the signs of the
majority vote and the value function difference disagree. Again, this probability would depend on
how large the gap in the value function difference is. If the value function difference is bounded away
from 0, then the oracles would find it easier to distinguish the two policies, and thus it is more likely
that the sign of the majority vote will be the same as the sign of the value function. So we consider
the following three events:

E*
Eoiter, = {<V9V(7ret), vi) 2 uLfoil3 + =2 } :
E*
Svt’_VEJ*D = {<v9v(7ret,)avt> S 7,LLL||’U,L||§ - MD} )

8*
Eurocsy = {|<vev<m>7vt>| < uLlwil3 + ;’}.

We abuse the name and call the three events the positive event, the negative event, and the margin
event, respectively. On the positive event &, 4 ¢ , we can lower bound the value function difference
according to Lemma 3 as follows:

L
V(re;) = V(70,) >(VoV(re,), 0; — 01) — 5 [16; — O.l3
2
weL
V(me,),vr) = =~ i3

=1(Ve

27,
>L
-2

|vell3 +€b-
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Notice that this implies the value function difference is positive and thus the sign is positive, so Dy
will be non-zero over this event if the following event happens:

N 1 a N
{sign [Zotm — 2] = 1} C {Z Otn < 2}.
n=1 n=1

Notice that o, ,, is the preference feedback for the n-th pair of trajectory batches. Therefore, it is a
Bernoulli random variable with expectation p; as follows:

_ _ 1 _ _
bt = ED1~ﬂg;7D2~ﬂet [0 (T(’Dl) - T(DO))} - 5 + EDl"‘ﬂ'gg ;Dar~me, [g (T(Dl) - T(DO))] )

where the last equality uses the definition of the deviation function. Recall that we not only obtained
the value function difference is larger than 0, we also obtained V' (mg;) — V' (7g,) > €], and by the
definition of the distinguishability €7,, the expected deviation function over batches should be lower
bounded by the deviation function of the value function difference. This is because the value function
difference is large enough so that oracles can distinguish the better one from the two in expectation
when looking at trajectory batches. Therefore, the deviation from half can be bounded as:

1= 3 = by iy, s (1) — 100 2 g (L 0],
We can also revisit the lower bound of the value function difference to obtain a finer one using
Lemma 3 as follows:

L
V(me;) = V(70,) >(VoV(e,), 0; — 0r) — 5 [10; - Oul3

_ VeV (me,),ve)  n(VeV(me,),ve) 1L, o
Z,LL<VQV(27T9t),'Ut> + %,

where we used the definition of the positive event &, 1 .+ in the last inequality. So, substituting it
into the deviation of p;, we can have:

1
Pe— 5 2

2_;<(/W0V<W+€35)_

4 4

Therefore, by Hoeffding’s concentration inequality, we can bound the probability that D5 is non-zero
on the positive event as follows:

al 1 al N
P (sign [Z Ot,n — 2] = —1) =P (Z Ot,n < 2)
n=1 n=1

<exp (—J;[§2 (u(veviﬂet),’vﬁ + if)) .

So, on the positive event, we can upper bound D, as follows:

N

. 1
|]E [D2|01/57 etH <2P (Slgn [Z Ot,n — 5

— 1) VeV (me,), vr)|

n=1

<2exp (—Z& (W + ?)) (Vo V (ma,),vs)]

On the negative event &, . , we can also perform the same analysis. Using the anti-symmetric
nature of the preference deviation function, we can obtain the same upper bound as follows:

N VoV (7o,), *
|]E[D2|0£70t” < Qexp <_2<2 (:u’|< ] E;Tgt) Ut>| _,_if)) |<V9V(7Tgt),'vt>‘~
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On the margin event &y, 01 , the absolute value of the inner product between the gradient and the
perturbation vector is upper bounded even though the sign of the value function difference may
disagree, so we will have:

N

[E (D6}, 6,]] <2P <sign [Z Otn — ;] # sign [V (;) - vm)}) (VoV (ma,), v1)]

n=1
<2 ( pLl|jve|? )
<2 ( pLllvellz + L)

where in the last inequality, we use the definition of the margin event. Finally, we can combine the
three events and take an expectation over the perturbation vector v; as follows:

B [Ds| Fi)| <Ewo, [|E [D2]6;, 6:]]]

8, |[EID26. 04| Ley | +Ev, [IED2I00.60] 1e, ., .
Vi ,€D .
On the margin event &y, o 1 , We have the expected absolute value of Ds bounded as follows:
6*
o B0 04l e, | B [2 (ulonl} + 2 ) 1e,, |
6*
<2 (uL [lolf] + 2)

=2 (,uLd + ED) ,
1

where the last equality uses Lemma 1. On the event f)Et 0.5, = Evitep, U v, —cy,» We use the
following notation to denote the exponential term in the upper bound of D, for simplicity:

£ (1) = exp (_Ngg (M|<V0Vi7fet)a”t>| n 515)) <1

2 4

Then, the expectation over the positive and negative events EEt 0,3, can be bounded as follows:

g
By, {|E[D2|9270t]| Leo ]
'ut.,O‘sD

<IE,, [ftwt) VeV (me.)ve) | Lee ]

=3By, [fy(v1) [(VoV (r0,), )] — 2Bu, [ fi(v:) [(VaV (ma,), 00} Le, ... |

<2, [fo(01) VoV (70,),00)] + 2B, [[(VoV (mo,),v1)| e, , , |
<2y, (o) (Vo (o), ) +2 (L [Jonlf] + 2 )

= v s V¢ i
2K, [fi(v:) |(VoV (7a,), >|]+2(M+ i )

where in the second-to-last inequality, we used f;(v;) < 1 and in the last inequality, we used the
definition of the margin event £y, o,c3 . The last equality is due to Lemma 1. Then, collecting the two
terms, we conclude:

|E [D2|F]| < 2Ky, [fi(v:) VeV (7, ), ve)|] + 4 (NLd T i]f) ‘
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Then, it remains to construct an upper bound for the first term. Let w, = (VgV (7g,), v¢), and we
use D3 to denote the first term as follows:
N plwe] €7
=E, e, ED

o (220

where we used the fact that €3, > 0 and ¢(-) is monotonically increasing. We also separate the event
into two cases depending on |w;| as follows:

N o [ plwy|
D sEo, {exp (_2§ ( 1 0l 101 (vF)
N o [ plwe|
B [eXp <_2§ ( 1)) Pwics(vE) |-

In the first event where |w;| is large, we can obtain that the exponential is upper bounded as:

N
o (-5 () =5

So we can upper bound the first term as follows:
N o ( plwl 1
B [0 (<567 (A7) ) 1l s s ()| <3 V0V R 001

1 /2
L 2 19ov ol

where the last equality uses Lemma 2. In the second event, we know that |w;| is upper bounded and
the exponential is smaller than 1, so we obtain:

N o [ plwe 4 2
- <= — 1.
o {exp( 2° ( T ) ) esso (v S \VE

Finally, summarizing the two cases immediately gives us an upper bound on D3 as follows:

4 (/2 1\/5
D37;< < N>+€ ;||V6V(7T0t)||2~

And it naturally leads to the bound on the approximation error term D5 as follows:

D3 = Ey, [ft(vi) (VeV (e, ), vt)

A

E (D] ]| <2D5 +4 (ﬂLdJr ;j)

2 [2 9 2
<=/ =IVeV(ma, )2 +4 <uLd+ Dy 2 ( )) :
eVm [T N

13 Proof of Corollary 1

First, directly plugging in the perturbation distance in 1 gives the following corollary:

Corollary 3 If we choose oy = O(\/H/dt) and O the same way as in Theorem. 1, and if the
perturbation distance p satisfies: p? = ©(d~! max{s~1(\/2/N),e%}), Then, we have:

E ([ VoV (mon) ] = V- @(ﬁ o (ﬁ)
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Since the link function is smooth, the deviation function ¢(-) is also smooth with Lipchitz constant L,
then we have for any points z € R,

() @ - ()0 =

11 ‘ _ @) =JO)] o Llx|
() <O [@[O)] T |¢'(@)]o’(0)
In the last step, we used the assumption 2 that the derivative of the link function at 0 is positive. And on
the other hand, we have by the smoothness of ¢(+), we have |'(z) —¢’(0)] = |¢’(z) — ¢’(0)| < L],
and this implies |¢'(z)| > ¢/(0) — L|z| > ¢’(0)/2 when |z| < <’(0)/(2L). Therefore, we can
conclude that in the ’(0)/(2L) neighborhood of the origin, we have:

—1y/ _1v/ 2L -
€' @ - O] < Sl

so the inverse of deviation function is smooth with parameter 2L/ (o’ (0))2. Then, suppose the number
of batches N is large enough such that the argument is inside the neighborhood of the origin, i.e.,
N >8L?/(0’(0))2, then by Lemma 3, we have:

-1 2\ 2 -1 -1y’ 2 L 2 _ .
¢ ( N) - < N>_§ 0= (s )(0)\/;+<o—f<o>)2N_O<a'<0)W>’

Therefore, substituting this upper bound into the convergence rate, we have:

E[|VeV (me,)ll2] = Vd - 5(\/?+ m + \/%)
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