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Summary

Offline RL (ORL) promises safe and sample-efficient deployment but existing methods rely
on undocumented online interactions for hyperparameter tuning and lack reliable fully offline
estimates of initial online performance. We introduce SOReL, a fully offline Bayesian model-
based RL method that learns a posterior over dynamics, estimates policy value via predictive
uncertainty, and enables complete offline hyperparameter selection. We further propose TOReL,
which extends this tuning framework to arbitrary model-free and model-based ORL algorithms.
We provide a regret analysis showing that Bayesian offline RL achieves the minimax-optimal
parametric rate under standard regularity conditions. Together, our methods establish a practical
and theoretically grounded framework for fully offline RL.

Contribution(s)

1. In Section 5.1 we derive the posterior information loss (PIL), an information-theoretic metric
that upper bounds true regret in offline Bayesian RL and characterises how regret decreases
through the model’s information rate. Since the PIL is computable from offline data alone, it
provides a principled metric for fully offline hyperparameter tuning.

Context: None

2. In Section 5.3 we carry out a frequentist regret analysis of offline model-based Bayesian RL,
proving that its regret under the true data-generating distribution converges at the minimax-
optimal parametric rate O (1/v~) under standard local asymptotic normality assumptions.
Context: Research on Bayesian offline RL remains limited. To the authors’ knowledge,
only Chen et al. (2024) formulate offline model-based RL as a BAMDP, and no theoretical
regret analysis currently exists.

3. In Section 6.1, we introduce SOReL, a fully offline RL framework that unifies policy learning,

evaluation, and entirely offline hyperparameter tuning. Policy values are estimated via the
Bayesian predictive median, and hyperparameters are selected using the PIL and the value
estimate as principled criteria.
Context: Developing a fully offline pipeline for offline RL remains a largely under-explored
open problem (Jackson et al., 2025). Off policy evaluation (OPE) methods (Fu et al., 2021)
estimate policy value offline but are evaluators rather than planners, and thus do not account
for offline policy improvement. Moreover, they typically require online tuning of their own
hyperparameters. The closest method to SOReL is Paine et al. (2020), which likewise relies
on online tuning.

4. In Section 6.2 we introduce TOReL, which extends SOReL’s hyperparameter tuning as a
general method for fully offline tuning of model-based and model-free offline RL algorithms
including state of the art methods like IQL (Kostrikov et al., 2021) and ReBRAC (Tarasov
et al., 2023).

Context: As contribution 3, but TOReL is designed for settings where offline value
estimation is not required.

5. In Section 7 we empirically confirm SOReL’s ability to approximate online value and
TOReL’s ability to tune hyperparameters of general ORL algorithms, both entirely offline.
Context: SOReL’s offline approximate of true online returns has an average absolute error
that is less than a quarter of the absolute error of FQE (used by Paine et al. (2020)) and
TOReL matches or outperforms OPE-based selection methods while eliminating the online
sample cost required by Jackson et al. (2025)’s online UCB tuning algorithm.
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Abstract

Sample efficiency remains a major barrier to the real-world deployment of Reinforce-
ment Learning (RL), where large numbers of online interactions are often costly or
unsafe. Offline RL (ORL) seeks to address this challenge by learning policies from
static datasets, yet existing methods rely on undocumented online interactions for hy-
perparameter tuning. Moreover, current methods provide no reliable estimate of their
initial online performance using offline data alone. To overcome these limitations, we
introduce two complementary algorithms for fully offline RL. Firstly, SOReL (Safe
Offline Reinforcement Learning) is a model-based Bayesian approach that infers a pos-
terior over environment dynamics from offline data and learns an approximation to a
Bayes-optimal policy entirely offline. By quantifying predictive uncertainty via model
ensembling, SOReL enables reliable and tractable offline prediction of online policy
value and fully offline hyperparameter selection. Secondly, TOReL (Tuning for Offline
Reinforcement Learning) extends this principle to arbitrary model-free and non-Bayesian
ORL algorithms, leveraging predictive uncertainty quantification to eliminate costly
online tuning loops. We additionally provide a regret analysis of offline Bayesian RL,
showing that Bayesian approaches achieve the optimal frequentist minimax regret rate,
thereby offering a formal frequentist justification for offline Bayesian methods. Empir-
ical results demonstrate that SOReL accurately predicts online performance and that,
using only offline data, TOReL achieves competitive results with online hyperparameter
tuning methods, advancing safe and reliable fully offline RL for real-world deployment.
Our implementations are publicly available.

1 Introduction

Offline RL (Lange et al., 2012; Levine et al., 2020; Murphy, 2024) aims to learn effective policies
from static datasets, enabling agents to act autonomously and safely upon deployment. However,
existing offline RL methods (Tarasov et al., 2023; Kostrikov et al., 2021; Kidambi et al., 2020; Yu
et al., 2021) fall short of this promise due to two largely overlooked issues. Issue I: there is no fully
offline metric to tune all hyperparameters or select between approaches. In practice, state-of-
the-art methods rely on online interactions to perform extensive hyperparameter tuning (Zhang et al.,
2021; Jackson et al., 2025). As illustrated in Fig. 1a, this leads to iterative cycles of offline training,
online evaluation, hyperparameter adjustment, and retraining, incurring substantial online sample
complexity — precisely what offline RL seeks to avoid. For performance-critical problem settings,
we also need reliable online performance guarantees before the agent is deployed online. Precisely,
issue II: current methods offer no reliable fully offline method to approximate true online value,
i.e. the online expected returns of a policy trained using offline data. This is concerning from an Al
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Figure 1: Existing ORL algorithms rely on online interactions for hyperparameter tuning and validation, leading
to poor online sample efficiency. In contrast, SOReL and TOReL carry out fully offline hyperparameter
adjustment, using the predictive value and PIL as a tuning signal. Only then is the agent trained and deployed.

safety perspective, as without a reliable performance estimate, we cannot deploy agents into the real
world where agent failure presents a serious hazard to human life; for these settings it is essential
that agents are deployed with near-optimal expected returns. For less safety-critical domains, users
still require deployment-time guarantees, as suboptimal policies incur quantifiable costs in terms of
reduced expected returns, such as financial losses or degraded operational performance.

We address both issues by leveraging model-based RL and exploiting predictive uncertainty from
a posterior distribution over environment dynamics learned from offline data. We develop a fully
offline RL pipeline (Fig. 1b) comprising two complementary algorithms. Firstly, for settings requiring
accurate offline value prediction, we introduce SOReL (Safe Offline Reinforcement Learning), a
theoretically grounded Bayesian model-based approach that resolves Issues I & II. The posterior and
learned dynamics define a Bayesian RL problem whose solution, the Bayes-optimal policy, is robust to
model uncertainty in environment dynamics when deployed online. For tractability, we approximate
posterior sampling using ensembling and learn an amortised Bayes-optimal policy via meta-RL
rollouts in posterior-sampled environments. The median predictive return across rollouts provides an
offline estimate of online performance, while the predictive variance quantifies its reliability, directly
addressing Issue II.

To enable fully offline hyperparameter tuning, we introduce the posterior information loss (PIL),
defined as the expected KL divergence between the posterior model and the true dynamics. We
show that the PIL upper-bounds regret and governs its convergence rate. Under standard regularity
conditions, Bayesian offline RL achieves the optimal frequentist minimax rate, establishing a formal
bridge between Bayesian uncertainty quantification and frequentist guarantees. Minimising and
calibrating the PIL enables principled tuning of the environment dynamics model and inference
hyperparameters, while the predictive median is used to tune planner hyperparameters, thereby
resolving Issue 1.

Empirically, we evaluate SOReL in a zero-shot setting on standard MuJoCo offline RL benchmarks
(Yu et al., 2020; Kidambi et al., 2020). SOReL’s predictive value closely tracks realised online returns,
with true performance consistently contained within the posterior predictive range once the PIL is
calibrated. Compared to an OPE-based approach that still requires online tuning (Paine et al., 2020),
SOReL achieves less than one-quarter of the average absolute error, providing substantially more
accurate value estimation, as well as calibrated uncertainty and conservative behaviour in low-data
regimes. SOReL achieves this entirely without online interaction.

Secondly, for settings where exact offline value prediction is unnecessary, we introduce TOReL
(Tuning for Offline Reinforcement Learning), which extends our fully offline tuning procedure to
address Issue I in general non-Bayesian and model-free settings, enabling compatibility with existing
methods. Many prior approaches (Yu et al., 2020; Kidambi et al., 2020; Ball et al., 2021; Lu et al.,
2022b; Sun et al., 2023; Tarasov et al., 2023; Sims et al., 2024) rely on heuristics tailored to standard
ORL benchmarks, which typically exhibit limited behavioural diversity and state-action coverage
(Fu et al., 2020); as a result, these methods can outperform more general Bayesian approaches like
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SOReL on such benchmarks. TOReL leverages the PIL and a predictive value metric correlated with
true performance to tune hyperparameters entirely of ine. Since both SOReL and TOReL rely only
on ensembling, already standard in modern of ine RL (Jackson et al., 2025), our approach introduces
no additional computational overhead.

Empirically, TOReL matches or outperforms off-policy evaluation (OPE)-based tuning approaches
that still rely on online calibration (Paine et al., 2020). Crucially, unlike OPE methods, TOReL
selects hyperparameters entirely of ine using the PIL signal and predictive value metric. Compared
to a state-of-the-art online bandit-based tuning method (Jackson et al., 2025), TOReL achieves
comparable or superior performance while eliminating the substantial online sample cost required for
hyperparameter search.

2 Preliminaries

LetX beaX R "-valued random variable. We denote its distributiofPgsand its density (if it
exists) ap(x) . We denote the set of all distributions ovérasP (X) . We introduce the notatioB (p)

to represent the geometric distribution &h@ (p) to represent the arithmetico-geometric distribution,
with probability mass function®g(i) = (1 p)p ' andPac (i) = (1 p) 2p'(i+1) respectively,
fori 2 N o and parametep 2 [0; 1). We denote the uniform distribution ovi; 1;:::ig asU; and
the multivariate normal distribution with mean vectoand covariance matrix asN (; )

2.1 Ofine Reinforcement Learning

In our Reinforcement Learning (RL) setting, an agent is tasked with solving the learning problem
in an in nite-horizon, discounted Markov decision process (Bellman, 1956; 1958; Puterman, 1994;
Sutton & Barto, 2018)M ? = hS; A; Po; P2(s; a); PE(s; a); i , with state spac8, action space

A and discount factor. Attimet = 0, an agent starts in an initial state allocated according the
the initial state distributionsy P (. At every timestefd, an agent in state; takes an action
according to a policy;  (h ), receives a scalar reward P 2(si;a) and transitions to a new
states;.; P S?(st;at) whereh, =fs g;ag;ro;S1;a1;r1;:::a1 ;fe1 ;Stg 2 Hy is the observed a
history of interactions with the environment. Héte =S (A R S) t denotes the corresponding
product space. We assume rewards are boundedrwh[r min; rmad R wherer min andr max
denote the minimum and maximum reward values respectively. For convenience, we often write the
joint state transition-reward distribution ag;s (s;a). We denote the distribution over histdny as

P¢ . The goal of an agent is to learn an optimal policy2 ? where *:=argmax J (M ?)is

the set of policies that maximise the expected discoﬂunted return:

x o
J M ?)::Ehl P ri

i=0
If the true transition and reward distributioRg (s; a) andPg (s; @) are known a priori, the problem
reduces to planning, and (given suf cient compute) an optimal policy can be computed without
further environment interaction; in this case, policies need only condition on the currerg; state
contrast, we consider the learning setting where the dynamics are unknown. Under our Bayesian
formulation, policies condition on the full histohy, which carries the information required to update
beliefs over the environment.

In of ine RL (Lange et al., 2012; Levine et al., 2020; Murphy, 2024), an agent has access to a dataset
of histories of various lengths collected from the true environment. The policies used to collect the
data may vary and not be optimal. In this paper, we consider a zero-shot setting where the agent
has no ability to interact with the target environment before deployment, as formalised by Jackson
et al. (2025). The agent is then deployed at test tim® and its performance evaluated. The goal

of ofine RL is to take advantage of of ine data so that the deployed policy will be near-optimal
from the outset. In model-based of ine RL, a model of the environment dynamics is learned using
the dataset. An of ine policy is obtained by solving a planning problem using the learned dynamics
model. In contrast, model-free of ine RL methods forgo explicitly modelling environment dynamics
and instead learn a policy or value function directly from the xed dataset, without constructing an
explicit dynamics model.
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3 Related Work
3.1 Off-Policy Evaluation

Off-policy evaluation (OPE) algorithms (Le et al., 2019; Nachum et al., 2019; Thomas & Brunskill,
2016; Kostrikov & Nachum, 2020; Fu et al., 2021) estimate the performance of a target policy using
data collected by a different behaviour policy. In principle, OPE provides an of ine mechanism
for approximating online value. However, OPE methods are evaluators rather than planners: they
estimate the value of a xed policy without performing policy improvement (Uehara et al., 2022)
and therefore do not constitute a complete of ine RL pipeline. Although many OPE methods
attach uncertainty measures or con dence intervals, these are typically conditional on modelling
assumptions and do not provide a principled diagnostic for when insuf cient data, support mismatch,
or model misspeci cation render estimates unreliable. Moreover, OPE methods generally require
calibration of their own hyperparameters using online data and methods based on importance sampling
(Kostrikov et al., 2021) and double robustness (Thomas & Brunskill, 2016) require datasets containing
trajectories rather than individual datapoints.

OPE can also be used for of ine hyperparameter selection by ranking candidate policies according
to their estimated value. To our knowledge, Paine et al. (2020) provide the primary study of this
approach using FQE. However, their results show substantial value overestimation in several domains,
provide no principled signal of estimate reliability, and require online tuning of FQE hyperparameters,
so the overall pipeline is not fully of ine. As noted by Jackson et al. (2025), this framework is
further limited to behavioural cloning and two critic-based methods that have since been surpassed
by modern of ine RL algorithms. Consequently, while OPE addresses of ine value estimation,

it does not fully resolve Issues | & II: both policy-learning and OPE-speci ¢ hyperparameters
typically require calibration beyond the of ine dataset, and existing approaches lack a principled
mechanism to determine whether the available data suf ce for reliable performance estimation. In
contrast, our method derives an information-theoretic signal (the PIL) tied to regret that governs both
hyperparameter tuning and predictive value reliability entirely of ine

3.2 Model-Based Of ine RL

Developing reliable model-based of ine RL remains challenging. Beyond Issues | & Il, performance
depends critically on accurate dynamics modelling, as model errors can compound over long horizons.
Additionally, benchmark datasets often lack coverage in important regions of state-action space,
creating further generalisation challenges. Most existing approaches focus on mitigating this latter
issue by introducing reward pessimism or uncertainty-based regularisation (Yu et al., 2020; Kidambi
et al., 2020; Kumar et al., 2020; Yu et al., 2021; Fujimoto & Gu, 2021; Kostrikov et al., 2021; An
etal., 2021; Ball et al., 2021; Lu et al., 2022b; Sun et al., 2023; Tarasov et al., 2023; Sims et al., 2024).
Uni oral (Jackson et al., 2025) uni es these approaches within a common framework with streamlined
implementations and benchmarking protocols, which we follow in our experiments.

Limited prior work directly addresses Issues | & Il. Smith et al. (2023) propose of ine hyperparameter
tuning, but are limited to the model-free imitation learning setting and offer no value estimation.
Wang et al. (2022) introduce of ine pre-selection of hyperparameters for online methods, but do not
learn optimal policies fully of ine or approximate value. To our knowledge, our method is the rst
fully of ine RL framework that integrates policy learning, value estimation (when required), and
complete hyperparameter tuning using only of ine data. Finally, Bayesian perspectives on of ine RL
remain underexplored. Chen et al. (2024) formulate of ine model-based RL as solving a BAMDP,
however no regret analysis of the Bayes-optimal policy is carried out, a continuous BAMDP (Guez
et al., 2014) approximation is used to learn behavioural policies, does not propose a method for
of ine policy value estimation, and the algorithm still relies on online data for tuning.

4 Bayesian Of ine RL

We now introduce our Bayesian RL (BRL) framework, which constitutes learning an (approximate)
posterior over environment dynamics from of ine data, and then solving a BRL problem to nd a
Bayes-optimal policy with that posterior acting as a prior over the space of MDPs. Bayesian RL
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methods naturally minimise Bayes-regret, which maximises the average performance over MDPs as
weighted by the posterior. We provide an introductory primer on Bayesian RL in Section A.

4.1 Learning a Posterior with Of ine Data

A Bayesian epistemology characterises the agent's uncertainty in the MDP through distributions over
any unknown variable (Martin, 1967; Duff, 2002). For our model-based approach, we characterise
uncertainty in the environment dynamics. We rst specify a parametric model of the unknown
joint reward-state transition distributiofPr:s (St;a; ), with each 2 R 9 representing a
hypothesis about the underlying true MIMP?. A prior distribution over the parameter spaee

is speci ed, which represents the initial a priori belief over hypothesis MDPs before the agent has
observed any transitions. As we show in Section 5, our results can easily be generalised to non-
parametric methods like Gaussian process regression (Rasmussen & Williams, 2006; Wiener, 1923;
Krige, 1951). We denote an of ine datasetMfstate-action-state-reward transition observations as:

Dn =f(s i;a;s% ri)gi'iol , all collected from a single MD® ?. Datapoints may be collected from
several policies and non-Markovian sampling. Given the dafagethe priorP  with densityp()

is updated to posterior RDy ) with density p(jDn ), using Bayes' rule:

| o |
o v= PONIP(O) _ o S P(iisdsiia ()
PUPN= 0wy ™ RO p s JpOd W

The posterior represents the agent's updated belief in the unknown environment dynamibg,once
has been observed. We now detail how a Bayes-optimal policy is learned using the posterior as the
initial belief in the environment dynamics.

4.2 Approximating a Bayes-Optimal Policy

Solving a BRL problem exactly is intractable for all but the simplest models (Martin, 1967; Duff,
2002; Guez et al., 2012; 2013; Zintgraf et al., 2020; Fellows et al., 2024), and exact posterior inference
in Eq. (1) is typically infeasible for dynamics models of interest (e.g., nonlinear Gaussian world
models). We therefore learn an approximate postétiqiDy) P (Dy ) using randomised prior

(RP) ensembling (Osband & Van Roy, 2017; Osband et al., 2018; Ciosek et al., 2020) (details in
Section F.2). In the ORL setting, the prier is replaced with the informative posteriBr (Dy ),
reducing the hypothesis space of the BRL problem. A Bayes-optimal policy is then learned using
the posterior as the initial belief over environment dynamics, yielding the of ine Bayesian RL

objective:
" " #it
p3

JgayedP ON) =E p oy) En, P, 0 rioo 2)
=0

Solving Eqg. (2) for to nd a Bayes-optimal policy gayes(ht) 2 argmax JggdP (Dn)) canbe
formulated as a meta-RL problem (Zintgraf et al., 2020; Beck et al., 2024), enabling’astyé
procedure (Duan et al., 1987): environments are sampled from the posterior and the policy is trained
via rollouts in these sampled models. An approximate Bayes-optimal policy is thus obtained by
searching over history-conditioned policies, for example using recurrent PPO (Schulman et al., 2017).
Crucially, posterior reasoning is amortised into the policy during training; deployment requires only
a single forward pass of the recurrent network, incurring no additional overhead relative to standard
model-based of ine RL. Implementation details are provided in Section F.

Beyond enabling exploration when deployed, the Bayesian formulation provides explicit epistemic
uncertainty in the learned dynamics model, which underpins our fully of ine pipeline. To address
Issue Il, we estimate policy value using posterior predictive rollouts: the median return across
sampled models yields a Bayesian estimate of test-time performance, while the predictive variance
quanti es its uncertainty. To address Issue I, this predictive estimate enables fully of ine tuning

of planner hyperparameters. In addition, as shown in Section 5.1, the Posterior Information Loss
(PIL) links posterior uncertainty to regret and is used to tune model and inference hyperparameters.
Together, the predictive variance and PIL provide principled diagnostics of model misspeci cation,
data coverage, and uncertainty calibration prior to deployment.
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Finally, we remark that a Bayesian approach is relatively simple and general compared to existing
model-based approaches in Section 3 as it does not rely on hand-crafted heuristics tailored to speci ¢
problem settings. We emphasize that adopting a Bayesian perspective does not introduce additional
computational overhead beyond what is already standard in modern model-based of ine RL. We rely
only on ensembling for approximate posterior sampling — already standard in modern model-based
of ine RL (Jackson et al., 2025). No expensive posterior inference or additional planning modules
are required; the predictive median, variance, and PIL are computed from the same ensemble rollouts
used for policy learning, effectively extracting additional information from computations that are
already required. Hence our method does not introduce new costly components, but instead leverages
existing tools more ef ciently to obtain principled tuning signals and reliable of ine value estimates.

5 Regret Analysis

In this section, we provide a formal theoretical regret analysis of Bayesian of ine RL. Our rst result

in Section 5.1 proves that regret is tied to the posterior information loss (PIL), which can be used as a
tuning metric and diagnostic tool during of ine RL training. In Section 5.3, we then use this result to
prove that the Bayes-optimal policy convergences to zero regret at the minimax optimal rate under
standard assumptions, thereby providing a formal frequentist justi cation for Bayesian of ine RL in
general. Proofs for all theorems can be found in Section D.

5.1 Derivation of Posterior Information Loss (PIL)

Given a dataset of datapoiniis collected from the true MD® ?, we can measure how far the
performance of the Bayes-optimal policy is from the true optlmal policy using the true regret, which,
in this case, is the difference between the expected réturtl\/l ?) of an opt|mal policy for the true
MDP and the expected return of the of the Bayes-optimal pdh@yyes(M ; Dn) given a posterior

P (Dy), allin the true MDP M?:

RegrettM?;Dy) =d (M ?) J sae(M ?;Dy):
Our rst result shows that true regret can be bounded using the PIL, de ned as:
In =E p y) Esa » KL Pg(s;a)kPrs(sia;)

where ? = =Eiac) Eju PJ-.? is the arithmetico-geometric ergodic state- action distribution
induced by a policy and recaIP denotes the distribution overjaength traJector)hJ ? places

mass over state-action pairs accordmg to how much errors in the model in uence the regret at each
state. Regions of the state-action space that require more timesteps to reach from initial states are
weighted signi cantly less than those that are encountered earlier and more frequently, as state errors
encountered early accumulate in each prediction from that timestep onwards.

The PIL has an intuitive information-geometric interpretation: the inner expectation
Esa - KL PRS (s;a)kPrs(s;a; ) measures the distance between the model and the true
distribution in terms of the information lost when apprommatFP]gS (s;a) with Pr:s (s;a; ), aver-

aged across all states. The PIL thus measures how close the posterior's belief is to the truth according
to the average information lost under the posterior expectation. We now prove that regret is upper
bounded by the PIL:

Theorem 1. LetR nax = M denote the maximum possible regret for the MDP. Using the

PIL: I \ , the true regret is bounded as:
S

Regret(M?;Dn) 2R max Sup 1 exp

The key insight from Theorem 1 is that the rate at which regret decreaseblvistigoverned by the

rate at which the PIL decreases, which is known as the information rate. This measures how much
information the model has gained from an incremental amount of data. Fast information rates imply
that highly informative posteriors can be learned from limited data, as regret decreases at least as
quickly. How fast the PIL decreases depends on the model speci cation, the prior used, the data
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coverage and the underlying MDP. This makes it an ideal metric to hyperparameter associated with
the dynamics model and approximate inference method.

5.2 Gaussian World Models

Formulating our bound in terms of the PIL ties the regret to the KL divergence over the reward-state
model: KL P,'{;S (s;a)kPr:s (s;a;Dn) . Not only is this mathematically more convenient, but it
means that the PIL is easy to estimate in practice. As an example, many methods use an ensemble of
Gaussian reward and state transition models of the form introduced by Chua et al. (2018), where the
individual reward and state transition models are given by:

Pr(s;a; )=N(r (s;a); #(s;a); Ps(sia; )=N(s %(s;a);l 2(s;a)); ®)

with variances characterised by and 2, mean reward function (s; a) and mean state transition
functions®(s;a). Using an ensemble of Gaussian World Models admits a natural separation of
aleatoric and epistemic uncertainty: the aleatoric uncertainty can be represented by the individual
output variances? andl 2(s; a), or mean of the learned variances, and the epistemic uncertainty
by the ensemble disagreement, or variance of the means. Using a Gaussian world model, we
nd the PIL takes a convenient and intuitive form. L&s;a;Dn) = E p (p,)[r (s;a)] and
sYs;a;Dy) =E »p o) [S (s;a)] denote the Bayesian mean reward and state transition functions
andr?(s; a) ands?%s; a) denote the true mean functions. We de ne the mean squared error between
the true and Bayesian mean functions as:

kr(s;a;Dn) r ?(s;a)k3  ks¥s;a;Dn) s *Us;a)k3

E(Dn;M?) =Egs ;4
" o 2 2(sia) 2 ¥(sia)
and the predictive variance as:
_ kr(s;a;Dn) r (s;a)k3  ksUs;a;Dy) s O(s;a)k3
VOn) =E@sa 2 Ep (y) 2 2(s.a) 2 + 2 2(s;a) 2
(5)

We now re-write the PIL for the Gaussian world model using these two terms:
Proposition 1. Using the Gaussian world model in Eq. (3), it follows that

Iy =E(ODN;M?)+V(Dy):

Proposition 1 shows that the PIL is governed by i) the MSE of the point estii(@g ; M ?), which
characterises how quickly the Bayesian mean function converges to the true function; and ii) the
predictive varianc&/ (Dy ), which characterises the epistemic uncertainty in the model and is a purely
Bayesian term. The PIL can easily be estimated by estim&({my, ; M ?) using the empirical MSE

under the of ine data distribution and estimatikgDy, ) using approximate posterior sampling. This
decomposition provides a principled diagnostic mechanism based on the relative magnitudes and
contraction behaviour d (Dy ;M ?) andV(Dy ). In particular, imbalances between these terms can
signal model misspeci cation, insuf cient data coverage, or miscalibrated uncertainty. We exploit
this property directly for hyperparameter tuning and model validation in Section 6.1.

5.3 Frequentist Justi cation of Bayesian Of ine RL

As discussed in Section 4 and derived in Section A, all solutions to a Bayesian of ine RL problem
minimise Bayes regret, which provides a Bayesian justi cation for our method. We now provide a
complementary frequentist justi cation. Speci cally, we prove that the regret under the true data-
generating distribution converges at the sa(br(é:p N) rate established in prior of ine RL work (Yu

et al., 2020; Kidambi et al., 2020) under standard local asymptotic hormality (LAN) assumptions
(Le Cam, 1953; Barron, 1988; Clarke & Barron, 1990; Komaki, 1996; Hartigan, 1998; Barron, 1999;
Aslan, 2006). These assumptions are formally stated and discussed in Section D.3.

Frequentist analyses of of ine RL span a broad spectrum of structural assumptions. At one extreme,
minimax analyses evaluate performance uniformly over large classes of MDPs, effectively calibrating
guarantees against the most challenging admissible environments (Wang et al., 2020). While such
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worst-case results sharply delineate statistical limits, they are agnostic to how representative those
environments are in practice. Consequently, under minimal structure one obtains intrinsic hardness
results (Wang et al., 2020), whereas under additional structural or parametric assumptions, classical
statistical ef ciency becomes attainable (Agarwal et al., 2021; Li et al., 2022).

TheO (353 N) scaling we obtain is the canonical parametric asymptotic convergence rate and is
known to be minimax-optimal in regular nite-dimensional models for of ine RL (Agarwal et al.,
2021; Li et al., 2022). Modern model-based of ine RL methods operate precisely in such structured
regimes, positing smooth parametric dynamics models and relying on likelihood-based estimation
(Yu et al., 2020; Kidambi et al., 2020). From a Bayesian standpoint, LAN formalises this modelling
commitment: a smooth, identi able parametric family in which posterior uncertainty contracts at the
canonicalO (EJ N) parametric rate. Consequently, under the conditions of Assumption 1, our bound
is asymptotically rate-tight within this nonlinear parametric function class.

Theorem 2. Let the data be drawn from the underlying true distributidg P 3,.,. Under
standard local asymptotic normality assumptions (see Assumption 1 in Section D.3), there exists

some constant 0 < C < 1 such that for suf ciently large N:
S s 1
Cd d
Regret(M?;Dy)] 2R 1 — =0 — (6

Ep, p

?
Data

We also extend this analysis to include the case of model-misspeci cation and sub-optimal policy
learning in Theorem 3, obtaining tighter bounds than obtained previous in literature (Kidambi et al.,
2020) as ! 1 . Finally, we remark that asymptotic frequentist regret bounds like Eq. (6) are
primarily rate characterisations: they describe how regret scales in the large-sample limit but do not
provide calibrated, dataset-speci ¢ diagnostics. Bounds of the Regref, cPr+m depend

on problem-speci ¢ constants; m and unspeci ed large-sample regimes that are inaccessible in
practice. Consequently, while such results are valuable for theoretical comparison, they offer limited
use as practical metrics for assessing dataset suf ciency, posterior calibration, or hyperparameter
selection in nite-sample settings. By contrast, the PIL metric yields directly observable quantities
that can be monitored and acted upon during training.

6 Methods Algorithm 1 SOReL(P ;Dy; ;)
Hyperparameter tuning:

6.1 SOReL (i u argmin . PILC ;o ;D)

. . , st EOy;M?) VD n)

We nov_vmtroduc_e SOReL in Algor_lthm 1_, our . agmax  Predvalue(;; i ; i :Dn;)

fully of ine Bayesian of ine RL algorithm with  Policy Learning and Value Estimation:

value estimation and hyperparameter tuning. BayesPolicylmprovement( |; i ; i ;Dn)
Jn  PredValue( ; 1 ; 1 ;Dn;)

The algorithm shows a single §tep in an iterative | ics GetMetrics( 1: 11 : 1 :D: )

process that updates the policyand hyperpa- return , ,J y , metrics

rameters whilst returning a value estimate after

each iteration and a set of metrics that include the PIL values and predictive variance. The metrics

can be used for diagnostics and assessing when the desired value has been achieved depending upon

the setting. In our SOReL framework, there are three sets of hyperparametérs:model (such

as the architecture and hyperparameters for learning a neural-network function approximator);

the approximate inference method (such as the number of ensemble members for RR); anel

BAMDP solver (the hyperparameters of a Bayesian meta-learning algorithm like RNN-PPO). Sets
 and |, are tuned jointly to both minimise the PIL and ensure a roughly even split between the

predictive variance and MSE loss terms. Sgt is then tuned to minimise approximate regret based

on the now- xed model and approximate posterior: for each combination of hyperparameters, we

update the policy using the approximate BAMDP solver (BayesPolicylmprovery)eat{d choose

the combination whose policy leads to the highest approximate value.

Fixing Issue | - PIL Monitoring: To tune sets | and |, , we monitor the change in the PIL. Our
objective is to select hyperparameters that minimise the PIL whilst ensuring that the MSE term (c.f.
Eg. (4)) closely matches the predictive variance term (c.f. Eq. (5))EiBy ;M ?) V(D n). The
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PIL alignment provides a powerful bias—variance diagnostic during traifimgeasures systematic
model error (bias), wheredscaptures epistemic uncertainty (posterior variancelr IfV and fails

to contract ad increases, the posterior is con dent but biased, suggesting over tting due to under-
dispersed posterior uncertainty. Under a well-speci ed and well-calibrated model, both terms contract
at comparable rates &k increases; persistent imbalance signhals hyperparameter miscon guration
in | and/or |, . Since miscalibrated uncertainty leads to unreliable value estimates, we,tune
and |, rstin Algorithm 1. Empirically, as shown in Section 7.1, wh& V and both are

small, the approximate value closely tracks the true value. Likewise, in regimes with limited data
coverage, policies must be regularised to remain close to the support of the training distribution (e.qg.
via a pessimistic prior in SOReL, or pessimistic mechanisms such as MOPO's reward penalty and
MOReL's uncertainty-aware dynamics in TOReL). In this regime, value estimates are inherently
biased, which is unavoidable in of ine RL approaches with limited data coverage. However, this
failure mode is re ected in an increase in ensemble variance due to the large epistemic uncertainty
over regions with limited data, and consequently in the variance term of the PIL, which provides a
practical signal that the policy is operating in poorly supported regions. We note that standard OPE
methods do not expose this uncertainty.

Fixing Issues | and Il - Bayesian Value Estimation: We estimate the value of the Bayes-optimal
policy using the posterior predictive median:

j\ anes(M ?) =M P On)h1t P 4 () [R(hl )]’ (7)

whereM p pyn, p, () [R(h1)] denotes the median predictive return. In Algorithm 1,

) anes(M ?) is estimated ifPredValue( )via Monte Carlo sampling: ensemble members are drawn
from the approximate posterior, the Bayes-optimal policy is rolled out in each sampled model, and
the empirical median of returns is computed. Alternative Bayesian estimators, such as the predictive
mean or lower quantiles, are also valid and correspond to different loss functions or levels of con-
servatism (see Section C). We adopt the predictive median because it is the Bayes estimator under
absolute error loss and is robust to skewed or heavy-tailed predictive return distributions. Under
symmetric predictive distributions the median and mean coincide, but in skewed posterior predictive
settings the median provides greater stability. In particular, it avoids being overly conservative while
remaining insensitive to outlier posterior samples corresponding to rare but highly optimistic or
pessimistic dynamics. Our empirical evaluations in Section 7.1 support this choice. The posterior
predictive median further enables fully of ine tuning of hyperparameter set, by selecting the

policy con guration that maximises the predictive value in Algorithm 1. Moreover, the predictive
variance across rollouts characterises the epistemic and aleatoric uncertainty in the value estimate
(returned in the "metrics' set in Algorithm 1) and provides a quantitative signal for the practitioner to
assess whether the learned policy is suf ciently reliable for deployment.

6.2 TORelL Algorithm 2 TOReL(P ;Dy; )

SOReLs of ine hyperparameter tuning meth- '[;S.'t'. E(?;‘j mln?) Vb F:L)(; (r'n;od';lit%';gd)]

ods are directly applicable to general ofine RL |, argmax ., ValueMetric( ; 11 ; 1 ;Dn)
approaches, allowing us to address Issue | for ORL( ;| :Dn); (model-free)
existing of ine methods. We now adapt these ToreL ORL( 1; u; i ;Dn); (model-based)
methods to derive a general tuning for ofine return , 755,

reinforcement learning approach called TOReL,

shown in Algorithm 2. A policy is learned of ine using a planning algorithm, denoted by ORL.

There thus exists a corresponding set of hyperparameters associated withe of ine planner.

For model-based methods with uncertainty estimation like MOReL Kidambi et al. (2020) and MOPO

Yu et al. (2020), we can exactly adapt SOREL's PIL tuning method to the parameters associated with:
| the dynamics model and, uncertainty estimation. For all other methods, we introduce and

learn a dynamics model and an approximate inference method like in SOReL and jointly tune the

corresponding hyperparametersand |, to minimise the PIL. Since the policy learned with ORL

is typically neither Bayes-optimal nor robust to model uncertainty, we expect that applying SOReL's

value estimation method to more general methods in TOReL will not yield an accurate estimate of
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Figure 2: Evaluation of SOReL in zero-shot setting over 3 seeds. Policy hyperparameters are tuned entirely
of ine using the predictive value estimate. History is set to zero (memoryless) for comparison with FQE.

the value in terms of its absolute value. Instead, we treat the predictive value in Eq. (7) as a value
metric that is positively correlated with true expected returns, and use this to tune ORL parameters

11 - Our empirical evaluations in Section 7.2 support this hypothesis. We note that in model-free
methods, the dynamics model and an approximate inference method are not used in policy learning,
only to choose hyperparameters.

7 Experiments

The goal of our experiments is to con rm our methods provide a solution to Issues | & II: rst, to
evaluate SORelL's ability to approximate online performance entirely of ine; and second, to evaluate
TORel's ability to tune hyperparameters of general ORL algorithms entirely of ine.

7.1 Zero-Shot Fully Of ine RL with Value Estimation

Our rst experiment evaluates SOReL in the strict zero-shot setting: policy learning, hyperparameter
tuning, and value estimation are performed using only of ine data, with no interaction with the true
environment prior to deployment. We assess whether the resulting of ine value estimates reliably
predict realised online performance. We test SOReL in ve environments — two Gymnax (Lange,
2022) and three Brax (Freeman et al., 2021) — using datasets we collect to ensure broad behavioural
diversity and state-action coverage (see Section F.1). To emulate practical usage, we progressively
increase dataset size and estimate value entirely of ine. We deploy each policy in the true environment
to validate the estimated value, but in practice the policy would only be deployed once the estimated
value is high enough and uncertainty small enough.

Results (Fig. 2 and Fig. 7) show that the posterior predictive median closely tracks realised online
returns, which consistently lie within the predictive range induced by sampling dynamics from the
posterior. Regions shaded in red (e.g., small datasets in Half-Cheetah) correspond to miscalibrated
PIL, signalling unreliable estimates. Once the PIL is calibrated and predictive variance suf ciently
reduced, deployment can be undertaken with con dence. The diagnostics are actionable. In Half-
Cheetah, small datasets yield wide predictive ranges and poorly calibrated PIL, correctly warning
against deployment; with more data, calibration improves and the median aligns tightly with online
returns. In Hopper, although the PIL remains calibrated, predictive variance stays large, signalling
persistent uncertainty. Crucially, this uncertainty is visible of ine, enabling informed deployment
decisions without online interaction. All SOReL hyperparameters are tuned entirely of ine. As
shown in Fig. 6 in Section E.1, predictive-value-based tuning substantially improves performance,
with both Half-Cheetahr(= 0:93; p = 0:00) and Hopperi(= 0:70; p = 0:00) having statistically

signi cant (p < 0:05), strong positiver(> 0:5) Pearson correlation between of ine predictive value

and realised online return. Moreover, SOReL learns policies that outperform the behaviour policies
used to generate the datasets. For example, on a subset of the Half-Cheetah dataset, SOReL achieves
nearlyl:5 the return of the best data-collecting policy (Fig. 11), demonstrating its ability to improve
beyond suboptimal data.

Benchmarking Value Estimation We benchmark SORel's ability to approximate online perfor-
mance with tted Q-evaluation (FQE) as used in Paine et al. (2020), which is the closest existing
algorithm to SOReL. We cannot benchmark against OPE metrics based on importance sampling
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Figure 3: True online returns achieved by different hyperparameter combinations for different ORL algorithms
and datasets. Top: hyperparameters selected by TOReL for IQL, ReBRAC, MOPO and MOReL. Bottom:
hyperparameters selected by TOReL and 4 OPE metrics (FQE, Dual DICE, DR and IS) for IQL and ReBRAC.
Error bars omitted due to the prohibitive cost of repeated runs ( 2000 experiments).

(Kostrikov & Nachum, 2020) or double robustness (Thomas & Brunskill, 2016), which require
datasets containing trajectories rather than individual datapoints. As SOReL is a Bayesian approach,
policies condition on histories to represent belief states. In contrast, FQE is designed for state-
conditioned policies. For fair comparison, we reset the hidden states of all trajectories on each step to
zero to project the history-conditioned policy to a state-conditioned policy. We compare SOReL's
predictive value for the history-zeroed policy (as de ned in Eq. (7)) with FQE's value estimate by
evaluating both against the ground-truth returns of this policy.

Results (Fig. 2 in Section E.1) show that SOReL's predictive median tracks the realised online return
more closely than FQE, with an average absolute error of 120 versus 470 for Half-Cheetah (over the
points where the PIL is well-calibrated) and 70 versus 550 for Hopper. While FQE can approximate
value in some regimes, it frequently exhibits overestimation or unstable behaviour for small datasets.
In contrast, SOReL's posterior predictive range consistently contains the true return once the PIL is
calibrated, and contracts as dataset size increases, re ecting improved data suf ciency. Moreover,
when SOReL's predictive estimate deviates from the realised return, it tends to do so conservatively,
underestimating rather than overestimating performance in low-data regimes. This pessimistic bias
is desirable in safety-critical settings, where optimistic errors may lead to premature deployment.
Unlike FQE, SOReL provides a calibrated uncertainty quanti cation alongside its value estimate; note
that standard deviations are across policies, rather than for a single policy, like SOReL's return range
is. The posterior predictive variance meaningfully re ects epistemic uncertainty: wide ranges for
small datasets signal unreliable estimates, while contraction with additional data indicates increasing
con dence. Finally, SORel's PIL approach affords a principled diagnostic for detecting model
misspeci cation, support mismatch, or insuf cient data, while FQE does not provide an analogue of
the PIL that links uncertainty calibration to regret or guides hyperparameter tuning.

These results highlight three key differences. Firstly, SOReL's predictive median approach yields
more reliable value estimates in the zero-shot setting, with conservative behaviour when uncertainty
is high. Secondly, SOReL provides actionable uncertainty diagnostics that allow practitioners to
determine of ine whether a value estimate is trustworthy. Thirdly, we remark that Paine et al. (2020)'s



Reinforcement Learning Journal 2026

Figure 4: TOReL's performance compared to an online bandit-based hyperparameter tuning algorithm. Shaded
region indicates 95% bootstrap CI.

approach FQE still requires online hyperparameter tuning for its own hyperparameter set, whereas
SORel's approach is fully of ine.

7.2 ORL Of ine Hyperparameter Tuning

We carry out three experiments to test TOReL's ability as a fully of ine hyperparameter tuning method
for general ORL. Firstly, we apply TOReL to four existing ORL algorithms; two model-free, IQL
(Kostrikov et al., 2021) and ReBRAC (Tarasov et al., 2023), and two model-based, MOPO (Yu et al.,
2020) and MOReL Kidambi et al. (2020). We assess whether TOReL can identify the hyperparameter
con guration yielding the highest true online return (Section 7.1). Second, we compare TOReL
against OPE-based hyperparameter selection methods following Paine et al. (2020). Using ve D4ARL
datasets (which contain full trajectories required by OPE methods), we evaluate IQL and ReBRAC
under hyperparameters selected by TOReL and by FQE, Dual DICE, DR, and IS. As OPE algorithms
have hyperparameters that are tuned online, we use the values given in Fu et al. (2021). We learn
policies for the hyperparameter combinations suggested by Jackson et al. (2025). Results are shown
in Section 7.1. Finally, we compare TOReL against Jackson et al. (2025)'s state-of-the-art online
UCB-based hyperparameter tuning algorithm, measuring the online sample complexity required
to replicate the performance obtained by TOReL's fully of ine tuning (Fig. 4). Section 7.1 and
Section 7.1 shows TOReL identifes hyperparameters with the high online returns across both different
algorithms and datasets. Across all evaluated datasets, TOReL matches or exceeds the best online
return achieved by hyperparameters selected via FQE, Dual DICE, DR, and IS. Moreover, TOReL's
of ine predictive metric exhibits strong positive correlation with true performance; in particular, it
achieves statistically signi cant strong positive correlation on 18 of 28 hyperparameter tuning tasks
(see Table 1 for Pearson correlations), and on 6 of 10 tasks where we benchmark against standard
OPE metrics (compared to 4 for FQE, 0 for Dual DICE, and 1 each for DR and IS). Learning the ORL
policy with ReBRAC and tuning hyperparameters with TOReL is a particularly strong combination.
Finally, Fig. 4 highlights the sample-ef ciency advantage of TOReL's fully of ine tuning. From the
spread of returns for different ReBRAC hyperparameter combinations, Fig. 4 demonstrates that online
bandit-based tuning requires signi cant interaction to reliably identify high-performing settings. An
additional 16000, 36000, 7700 and 5000 online samples are required to match TOReL's performance
on Half-Cheetah, Hopper, Pen and Hammer, respectively. For Walker2d, TORelL's performance
remains unmatched within the evaluated interaction budget.

8 Conclusion

High online sample complexity and lack of performance guarantees of existing methods present
a major barrier to the widespread adoption of of ine RL. In this paper, we introduce SOReL and
TOReL, two theoretically grounded approaches to tackle these core issues. SOReL is a model-based
Bayesian method that exploits predictive uncertainty to approximate online value entirely of ine.
Hyperparameters of the dynamics model and posterior are tuned by minimising and calibrating the
PIL, while hyperparameters of the BAMDP solver are selected using predictive performance from
posterior-sampled rollouts. TOReL extends this fully of ine tuning procedure to general of ine RL
algorithms. Empirically, SOReL provides reliable of ine performance estimates, and TOReL enables
fully of ine hyperparameter selection, substantially reducing online tuning requirements without
sacri cing performance.

Broader impact: This paper presents work whose goal is to improve the safety and ef cacy of
of ine RL. Our work therefore takes a step towards the development of safe of ine RL methods with
accurate value estimate that act predictably once deployed.
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A Primer on Bayesian RL

A Bayesian epistemology characterises the agent's uncertainty in the MDP through distributions over
any unknown variable (Martin, 1967; Duff, 2002). In our learning problem, a Bayesian rst speci es
amodelPr:s (st; a;) over the unknown state transition and reward distribution, representing a hypoth-
esis space of possible environment dynamics. We focus on a parametric p@gdedi;; jS;;at; )

with each 2 R 9 representing a hypothesis about the MBIF, however our results can
easily be generalised to non-parametric methods like Gaussian process regression (Rasmussen &
Williams, 2006; Wiener, 1923; Krige, 1951). A prior distribution over the parameter $pade

speci ed, which represents the initial a priori belief in the true valu@éfs (s; a) before the agent

has observed any transitions. Priors are a powerful aspect of Bayesian RL, allowing practitioners
to provide the agent with any information about the MDP and transfer knowledge between agents
and domains. Given a histohy, the prior is updated to a posterier (h;), representing the agent's
beliefs in the MDP's dynamics ondg has been observed. For each history, the posterior is used
to marginalise across all hypotheses according to the agent's uncertainty, yielding the predictive
state transition-reward distributid®rs (h¢;a) = E p  (n,) [Prs (St;a; )] which characterise

the epistemic and aleatoric uncertaint)Pi@;S (st;a&). GivenPgr:s (h¢; &), we reason over counter-
factual future trajectories using the predictive distribution over trajectéieand de ne the BRL

objective as:

" # " " #H#
x o X

‘]Bayes(P ) =En, Py ' =Ep En, Py () '
i=0 i=0

Let 4 denote the space of all history-conditioned policies. A corresponding optimal policy is known
as a Bayes-optimal policy, which we denote §§yes() 2 gayes(P ) =argmax, |, JgaedP ).
Unlike in frequentist RL, Bayesian variables depend on histories obtained through posterior marginal-
isation; hence the posterior is often known as the belief state, which augments each ground state
s like in a partially observable Markov decision process (Drake, 1962; Astréom, Karl Johan, 1965;
Smallwood & Sondik, 1973; Kaelbling et al., 1998). Analogously to the state-transition distribu-
tion in frequentist RL, we de ne a belief transition distributié (h¢; a;) using the predictive
state transition-reward distribution, which yields Bayes-adaptive MDP (BAMDP) (Duff, 2002):
M BayedP ) = hH;A;P o;Pn (h;a); i . The BAMDP is solved using planning methods to obtain a
Bayes-optimal policy, which naturally balances exploration with exploitation: after every timestep,
the agent's uncertainty is characterised via the posterior conditioned on the tistardyich includes
all future trajectories to marginalise over. Via the belief transition, the BRL objective accounts for
how the posterior evolves on every timestep, and hence any Bayes-optimal pﬁgygys optimal
not only according to the epistemic uncertainty of a xed belief but accounts for how the epistemic
uncertainty evolves at every future timestep, decaying according to the discount factor.

Let
J ()::Ehlpl() iri ;
i=0
denote the expected returns under polidpr an MDP parametrised byandJ?() =sup J ()

denote the expected returns for under an optimal policy or an MDP parametrised by Bayes
regret of a policy is de ned as:

RegregaedP )=Ep [P70) 3 (O
=Ep [J?( )] J Bayes(P ): (8)
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which characterises how far a policyis from the true optimal policy taking an average over all
possible MDPs using the prié . Itis clear from Eq. (8) that any policy that minimises Bayes regret
maximises the Bayesian RL objectivgyl.{P ).

B Derivation of Negative Log Likelihood Loss Function with Approximate
Inference

Assume a dataset of N input-output pairs:

Dn =f(X 0;Y0)i (X1;y1);iii(Xn1 SYnN1 )G
and a multivariate Gaussian regression model:

. 1 . D1 1 1 T
X; )= 5 X)j 2 ex - X X ;
p(yix; ) @) ol Mizexp Sy () 6 (X)
whereD is the number of dimensions. Here our mot® : X ! P(Y) is a neural network
parametrised by2  that outputs a Gaussian distributidi{ ; ) overY. Assuming independent
dimensions, such that the covariance matrix is diagonal:
I
. o 1 1 ,
PG )= G 5oy a 0T
=0 2 Zd ) a
We can then t our model by minimising the negative log likelihood loss:
L(NLL())
= logp(D nJj); |
Kt Xt : Ny
= EIog(2)+ 1 log 2 (xi)+ (VPR 00 5 o (1)) :
-~ 2 2 ¢ (xi)
=0 d=0 ¢ 1#
X' 1 D RS (vi w2
- 1D 1 2 )+ Vi o(Xi))7
= N 2 log(2) + 5 log <, (xi)+ 2 ) :
i=0 d=0 d
5 2!#
Eiw, 2log@)+ 3 log 20q)+ Y a®D
2 2 d=0 d s (1)
n !#
L T (TP 1) s
R a 2 (1) '

where recally is the uniform distribution ovef0; 1;:::N 1g . Our nal line means equality
up to a constant, as we can ignore %daog(Z ) term for optimisation because it is independent of

We use RP ensembles for our approximate posterior (Osband et al., 2018; Ciosek et al., 2020); here an
ensemble oM separate model weightsg; i;::: m1 gare randomly initialised and are optimised

in parallel, summing over the corresponding negative log likelihoods. When training, we optimise the
log-variance rather than the variance for numerical stability and to ensure that the variance remains
positive. This allows us to simultaneously optimise maximum and minimum log-variance parameters
for each dimension across the ensemble, which we use to soft-clamp the log-variances output by
individual models, preventing any individual model becoming overly con dent or too uncertain in
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one dimension. Our nal loss function is then given by:
0

131
1 Xt (i (xi))?
L(;D n) = @EiU N4 @ " (xi)+ d dj AS5A
j=0 d=0 exp , (Xi)
Vel
+cC dmax dmin ’
d=0 . .
h h i i
where , = , + l+exp , ~ l+exp log Zdj dmax am, @Nd -, and

ey @r€ respectively the minimum and maximum log-variance parameters optimised across the
ensembleg is the log-variance difference coef cient used to control the clamping termaris the
number of models in the ensembld.; D y) can be minimised by using Monte Carlo minibatch
gradient descent with a minibatch Mof n < N samples drawn uniformly from [y .

C Value Estimators

To estimate the value of the Bayes-optimal policy using only of ine data, we sample dynamics
models from the posterior (approximated via an ensemble), rolléggsin each sampled model,
and compute the corresponding discounted returns. This yields predictive returns

R Bayesg P ©On) :

which approximate the posterior predictive distribution over the policy value. From these samples,
we construct estimators of dues(M 7).

Speci cally, we de ne the predictive mean:
) h o, i
Fn&RM 1) =E p  (p,) R*;

the predictive median:
2 h i
j\ Bayes (M ?) = M p (D N ) R Bayes ,

median

the predictive maximum:
j\mgz;(yeS(M ?) — Pma()l(j R Bayes;

N

and the predictive minimum

j\ Bayes(M ?) - min ) R éayes:
=]

min
(D

These estimators re ect different attitudes toward posterior uncertainty. The maximum is optimistic
and can overestimate performance if even a single posterior sample is favourable, while the minimum

is conservative and may underestimate performance when a subset of posterior samples are pessimistic.
The predictive mean aggregates all samples but can be sensitive to extreme values. Empirically, we
nd that the predictive median provides the most stable trade-off: it is robust to outliers, avoids undue
optimism drivgn by a small number of favourable models, and is less conservative than the minimum.

In practice J; 2% (M ) tracks the true online value closely across domains, making it a reliable

fully of ine estimator.
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D Proofs

D.1 Primer on Total Variational Distance

We measure distance between two probability distributysandQyx using the total variational
(TV) distance, de ned as:

TV(Px kQx ) = SléIOJ'Px (E) Q x(B)j:

The TV distance takes the supremum over all evént® nd the event that gives rise to the
maximum difference in probability between two distributions. A key property of the TV distance
is:0 TV(P xkQx) 1 .IfTV(PxkQx) =0, thenPx = Qx as there is no event that both
distributions don't assign the same probability mass toTM{Px kQx ) = 1, then the distribu-

tions assign completely different mass to at least one event. The TV distance can be related to
the Kullback-Leibler (KL) q’bvergence using the Bretagnolle-Huber (Bretagnolle & Huber, 1978)
inequality: TV(Px kQx ) 1 exp(KL(P xkQx)) 1 ,which preserves the property that

0 TV(P xkQx) 1 . The TV distance can be shown (Sriperumbudur et al., 2009) to be equiv-
alent to the integral probability metric under the-norm, which we will make use of in our
theorems:

1 : .
TVPxkQx)= 5 _ sup  jExp , [F)] E xq « [FX); 9)
f2F:X1[ 1;1]
In this form, the supremum is taken over the space of all functions that are bounded by unity, that is
kfk, =1.

D.2 Proof of Theorem 1

Let the predictive distribution over histohy using the posterioP (Dy) beP:. (D), which has
density:

Y
p (hi;Dn) =po(so)  (aijhi)p(rijhi;ai; Dn)p(siv jhisai; Dn):

i=0
According to the Bernstein-von Mises theorem (Doob, 1949; Le Cam, 1953; Vaart, 1998), as the
posterior becomes more informative it concentrates around a smaller (and more tractable) subset
of the hypothesis space. Not only does this ease the computational burden of solving the BRL
objective, butinthe limiN ! 1 | the Bayesian RL objective using the true posterior will approach
the true expected discounted return for the MDP(P (Dy ))! L J (M ?). In this limit, any

Bayes-optimal policy will be an optimal policy for the true MDP, achieving the highest expected
returns once deployed. Our rst lemma bounds the difference between the expected true rewards
after time i and the predictive expected rewards in terms of total variational distance:

Lemma 1. For bounded reward functions:

Eh., p 2 [ri] E nh., p " oyl (C max r mn) TV Pizl; kPy; (Dn) @ (10)

Proof. We start by subtracting and addih@xer to the left hand side of Ineq. 10:

Enw p 2. Ml Eny o, 0w Irili

i+1;

lmax t T min Imax * T min .
Brwpz, N — 5 Eharp,o0 i — 5
- E N 2ri (r max ! min) E 2ri (r max 0 min)
- hig P i+1; 2 hia P i+1 (On) 2 ’
_ (r max I min ) 2|'i (r max T I min ) 2ri (r max T T min)
- Ehi+1 P izl' E hisa P 4y (Dn) ’
2 ' Fmax I min : Fmax T min

- (rmax r min) Ehi+1 p 2

2 i+1: [rnorm(hi+1 )] E his P, OnN) [rnorm(hi+1 )] ; (11)
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where:
2ri (I’ max T I min ) .
Fmax I min

Now, asfnorm : His1 !'[1;1] , we can bound Eq. (11) using the integral probability metric form of
the TV distance (see Eq. (9)), yielding our desired result:

Mom(Nis1 ) =

Ehiy P i, il E by e w ON) [rili
r r i
w sup Ehi+1 P [f(h i+1 )] E hisr P o (On) [f(h i+1 )] ;
f2FH wa 1[1]

=("max I mn) TV P kPy; (Dn) :

Using this result, we bound the true regReigret(M?; Dy ) using the TV distance between the true
Pi? and predictive P (Dn ) history distributions:

Lemma 2. LetR nax = ('"‘31*7”"”) denote the maximum possible regret for the MDP. For a prior
P (Dy), the true regret can be bounded as:

Regret(M?;Dn) 2R max SUPEig(y TV Pl kPy, (Dn) (12)

Proof. We start from the de nition of the true regret:
Regret(M?:Dy) =] (M ?) J sae(M ?;Dy ):

We now bound the difference betwean’ (M ?) andJ g%ayes(M ?:Dy) in terms of the difference
between J (M ?) and JpayedDn ):

Regret(M?: D)

=3 "M 7) I gayedP (On))+J gayedP (Dn)) I Se(M 7;Dy);

3 7M7) 3 pedP (DN +I650(P (Dn)) 3 Fo(M 7Dy);

SUp I (M?) J gayedP (Dn)) +SUP JgaedP On) I (M 7)

=2sup J (M 7) J gayedP (On)) ; (13)

5

where the second line follows frodb;yes(P (Dn)) J Bj;ﬁ;(P (Dn)) by de nition. Now our
goalis to boundJ (M ?) J guedP (Dn)) :

" # " #
3 ? _ x o
(M%) J gayedP (Dn)) = En, Py i En P, @n) N
i=0 i=0
x o x
= '"Enuy P, Il "B, P, o) [Nl
i=0 i=0
p3
= Ehw p 2. [Nl Ehe P, o0 [Nl
i=0

"Eny p g [l Ehe p,, 0ol
i=0
Using Ineq. 10 from Lemma 1, we now bound each difference
[ri] E ney P, o) [ri] interms of total variational distance betweRp,. and

Ehi+1 P izl;
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Pirp (Dn):

x
JM?) gayedP (On)) (' max T min) 'TV PiZl; kPi;1 (Dn)
i=0

R A
- rma;ﬁ L ) 'TV PI; kP (Dn) i
i=0

Fmax T mi
= M Eicy) TV Pl kPi (On)

=Rmax Eigy TV PZ. KkPu; (Dn) ;
whereG( ) is the geometric distribution. Finally, substituting into Ineq. 13 yields our desired result:
Regret(M?;Dy) 2sup (Rmax Eig(y TV Pl kPuy (Dn))

=2R max SUPEig(y TV Pl kP, (Dn))

We remark that Lemma 2 holds for any general reward-transition model given bounded rewards.
The bound in Ineq. 12 proves the true regret is governed by the geometric average of TV distances:
Eicy TV Pl kP, (Dn)) .AseachternTV PZ;. kP, (Dn)) measures the distance
between the true and predictive distributions over histgrgf lengthi, the discounting factor
determines how much long term histories contribute to regret.

Intuitively, the more mass the posterior places close to the true valu2 7, the smaller

each TV distance becomes, with regret tending to zeroFer: (Dn) P i31; =)

TV Piil; kP, (Dn)) 0 . Conversely, a strong but highly incorrect prior will concentrate mass
around MDPs whose dynamics oppose the true dynamics, yier!ng’iil; kP,,; Dn)) 1

for all i, achieving the highest possible regmBtiax = maxt mn)=1 . The resulting Bayes-optimal
policy would choose actions that encourage negative reward-seeking behaviour, being farthest from
optimal in terms of expected returns.

Using the Bretagnolle-Huber inequality (see Section D.1), we now relate the sum of discounted TV
distances to a sum of KL divergences, allowing us to control the expected regret using the PIL.
Theorem 1. Using the PIL: |, the true regret is bounded as:

S

|
Regret(M?:Dn) 2R max Sup 1 exp N

Proof. Starting with the bounded derived in Ineq. 12 of Lemma 2, we apply the Bretagnolle-Huber
inequality (Bretagnolle & Huber, 1978) (see Section D.1) to bound the TV distance terms using the
KL divergence:

RegretM?;Dn) 2R max SUpEig(y TV P kP (Dn))

q
2R max SUPEig() 1 exp KL P?. kP, (Dn)) :  (14)

We make two observations. Firstly, as the KL divergence is convex in its second argument and
Piii; (Dn) = E p (0y) Pis () ., we can bound each KL divergence term using Jensen's
inequality as:

KL F)i’il; kPi+l (DN )) E P (On) KL I:’i?+1; I(Pi+1 ()
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Secondly, as the functidifx) = P 1 exp(x) is monotonically increasing iR, it follows that
f(x) f(x 9foranyx x 9 hence:
q

q
1 exp KL P2. kP, (Dn)) Lexp E p y) KL P2 kP, ()

Applying this bound to Ineq. 14 yields:

q
Eic 1 exp KL Pi?—l; kPi.; (Dn))

q
E ic) 1exp E p () KL P2 kP ()

As the function f(x) = P 1 exp(x)is concave in x, we can apply Jensen's inequality, yielding:

q
Eic() 1 exp KL PZ. kP, (Dn))

q

1exp Eigy Eprp @y KL PZ kP () (15)

Examining the KL divergence term:

KL Py kP (), 0 "
do(So) “j=o (a;ih))P7(rjis;ia)p"(sj+1 Jsi ;&)
do(S0) ~ j=o (@i )P(riisiiay; P(S o1 15133 )

o P7(rjis; ;)7 (sen J5i58y)

= Eh\+1 P 2 Iog

i+1;

:Eh_r1 p |3- |Og Q - -
" izo P(rjisi;a;; )p(sjs s &)
)(i 2 . .
=Eha P2, logp’(rjjsj;a) logp(r jjsj;a ;)
j=0 #
+logp?(sj+1 i a) logp(s o1 jsi;a:)
X
= Enp; logp'(riisi;a) logp(r jjsi;a;)
j=0 4
+logp®(sj+1 jsj;aj) logp(s j+1 isj;aj; )
X
= ESj 2 P 7 ErJ sin P gg (5i73)) log p?(rjjsi ;a5) logp(r jjsj;a; )
=0 i
+logp®(sj+1 jsj;aj) logp(s j+1 jsj;a; )
X
= _ Esia P 4 Erjspn P as (s13a)) log p?(rj 1S+ IS5 qy)
=0 o
logp(r j;sj+1 iSi;a; )
X

Esar 7 KL(P rs (Sia)kPrs (s1a; )
j=0



Reinforcement Learning Journal 2026

hence:

Eicy Ep 4ow) KL2?i31; kPi,q () 33

X
=Ep (y)4Eicy 4 Esar ks KL(PQ;S (s;a)kPrs (s;a; ) °9;
j=0

2 _ 3
* X )
=Ep o4 (@) ' Esar; KLPRs(siakPrs(sia;)) °;
i=0 j=0
. 3
R . X 1 5
=Er w4 @) '(+1) i 7Esar ; KL(PEs(siakPrs(sia)) 5;
=0 =0 4
1 X . h ) i
=1 Er v (1 ) “'(i+1E;yu, Esap 7 KL(Pgs (sia)kPrs (s;a; ) ;
i=0
1 h h h , iii
=17 Er ow Biacp  Eu. Esar ; KL(Prs(Sia)kPrs(sia; ) 1 (16)

Now, as ? = Eiac() Eu , Pj? is the arithemetico-geometric ergodic state-action distribu-
tion, we can simplify Eq. (16) to yield:
Eich Ep @y KL Py KPuy ()

1
17 EonPow EPp @n) Esa - KL(P ;s (5;@)kPr;s (S:2; ))

1
1 EonPow Esa 2 Ep ) KL(P§:s (5;@)kPrss (S:2; ))

1 .
L
hence, substituting into Ineq. 15, we obtain:

q |
EiG() 1 exp KL Pi;?-l; kPi+l (DN )) 1 exp N

Finally, substituting into Eq. (14) yields our desired result:

q
Regret(M?;Dn) 2R max SUP Eig() 1 exp KL PZ. kP, (Dn))

S

|
2R max Sup 1 exp N

O

The PIL has an intuitive information-geometric interpretation: the inner expectation
Esa - KL Pg;s (s;a)kPrs(s;a; ) measures the distance between the model and the true
distribution in terms of the information lost when approximatl?@s (s;a) with Prs(s;a; ),
averaged across all states. The PIL thus measures how close the posterior's belief is to the truth
according to the average information lost under the posterior expectation. We observe that via
Jensen's inequality, the PIL is an upper bound on the classic KL risk (sometimes known as expected
relative entropy) from Bayesian asymptotics and regret analysis (Aitchison, 1975; Clarke & Barron,
1990; Komaki, 1996; Hartigan, 1998; Barron, 1988; 1999; Yang & Barron, 1999; van der Vaart &
van Zanten, 2011; Aslan, 2006; Alaa & van der Schaar, 2018; Bilodeau et al., 2021).

By substituting in our de nition of the Gaussian world model, we nhow nd a convenient form for the
PIL:
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Proposition 1. Using the Gaussian world model in Eq. (3), it follows:
Iy =E(DnN;M?)+V(Dy):

Proof. We substitute the Gaussian world model into the KL divergence to yield:
KL Pgs(s;a)kPrs (sia; )
k (- 2 20/ 2
r (s,a)2 rk 3 exp ks’¥s;a) s %3
2 272

kr (s;a) rk 2 ks®(s;a) s %3
E rsop s (s:a) log exp % EXp % )
" r S

=Esop Bs (si) log exp

kr (s;a) rk 5 kr °(s;a) rk 3
=Esop s (s:2) 2 2
r

#
, ks’(sia) s % ks Ys;a) s K3
22 ’

- r(sia)? 2 (s;a) r *(s;a)’ + 2 *(s;a)
—Er;soP FE;S (s;a) 2 2
r

#
. ksO(s;a)ks 2s ©s%(s;a) ks *Ys;a)k3 +2s%s7Ys;a)
22 '

S
_r(s;@)? 2r *(s;a) (s;a) r *(s;a)? +2r7(s; a)?
27
. ksO(s;a)k3 2s ?%s;a)> s%(s;a) ks *Ys;a)ks + 2ks?Ys; a)k3
22 '
1 (s;@)? 2r *(s;a) (s;a)+r ?(s;a)?

27
. ksO(s; a)k3 2s ?%s;a)> s°(s; a) + ks *Ys; a)k3
22 '

S

Now, taking expectations with respect to the posterior:
Ep @y KL Pis(s;a)kPrs(s;a;)

= r(s;a)? 2r *(s;a)r (s;a) +r °(s;@)°
=Er ) 52
r
ks’(s;2)k3 2s ?Ys;a)” s°(s;@) + ks *As; a)k3
+tEp (Dy) o ,
S
Er pw (5% 2r *(s;a)r(s;a; D) +r 7(s;0)°
2 ¢
Ep ) kS(sia)kE 25 "%s;a)” sXs;a;D ) + ks "s; a)kd
22 :

S

+

Now, we use the variance identity for both the reward and state funcops: ) r (s;a)? =
Ve ool (sal+r(s;a;D y)?andEp ) ks(s;a)k3d =V p  (py) [ksO(s; a)ks] +
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ksYs; a; Dy )k3 yielding:
Er oy KL PI’?');S (s;a)kPr;s (s;a; )
Ve ool (sal+rs;aD n)? 2r ?(s;ayr(s;a; D) +r °(s; a)?

27
LVe o [ksO(s; @)kz] + ks (s; @; Dy )k3 25 ?Us;a)” sYs; a; Dy ) + ks *%s; a)k3
22 ’
_ Ve ool sa)]+0(s;aD n)* 1 *(s;a)?
27
. Ve 0y lks’(s;a)ks] +ksUs;a;Dn) s *Us;a)k
22 '
_Ve oyl (s3] . Ve oy lks(s;a)kz]
2 2 2 2
. ((s;aDy) T ?(s;a))? N ksds;a;Dy) s ?s;a)k3
27 23 ’
=EDnN;M7)+V(Dy);
and hence:

In=E p @y) KL PEs(s;a)kPrs(s;a;)
=E(DN;M?)+V(Dy):

D.3 Proof of Theorem 2

We rst introduce some simplifying notation for the expected cross entropy, log likelihood and
corresponding gradients and Hessian:

‘O =Esa s 7o a [ogp(risTsiar )l;

TEmMax ()=E sa 7psop g o [09P°(nsTsia)];

. 1% o
NG = log p(ri; silsi;ai; );
i=0
P .
gn = Nr n() _ -

H =1 2() _

We now introduce key regularity assumptions for our parametric model that are required to derive
the convergence rate for PIL. They are relatively mild and commonplace in the asymptotic statistics
literature (Le Cam, 1953; Barron, 1988; Clarke & Barron, 1990; Komaki, 1996; Hartigan, 1998;
Barron, 1999; Aslan, 2006).

Assumption 1. We assume that:

I. There exists at least one parametrisation that corresponds to the true environment dynamics
with:

Es;a ?insOP 2 (si@) [IOg p?(r; S %S; a)] <1

andj? *()jis bounded P -almost surely.
Il. *n()and () are C ?-continuous in .
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2.

Ill. There are K <1 maximising points ;:

f 7 5 Kg:argzmax‘():

For each maximiserI , there exists a small region =f2jk ? k g forsome>0

such that 7 is the unique maximiser in?, ,_Ils in the interior of 7,r 2°( 7) is negative

de nite, |nvert|ble and the regions are disjoint: o P=?

IV. The prior p() is Lipschitz continuous in with support over .

V. The sampling regime ensures that the strong law of large numbers holds for all maxinfisers
for the Hessian, and uniformly for 2 for the likelihood, that is:

WO O S TEP L G

The central limit theorem applies to the gradient at eaghthat is:
p_
Nr O CYR© P

where ? = Ega 2usop 2 s ' logp(rsds;a; 7)r logp(r;sds;a; 7)> with
k 9k<1.

Assumption 1i is our strictest assumption and is included for ease of exposition. We generalise
our theory in Section D.4 to relax this assumption and also account for incomplete Bayes-optimal
policy learning. Assumption 1ii ensures that a second order Taylor series expansion can be applied to
obtain an asymptotic expansion around the maximising points. Assumption 1iii is much more general
than most settings, which only consider problems with a single maximiser. The invertibility of the
matrix can easily be guaranteed in Bayesian methods by the use of a prior that can re-condition a
low rank matrix that may results from linearly dependent data. Assumption liv ensures that the prior
places suf cient mass on the true parametrisation. The sampling and model would need to be very
irregular for Assumption 1v not to hold; stochastic optimisation methods used to nd statistics like
the MAP will fail if this assumption did not hold. Assumption 1v holds automatically if sampling

is either i.i.d. froms; a ? (see e.g. Bass (2013)) or from an aperiodic and irreducible Markov
chain with stationary distribution’ (see e.g. Roberts & Rosenthal (2004)). In both sample regimes,
noting thatEg.;  »..sop 25 (s:2) [r logp(r;sYs;a; 7)] =0, it's clear the (long run) covariance of

r logp(r;sYs;a; 7)is ?.

Our rst lemma borrows techniques from Vaart (1998, Chapter 10). This approach is similar to
asymptotic integral expansion approaches that apply Laplace's method (Lindley, 1980; Tierney &
Kadane, 1986; Tierney et al., 1989; Kass et al., 1990) except we expand around the global maximising
values of () rather than the maximising values of the likelihogd() to obtain an asymptotic
expression for the posterior:

Lemma 3. Under Assumption 1 and using the notation introduced at the start of Section D.3:

R !
(20N wODPOd - d g j THP T gl
-exp(N"w () p()d N |

almost surely.

Proof. We start by applying the transformation of variablés f() = P N( ?) to integrals

in the numerator and denominator with:

=f1(9= 7eps® detr £1(9 =N B O=f(C D)
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yieldirlg:]:
;(‘; ‘(Nexp(N" ~n())p()d
I??eXp(N‘M))lO( )d

o 7T = THe O exp Ny = JHe O p(9d O a7
= R ;
oexp N'y = 7+p-0 pY0dPo
where( 9 =p = 7+ p% 9 . Now and making a Taylor series expansion of *( ) abofit

‘():‘?+r|_£%_{-’f( N+ HIC Do kK

?

=7+ HIC Do kN

hence:

?

repko s Loegroo

N1

Using the notation || ==r 2y () _ . and making a Taylor series expansion @f) about :

WOSTNDF NGO DFC DT B0 Dro ko T
hence:

. _ 2 1 0 _pn° ? P . 2> 0 0>, 2~ ?y 0 1
N'n = i+pﬁ =N n({)+ Nr n({)” "+ 7ron(y) +0 ’Pﬁ
Substituting into Eq. (17) yields:

- (g "O)exp(N"() p()d
- exp(N°())p()d

R
o H? %exp N'n(7)+giy~ %+ ®HY %+0 p% pY 9d OO 1

B T exp N ()+gfy ™ 0+ PHT %40 el pX 9d © N
R oWt g e oW S0 e A0
T lem Nai o TR 00 s Wod0 N
TN e g7 T UHE e 0 b X
C Flew Ngh o PHi Yo 0 s Moa0 N

0 R

1
o« TH? Pexp gy O+ CHE © p Od O

=Y

:O@

(18)

Z‘|—\

oexp Ngiy~ O+ OHZ 0 pY 9d ©

where we have multiplied top and bottom &yp (N~ n ( )) to derive the second equality and
used the factth@d<exp O pi- <1 toderivethe nalline. Now, as the prior is Lipschitz,
we make a Taylor series expansion abqut

p()=p( {)+O(k 7K);
hence:

1
P Ep(NHO P
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This allows us to nd an asymptotic expression for Eq. (18):

R
o TH? Pexp gfy 7 %+ PH © pY( 9d °

[a¢
oexp gfy T O+ OHG © pX 9d ©
R
o PH? %exp giy 7 %+ PHJ ° pA{)d % 1+0 e
= R
oxp gy T O+ OHG O pY)d 0 1+0 e
R
o H7 %exp giy T %+ PHT © pA ) ° 1
= R 1+0 p=
? > 04 O0>H? 0 0(7)d0 N
0 €XP g|;N N p i
R
o O>Hi? OeXp g:N > 04 O>H".\’l 0 d 0 1
= R 1+0 p—=
sexp gy O+ OHY 0 d O N
We re-write the exponential term to recover a quadratic form:
exp gi";)N 7% PHT O |
1 g 1 1 '
= exp EHﬁ g v 0 HQ EHEI g+ ° ZgEN THY ' gy

Substituting yields:

2 2 2
o 0>Hi. °exp gi';N > 04 0>H. 0 d 0
R 2 > ?
0 €XP giy O+ O>HN 0 do

0>y? 0
o H %exp

In this form, we notice the expectation is that of a Gausdian= fHJ ' gy ; = H 7!
restricted to °. Noting that in the limit 0!Nll RY, hence:

>

0>4? 0 04 12 1 o2 2 04 1ly21 g2 0
o~ Hi Texp +3HE T g HY CrsHG T gy d

R >
oexp O+ FHI ' gy HT %+ gHJ{'gh d°
0 1
R 0>? 0 04 1?1 4?2 ~g? 04 1?21 2 0
~ % Rd Hi" “exp +sHG " giv Hy +3HS gy d §
=0 = - ,

04 1?21 7 ? 0
Ra EXP +3HG " g Hy OF

=0 EDN ( 1HZ 1 g7y iH ’31) 0>Hi? o . (19)
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Putting everything together, we have:
;(‘; ‘Oexp(N" ~n())p()d

»exp(N'n ())p()d
0 R O>H_? 0 ? > 04 0>H? 0 KO O)d 01
O@ 1 0 i EXp g|;N N p( A E (18)
= — F=Y , q

N Tlexp g7 o THL O p 0d 0

1
=0 NEew (mprapn

®H? ° ; Edg.(19)

Using standard results for the multivariate Gaussian (Petersen & Pedersen, 2012) yields our desired
result:

g 70 TOHPHGY  Ggh THR P THPHT Y gy
WEON ( BHI ' g oH 71 Hi" - = < I ,
_ Tr(l) 9 |?N >Hi?l gi?;N .
N ’

!
d g€N>Hi?1gEN .
N 1

=0

almost surely, where we have used the strong law of large numbers on the empirical Hessian from
Assumption 1 to derive the second line. O

In our nal Lemma, we show that regions that are not close to the maximising points diminish
exponentially in posterior probability as N grows large.
Lemma 4. Under Assumption 1,dZ p 2 P(jD n) = O(exp(N)).

Proof. We start by splitting the posterior expectation into integrals osad n

exp(N'y ()pOd
exp (N (JpOd

exp (N ")) PO)d
ep(Nv()POd+ , exdN'w()p(d

R
Dividing top and bottom by exp (N™n ())p()d:

P(iD n)=R

1
exp(N" ~ ())p()d
exp(N™ n ())p()d
Hence if we can show there exists soM&< 1 and a functiorC exp(cN) with positive constants
¢ and C that lower bounds the ratio:

P(ID n)=

R
1+ R

p &P(N'N()p()d

C exp(cN S S
PER) e N () PO
almost surely for all N N © then it follows:
. 1
Eoy P 2. P(ID Nn) =0 T+exp(N)
= O (exp(N)):

From Assumption 1, eaclf maximises'() with sup, (9 <( 7). As’() is continuous,

there thus exists a small, closed b&(l f r) =fjk 7 k rg ofradiusr >0 centred on
some [ such thasup o, “( 9 < min ooy 7 ( 99, From Assumption 1, the uniform strong
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law of large numbers holds with () ! 0§ ** . By the de nition of the limit and continuity
of "n () , there thus exists some nitd ®such thasup o, “n( 9 <Min oo 7i5) N 99 for all
2.0

N N Calmost surely, wherB( 7; %) is a ball of half radius;. Noting thatB( 7;5) n and
0 exp(N" n()), this allows us to lower bound the integral:
Z VA

exp(N"n ())p()d exp(N"n())p()d;
n B J7;’5) |
Z
exp N min  “n(% p()d;
02B( [i% B 75
- ; N 2. T
=exp N Oozgzmj?;g) n(%S P B i3
We can also upper bound the integral:
z bz
exp(N'n())p()d exp N S;JUD‘N( 9 p()d;
2
!
—exp Nsup'n(9 P
02
Using these results, we lower bound the ratio as:
exp(N"n())p()d exp Nmin g 70y 'n(% P B [i5
exp(N"n () p()d exp(Nsupo, “n( 9P .
T pB 2L
- N ; ~ 0 . itz .
exp L N (% sup N (9 5
Let PE(EE) - C > 0 from Assumption 1. As there exists sonm¢® such that

P()

min oo 7:5) " ( 9 >sup o, n(9foral N >N O we have shown exists some positive
constants ¢ > 0 and C > 0 such that

exp(N'n()p()d
exp(N'n()p()d

forallN > N %almost surely, as required. O

Cexp(cN) -R

We now present our proof of Theorem 2. Here we split the posterior expectation up into small
regions close to maximising points and regions away from maximising. We then apply our two
lemmas to each region. Our result then follows by an application the central limit theorem under
Assumption 1.

Theorem 2. Let the data be drawn from the underlying true distributidg P 3,,. Under

Assumption 1, there exists some constant 0 < C < 1 such that for suf ciently large N:
s

[Regret(M?;Dn)] 2R max 1 exp _cda : (20)

Ep, p @ N

Data
Proof. Using the notation introduced at the start of Section D.3, we write the PIL as:
In =Esa » Ep @) KL Prs(siakPrs(siar) |
=E p () Esa 7msop g, s [09P(isTs;ia; ?) logp(s %sia; )l ;

=Er oun[’ O
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Under this same notation, we write the posterior density as:

exp(N'w()p()
exp(N'n ()p()d @D

Now, under Assumption 1, we split the inner expectation |nto§mall regignsround each maximis-
ing point 7 and the remainder of the parameter space n IKl 7
w Z z
Er ounl’ "01= CCTOp(D )+ (7 CO)R(ID ) (22)

i=1 i

p(iDn) = R

Using Eq. (21), we now re-write each integral in the summation term of Eq. (22) as:

R
L e = L R OERN wOpOd
PR T e (N ()p()d /

R
;(‘;‘())GXD(N‘ n()pOd . exp (N ())p()d

R CRIOERE L PN O)POd
_ T Oee wvO)pOd e ()pOd
L RN ()P0 exp(N'n()p()d
_ e n()p()d o
- R \ P( 7iDn);

. »exp(N"n ())p()d
3(‘; ‘(Nexp(N™ n())p()d
»exp(N'n () p()d

where we have used 0 P (7jDy) 1 from Kolmogorov's axioms to bound the nal line.

(23)

For the last term in Eq. (22), we note that *() is bounded® -almost surely from Assumption 1,

hence there exists som\ézi 1 such that: 7

C? *()p(jD  n)d Yp(jiDn)d;
=YP(jD n): (24)

Using Inegs. 23 and 24, we bounéj2 Eqg. (22) as:
;(‘; ‘(Nexp(N" ~n())p()d

Er o0l "0 ~ (N ()P0 +YP(JD n);
and hence the PIL can be bounded as:
X2 "()exp(N" n())p()d . _
I'n —R +'P(JD n):

. - exp(N"n ())p()d
Applying Lemma 3 and Lemma 4 under Assumption 1 yields:
|

X d g2 H? ' 7y
h= 0 =2 I L0 exp(N));
i=1
P S !
d :<1 9|N i?lgEN
N
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almost surely. Asf(x) = 2R max 1 exp (1>§ is monotonic in x and

P
d i1 gl?N TH? gEN
N

0, Eq. (25) implies there exists some positive 0 < C < 1 such that:
V 1
u P !

d K g, “H? 2
RegretM?:Dn) 2R max F1 exp C "1(19"“)N G :

almost surely for large enougk. Under Assumption 1gi?;N ! F\I(O; 5). Asf(x) is also a
bounded, continuous function and concave, we can apply the Portmanteau Theorem (see for example
Bass (2013, Chapter 21.7)) followed by Jensen's inequality to yield:

2Y P 3
2 ]L_‘I d :(:1 gi> Hi? ! O
Ep, p 2,.[Regret(M?;Dy)] 2R max Egno 940 1 exp  C LN S;
\ '
u Py RN
d i E i N(O; ] g> H g
2R max ]L'J 1 exp C = g(l ( )N ) I )
V Y
u P :
e b T PHP?
=2R max 1 exp C @ N (26)
Now, examining the Hessian:
H()=r 2Es;a ?ins 0P 2 (sid) [log p(r; qu:a; )]
=1 Esa 2xsop s (s2) [r logp(r, s‘ﬁs;a; )
_ r pns9sia;) |
=T Es;a ?nsOp FE;S (s:a) W )
- r p(s9sia;) |
=Esa 2rsop fs (s:d) m J
_ r 2p(r;sYs;a; )
= Es;a ?:nsOpP g;s (s;a) W
r p(r;sfs;a; ) r r;sYs;a; )’
E s;a ?nsOP FE;S (s;a) p( (i ) p( q ) ; (27)

p(rists;a;)  p(rsisia;)
Henceat = 7,the rstterm of Eq. (27) is:

r2pnsisia) rop(nsTsia )i -
Esa 2isop ps (s:2) m =Esa ?rsop ns (5:2) p’-’(r;sojs;a) )

Z

=Ega ° r ?p(r;sYsia; )j = 2d(r;s9 ;
RZ

=Esa » r?  p(nsls;a)dns %= 2 ;

RS
=r %1j- 2
= O,

hence:

r p(;s9s;a; 7)r pr;sYs;a; 7)”
p(;sYs;a; ) p(rsSsia; )
=E sa ?rsop 2s Ga) T log p(r;SqS;a; "))r log p(r;s‘is;a; 'r>)> ;

— g.

H( i?)zo E sa 2msop s (8:2)
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Using this result, each Tr H? ! = Tr(1) = d. Substituting y ields:

s
2. (k+1)d
Eo, p 2 [RegretM?;Dn)] 2R max 1 exp  C TN
s
2R 1 ex C o4 .
max p (1 )N ’
for some 0 < C°< 1 and suf ciently large N, as required. O

We note that Theorem 2 applies to the Gaussian world model introduced in Section 5.2 with neural
network mean functions witft2-continuous activations (tanh, identity, sigmoid, softplus, SiLU,
SELU, GELU...) using a Gaussian or uniform prior truncated to a compact parameter space and
similarly well-behaved parametric models. The resulting differences in performance only arise
from the choice of prior, model representability and coverage of dataset, which affect Bayesian and
frequentist methods equally. The information rate coincides with the optimal ‘'minimax’' convergence
rate of frequentist parametric density estimators (Yang & Barron, 1999; Bilodeau et al., 2021). Similar
results for the information rate have been found for nonparametric models such a Gaussian processes
(van der Vaart & van Zanten, 2011), which converge at slower rates.

Using our result in Theorem 2, we plot the nor-
malised regret bound (i.e. takifynax = 0:5)

in Ineq. 20 for increasing dimensionality (blue)
and decreasing (copper) in Fig. 5. Our bound
reveals an S-shaped curve with three distinct
phases as number of data poiflsincreases:
an initial plateau, a sudden decrease in regret
follow by a slow exponential decay towards a
regret of zero. The plateau indicates that a mini-
mum amount of data is needed before any bene-
t can be realised in terms of regret. This is to be
expected because initially the only information
about the parameter values is given by the prior,
which has no guarantee of accuracy under our
analysis. Once a threshold of data points has been reached, the data can start to overwhelm the prior,
resulting in a sudden decrease in regret. The higher the dimensionality of the model, the greater
this data limit is - represented in Fig. 5 by the plateau length increasing with gce@itiere curves).

Due to overspeci cation in models, this limit is likely to be set by the effective dimension of the
problem (which may be much lower thai) as many parameters will be redundant, however the
effective dimension is typically not possible to ascertain a priori. Finally, we observe that increasing
the discount factor leads to a longer regret plateau (copper curves) due to any error in the model
dynamics being compounded over a longer horizon at test time.

Figure 5: Normalised Regret Curves forC =1

D.4 Extensions for Model Misspeci cation and Sub-optimal Policy Learning

We now generalise our theorems to include the effects of model misspeci cation, that is models that
cannot fully represent the true environment dynamics, and sub-optimal Bayesian policy learning, that
is the effect of using a policy that does not fully optimise the Bayesian RL objective. We use the
dagger notation to denote the maximum cross entropy parametrisation:

Y2 argzmax‘() = arg gnin Esa “msop 2o s KL Pis(s;a)jPrs (s;a; )

To characterise the degree of model misspeci cation, we use the KL divergence:

miss ‘= rgin Esa 2wsop 2s (s12) KL PF"Q);S (s;a)jPris(s;a; )
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We also introduce the following simplifying dagger notation for the expected cross entropy and

corresponding gradients and Hessian under the optimal parameter:
h [

VEmax ()=E sa wsop 2o e 109p(isTsia; )

p .
gi);/N = Nr 'n() _ Iy;
HY =r 2() _

We now relax Assumption 2 to allow for model misspeci cation:
Assumption 2. We assume that:

I. The maximum likelihood is nite¥Y <land Y °() isbounded P-almost surely.
Il. *n()and () are C ?-continuous in .

lll. There are K < 1 maximising points ?:

fy 2 igg:argzmax‘():

For each maximiser?, there exists a small region) =f 2 k 7Y k g forsome
>0 such that{ is the unique maximiser inY,_ ¥ is in the interior of ¥, r 2°( ?) is negative

de nite, invertible and the regions are disjoint: S, ¥ = 2.

IV. The prior p() is Lipschitz continuous in with support over .

V. The sampling regime ensures that the strong law of large numbers holds for all maxinfisers
for the Hessian, and uniformly for 2 for the likelihood, that is:

WO O NN 20
The central limit theorem applies to the gradient at eaththat is:
IR T I |
where ? = Esa ~usop 2 (s) hr logp(r;sYs;a; )r logp(r;sYs; a; iy>| with
k fk<1.

Finally, we account for let the Bayes sub-optimality be de ned as

?

Bayes= Jpoe(P (D) J fayedP (D) : (28)

Lemmab5. LetR pax = M denote the maximum possible regret for the MDP and the Bayes

sub-optimality gayesbe de ned as in Eq. (28). For a prid? (Dy ), the true regret can be bounded
as:

Regret(M?;Dn) 2R max SUPEig()y TV P2 kP (Dn)  + Bayes
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Proof. We start from the de nition of the true regret under Bayes sub-optimality:
Regret(M?;Dy)=d (M ?) J “(M ?;Dy);
=3 "M ?) I gayedP (D)) +J gayedP (D)) I "(M 7iDn);
3 7M7) 3 gaedP )+ 5P On)) I (M 7Dy
=3 "M ?) J gayedP (On))+J fagedP (Dn)) J (M *;Dy)
+3655P (On) 3 dayedP ON));
sup I3 M 7) J gayedP (Dn)) +SUP JgayedP (On)) I (M7)

5

+ JgixP (Dn) J payedP (D)
=2sup J (M ?) J BayeS(P (Dn)) + Bayes

P

where the second line follows frodb;yes(P (Dy)) J Bé‘ayes(P (Dy)) by de nition. We then

ayes'
boundJ (M ?) J ayedP (Dn)) using Lemma 2 to obtain our desired result. O

Theorem 3. Let the data be drawn from the underlying true distributid@ P 3,.,. Under

Assumption 2, there exists some constant 0 < C < 1 such that for suf ciently large N:
s I

d .
Eoy e g, [REQret(M” D)l 2R max exp 1 C gou—+ 77+ sayes

Proof. Starting with Lemma 5, we obtain:
s

RegrettM?;Dn) 2R max 1 exp C

d? miss
+  Bayes
(1 N @)

Next we apply Theorem 1 to bound the rst term, obtaining:
S

Regret(M?;Dn) 2R max Sup 1 exp

+ Bayes
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We write the PIL to include misspeci cation as:
In=Esa » Ep @) KL Prs(siakPrs(siar) |
=E p (DN)hES;a wsop 2. sa) 0gP(;sYsia; 7) logp(ns 9s;a; )]
=E p (©y) Esa ?rsop 2o s [0gpP(;sds;a; 7) logp(rs 9s;a; {)

|

+logp(r;sYs;a; {) logp(r;s 9s;a; )]

h h i

“E e 0w Bt g e logp(r;sds;a; 7) logp(ris Is;a; {
I

+Es;a ?insop F?]S (s:a) |Og p(r; S%S;a; ?/) |Og p(r;s cﬁS, a; )] ;

|
=Esa  7iwsop 2, o) log p(r;ss; a; *) Ir?g p(rs Ysia; V) )
1l
+Ep (y) Eﬁ;a rsop 2o sa) 10gp(rsysia; ¥) logp(rs 9s;a; )]
|

=Esa ?1s0P 2 =2 KL P,%S(s;a)jPR;% (sa; {) )
1l
+Ep ©yv) Esa 7irsop 25 s 109 r;](r:s(is;a: ') logp(r;s 9s;a; )]
|
=E p (Dn) Y (0) +Esa 2rsop Bs (s:) KL Pl’??;s (s;a)jPrs (s; &, |y) ;

=E p (On) Y 0) +min Esa 2xsop Bs (s1) KL P;;s (s;a)jPrs(s;a; )
=SEp o) Y 0+ miss

To boundthe rsttermE .y ¥ () ,we follow the remainder of the proof of Theorem 2
to Ineq. 26, replacing ? notion with y to yield:

d Pk Tyt !
Ih = 0 @ —ELIR L SN 29)
r
almost surely.  Asf(x) = 2R max 1 exp (1>§ is monotonic in x and
Py R
d g HY T gl ; ; ; o
N T+ miss 0, EQ. (29) implies there exists some positivte< C < 1
such that:
V Fal Fal 1 1
u O 19} 5) 1 IT
Regret(MY;Dy) 2R ﬁl exp @cC @d = Gy HY %in £ __Miss AA.
» N max (1 )N (1 ) )
almost surely for large enoughi. Under Assumption 2¢Y, ! N (o; 5. Asf(x) is also a

bounded, continuous function and concave, we can apply the Portmanteau Theorem (see for example
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Bass (2013, Chapter 21.7)) followed by Jensen's inequality to yield:

E, » y Regret(M’;Dy)
ZM l LI} 3
d K gH g .
2R max Eg. N (0; ?)4F 1 exp C (Iil ?;\I i O 4 (1m|§S 5;
\H/ 0 0 Pk h yl i T
d i Egne » OHT O _
2R ma U1 exp @c @ g(1 N ——+ ay
V 1 v
i v v P K 1 11
p @ @d =1 i 'gH'y miss A A
=2R max 1 exp C TN T :
NowTr JH?' =0(d?), hence
s
k+1)d? -
Ep, p y, RegretM¥;Dy) 2R max 1 exp C El )lzl T m|;S ;
s
2R max lexp CO & miss .
(1 )N @) '
for some 0 < C°< 1 and suf ciently large N, as required. .

Taking the limitN ' 1, we see the residual term due to misspeci cation and sub-optimal policy
learning is:
s

missC

EDN p é/a(a Regret(My,DN) 2R max 1 exp 17 + Bayeg;

We compare against prior work such as MOReL (Kidambi et al., 2020, Corollary 2), where the
residual misspeci cation term is:

4 R max

71 TV
where 1y characterises the misspeci cation in terms of total variational distance instead of KL

divergence of our method. Crucially, we see that our bound is much less sensitiveuiobound is
0(911:) in comparison to O¢—) of MOReL meaing our bound is tighter as ! 1.
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E Further Results

E.1 SOReL

In practice, each time additional of ine data is incorporated, the model, approximate inference and

BAMDP hyperparameters should be newly tuned. To avoid too high a computational burden in our

experiments, we use xed model and approximate inference hyperparameters, highlighting in red the
region where the approximate regret may be unreliable, and only tune the BAMDP hyperparameters
using the approximate regret for one seed and of ine dataset size (Fig. 6 in Section E.1).

Figure 6: SOReL BAMDP hyperparameter tuning for 200,000 randomly sampled transitions of the Brax
datasets. SOReL selects the BAMDP hyperparameters that yield the lowest approximate regret (green). Figure
corresponds to tuning set;; ) in Algorithm 1.
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Figure 7: SOReL applied to various tasks (top). Approximating the value of a policy for various tasks (bottom)
(we use the recurrent policy trained using SOReL, but with the history set to 0 across all timesteps (to allow
comparison with FQE, since the of ine dataset does not contain trajectories)). Light shaded blue shows the
of ine approximate return range across rollouts with environments sampled from the posterior. Dark shaded
blue shows the of ine standard deviation of the median rollout sampled from the posterior. Shaded red
indicates where the PIL is poorly calibratedDn ;M ?) 6 V(Dn ) (for a threshold 0:25), and hence the
approximate return may be unreliable. Importantly, a practitioner is aware of this of ine. 95% CI over 3 seeds.
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E.2 TOReL

Dataset Alg. TOReL FQE Dual DICE DR IS
brax- IQL 0.29 (0.45)

half-cheetah- ReBRAC  0.92 (0.00)

full- MOPO 0.98 (0.00)

replay MOReL  0.93 (0.00)

brax- IQL 0.18 (0.635)

hopper- ReBRAC  0.98 (0.00)

full- MOPO 1.00 (0.00)

replay MOReL  0.98 (0.00)

brax- IQL 0.32 (0.41)

walker2d- ReBRAC  0.81 (0.02)

full- MOPO -0.68 (0.13)

replay MOReL  0.99 (0.00)

ddrl- IQL 0.29 (0.44) -021(0.59) -0.47(0.20) -0.24 (0.54) -0.33(0.39)

half-cheetah- ReBRAC  0.90 (0.00)  0.66 (0.00) 0.19 (0.17) 0.32(0.02) -0.44(0.01)
medium- MOPO 0.02 (0.98)

expert-v2 MOReL  0.98 (0.00)
ddrl- IQL 0.29 (0.44)  0.16 (0.67)  0.19(0.62)  0.26 (0.50)  -0.39 (0.30)
hopper- ReBRAC  0.98(0.00) 0.27(0.04) 034 (0.01) 020(0.16) 0.27 (0.04)
medium- MOPO 0.98 (0.00)
v2 MOReL  0.94 (0.00)
darl- IQL 0.65(0.05) 0.41(0.28) 0.52(0.15)  0.19(0.63) -0.06 (0.88)
walker2d- ReBRAC  0.78 (0.00)  0.89 (0.00) -0.04 (0.700)  0.82 (0.00)  0.86 (0.00)
medium- MOPO 1.00 (0.00)
replay-v2 MOReL  -0.53 (0.01)
ddrl-pen- QL 0.00 (0.30)  -0.00 (0.40) 049 (0.18)  0.51(0.23)  0.26 (0.50)
expert-v1 ReBRAC  0.89 (0.01)  0.91(0.00) -0.01(0.98) 0.26(0.06) -0.66 (0.00)
ddrl-hammer- IQL 0.70 (0.04) 074 (0.02)  -0.12(0.76) -0.35(0.35) -0.40 (0.29)
expert-vl ReBRAC  0.30(0.02) 0.11(042) -0.14(0.31)  -0.04 (0.75) -0.66 (0.00)

Table 1: Pearson correlation r (with p-value in parentheses) between approximate offline and true online returns.
Bold indicates strong (jrj > 0:50) and statistically significant (p < 0:05) correlation.






