Reinforcement Learning Journal 2026 | Cover Page

On the Sample Complexity of Discounted
Reinforcement Learning with Optimized Certainty
Equivalents
Oliver Mortensen, Mohammad Sadegh Talebi

Keywords: Risk-averse Reinforcement Learning, Sample Complexity, Optimized Certainty
Equivalent, Generative Model

Summary

We study risk-sensitive reinforcement learning in tabular discounted Markov Decision Pro-
cesses (MDPs), assuming access to a generative model of the MDP. We consider a family of
risk measures called the optimized certainty equivalents (OCEs), which includes important
risk measures such as entropic risk, CVaR, and the mean-variance criterion. Our focus is on
the sample complexities of learning the optimal state—action value function (value learning)
and an optimal policy (policy learning) under recursive OCEs. We provide an exact charac-
terization of the utility functions w for which the corresponding recursive OCE objective is
PAC-learnable. We establish that whenever v does not have full domain, i.e., dom(u) # R, the
corresponding problem is not PAC-learnable. We present and analyze a simple model-based al-
gorithm and derive PAC sample complexity bounds for both value and policy learning. Finally,
we establish complementary lower bounds, demonstrating tightness with respect to the size S A
of the state-action space. For a more restricted class of utilities, we derive lower bounds that
make the dependence on the effective horizon, 1/(1 — ), explicit. In particular, for CVaR,,
our lower bound scales as 72, improving the dependence on 7 by a factor of 7! over the best
existing lower bound, although its dependence on 1/(1 — 7) remains suboptimal.

Contribution(s)

1. We derive PAC bounds on the sample complexities of both value learning and policy learn-
ing when the iterative OCE is given with respect to a utility function with full domain
Context: In RL with iterative risk-sensitive criterion so far sample complexity has only
been studied for CVaR (Deng et al., 2025) and entropic risk (Mortensen & Talebi, 2026) re-
spectively. The optimized certainty equivalents allows for a unified way of treating a large
class of risk measures.

2. We classify which utility functions for which the iterative OCE criterion is learnable by
demonstrating that when u does not have full domain there is a class of MDPs for which no
algorithm can be (e, d)-correct on all its members.

Context: While PAC-bounds have been obtained for CVaR and entropic risk, we know of
no works that have discussed learnability, that is wether it is possible at all to obtain PAC-
bounds for different risk criteria.

3. We provide lower bounds on the sample complexities that show our upper bounds are tight
in S, A, %, and é Under more assumptions on u, we provide lower bounds for policy
learning under CVaR that enjoys a tighter dependence on 7 than the one in Deng et al.
(2025).

Context: Deng et al. (2025) provide lower bounds on the sample complexity of policy
learning with iterated CVaR and Mortensen & Talebi (2026) provide lower bounds for both
policy and value sample complexity with iterated entropic risk.
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Abstract

We study risk-sensitive reinforcement learning in tabular discounted Markov Decision
Processes (MDPs), assuming access to a generative model of the MDP. We consider
a family of risk measures called the optimized certainty equivalents (OCEs), which
includes important risk measures such as entropic risk, CVaR, and the mean-variance
criterion. Our focus is on the sample complexities of learning the optimal state—action
value function (value learning) and an optimal policy (policy learning) under recursive
OCEs. We provide an exact characterization of the utility functions u for which the
corresponding recursive OCE objective is PAC-learnable. We establish that whenever
u does not have full domain, i.e., dom(u) # R, the corresponding problem is not PAC-
learnable. We present and analyze a simple model-based algorithm and derive PAC
sample complexity bounds for both value and policy learning. Finally, we establish
complementary lower bounds, demonstrating tightness with respect to the size S A of
the state-action space. For a more restricted class of utilities, we derive lower bounds
that make the dependence on the effective horizon, 1/(1 — ), explicit. In particular, for
CVaR ., our lower bound scales as 72, improving the dependence on 7 by a factor of
771 over the best existing lower bound, although its dependence on 1/(1 — ) remains
suboptimal.

1 Introduction

In reinforcement learning (RL), the standard objective is to maximize the expected return, defined as
the (possibly discounted) sum of rewards (Sutton & Barto, 1998). However, because this objective
is inherently risk-neutral, it may be inadequate for many high-stakes application domains, such as
operations research (Delage & Mannor, 2010), healthcare (Ernst et al., 2006), and transportation
(Kamran et al., 2020). Such applications must account for the variability of returns and the associ-
ated risks. One principled approach to addressing this limitation is to optimize a risk measure of the
return distribution. Notable risk measures considered in the literature include mean-variance (Li &
Ng, 2000), value-at-risk (VaR) (Dempster, 2002), Conditional VaR (CVaR) (Shapiro et al., 2021),
entropic risk measure (ERM) (Howard & Matheson, 1972), and entropic VaR (EVaR) (Ahmadi-
Javid, 2012), all of which have been applied in numerous application domains. Among these, CVaR
and entropic risk have received great attention from the community for modeling risk-sensitivity in
MDPs (Chow & Ghavamzadeh, 2014, Bisi et al., 2022; Bauerle & Ott, 2011; Howard & Matheson,
1972; Borkar & Meyn, 2002; Hau et al., 2023b; Fei et al., 2020). However, much of the existing lit-
erature studies undiscounted problems, despite the relevance of discounted MDPs; see, e.g., Biuerle
& Rieder (2014); Hau et al. (2023b); Mortensen & Talebi (2026) for notable exceptions.

In this paper, we study risk-sensitive RL in discounted MDPs, assuming access to a generative
model of the MDP, which is a simulator that generates samples from the true MDP for arbitrary
state-action pairs. We consider a broad and important class of risk measures that includes those that
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can be expressed as an Optimized Certainty Equivalent (OCE) (Ben-Tal & Teboulle, 2007). Formal
definitions are deferred to Section 2, while Appendix A briefly reviews the relevant notions from the
theory of risk measures. The class of OCE risk measures includes many important examples, such
as CVaR, entropic risk, and the mean-variance criterion, each induced by a suitable choice of utility
function.

We stress that in risk-sensitive RL, objectives can be broadly formulated in two ways: In the non-
recursive (also called non-iterated or static) formulation, the risk measure is directly applied to the
total return (e.g., Efi 0 ~tr; in the discounted case) (Borkar, 2002; Borkar & Meyn, 2002; Hau et al.,
2023a). In contrast, in the recursive (also called iterated, nested, or dynamic) formulation, the risk
measure is applied at every step ¢ to the reward-to-go (Asienkiewicz & Jaskiewicz, 2017; Béuerle
& Glauner, 2022; Deng et al., 2025; Mortensen & Talebi, 2026). The non-recursive approach may
allow the agent to visit high-risk states, even though the risk of the entire trajectory is still controlled,
which might be unacceptable in many safety-critical applications. In contrast, the recursive approach
may lead to a more cautious behavior by controlling risk at every step, which can be either desirable
or overly conservative depending on the application (Deng et al., 2025; Xu et al., 2023; Wang et al.,
2025). These formulations are therefore regarded as orthogonal modeling choices. From a technical
standpoint, a key distinction is that non-recursive formulations do not generally admit Bellman-
type optimality equations and may result in time-inconsistent optimal policies (see Jaquette (1976)),
whereas recursive formulations preserve Bellman-type optimality structures. Motivated by these
considerations, we study risk-sensitive discounted RL with objectives defined via the recursive OCE.

1.1 Main Contributions

We consider risk-sensitive RL in tabular discounted MDPs under recursive OCE in the generative
setting. Learning performance is assessed in terms of sample complexity, defined as the total number
T of samples required, for given (g, ), to obtain either an e-optimal policy (the policy learning
problem) or an e-close approximation of the optimal Q-value in the max-norm (the value learning
problem), with probability exceeding 1 — 4.

We make the following contributions. We propose a model-based algorithm, called Model-Based
OCE Value Iteration (MB-OCE-VI), and establish PAC-type bounds on its sample complexity for
both value learning and policy learning (Theorem 1), under the assumption that the utility function
u defining the OCE belongs to U, which is essentially the set of utilities with a full domain —for
a more precise definition and context, see Subsection 2.1. These bounds have an optimal depen-
dence (up to log-factors) on the size of state-action space, S A, and hold simultaneously for all OCE
objectives defined using utilities in Uj .

We further show that the restriction to OCEs associated to utilities v € Uj is necessary. We prove
this claim by establishing impossibility results on the PAC sample complexity bound when OCE is
defined by a utility function u ¢ U;. We thus provide an exact characterization of OCE measures,
which are PAC-learnable under value and policy learning.

Finally, we establish worst-case lower bounds on the sample complexity under OCEs for both value
and policy learning problems. For each problem, we present two lower bounds. The first one
(Theorems 4 and 6) is a general lower bound that holds for any OCE defined by a utility v € Uj.
This general lower bound exhibits an optimal dependence (up to log-factors) on .S, A, %, and ¢, but
a complicated dependence on the effective horizon, 1/(1 — «y). The second lower bound (Theorems
5 and 7) makes the dependence on the effective horizon explicit, but holds for a sub-class of utilities
in U;. Nevertheless, we show that this sub-class includes all strongly risk-averse coherent OCE risk
measures that notably includes CVaR. For CVaR ., we show that the latter lower bound improves
upon the best existing lower bound when 7 is sufficiently small relative to 1/(1 — ). To the best of
our knowledge, these results constitute the first upper and lower bounds on the sample complexity
of recursive OCE in discounted MDPs, and are the first impossibility results for RL under OCEs.
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1.2 Related Work

Risk-neutral discounted RL. There is a rich, and yet growing, literature on provably efficient
RL in tabular discounted MDPs. In the generative setting, which we also consider, early work
includes (Kakade, 2003; Kearns & Singh, 1998), followed by a line of work, notably including
(Gheshlaghi Azar et al., 2013; Sidford et al., 2018; Wang, 2020; Li et al., 2024; Jin et al., 2024).
Gheshlaghi Azar et al. (2013) provide the first minimax-optimal sample complexity bounds of
(’)(ﬁ) for both value and policy learning, accompanied by a lower bound of Q(ﬁ)
for value learning. Model-free methods are analyzed in a more recent line of work such as (Sidford
et al., 2018; Wang, 2020; Jin et al., 2024). Recently, Li et al. (2024) derive an optimal bound valid
for the entire e-range, using model-based methods constructed from the empirical MDP but with
reward perturbations or conservative planning. Existing optimal sample-complexity analyses rely
on techniques that crucially exploit the additive structure of the return. As a result, these techniques
generally do not extend to risk-sensitive objectives.

Risk-sensitive RL. A substantial literature studies decision making under risk measures in bandit
and RL settings. For bandits, we refer to (Maillard, 2013; Khajonchotpanya et al., 2021). For RL,
representative examples include work on CVaR (Deng et al., 2025; Du et al., 2023; Chen et al.,
2024; Lam et al., 2022), entropic risk (Borkar & Meyn, 2002; Moharrami et al., 2025; Marthe et al.,
2023; 2025; Hau et al., 2023b), and mean-variance risk (Sood et al., 2023; Huang et al., 2022; La
& Ghavamzadeh, 2013). In particular, under recursive CVaR, Deng et al. (2025) analyze sample
complexity in the generative setting and provide a lower bound. Under recursive ERM, most of
the literature studies online episodic RL in the regret setting (e.g., Fei et al. (2020; 2021a;b); Hu &
Leung (2023); Liang & Luo (2024)). For the discounted setting, Mortensen & Talebi (2026) provide
PAC upper and lower bounds in the generative setting.

Another line of work develops algorithms for entire families of risk measures. Two notable families
studied in this context are coherent risk measures and OCEs. For coherent risk measures, we refer
to Petrik & Subramanian (2012); Tamar et al. (2015); Lam et al. (2022); Zhao et al. (2024). For
OCEs, notable existing results include Wang et al. (2025); Xu et al. (2023); Rigter et al. (2023); Lee
et al. (2025). These works either do not provide provably sample-efficient learning guarantees or do
not study discounted MDPs. Among the closest works, Rigter et al. (2023) consider offline RL in
discounted MDPs under recursive OCE but do not provide sample-complexity guarantees.

2 Setting: RL under Recursive OCE

Notations. For n € N, let [n] := {1,...,n}. 14 denotes the indicator function of an event
A. Given a set X', A(X) denotes the probability simplex over X. We use the convention that
-1l == - [loo- We let L=(£2, F,P) denote the space of essentially bounded random variables on
the probability space (2, F, P).

2.1 Optimized Certainty Equivalents

For risk-averse agents it is natural to be able to rank different random variables based on risk mea-
sures. Ben-Tal & Teboulle (2007) propose the optimised certainty equivalent of a class of utility
functions Uy, which we define shortly. This approach not only provides a direct link between mi-
croeconomic foundations and risk but also form a unifying framework as risk measures derived as
OCEs are guaranteed to be convex and include several well-known risk measures such as entropic
risk, the mean-variance criterion, and conditional value-at-risk.

Letu : R — [—00, 00) be a closed, proper concave, non-decreasing function satisfying that u(0) =
0 and 1 € Ou(0), where Ju denotes the superdifferential of u. Further, define dom(u) := {¢t €
R|u(t) > —oo}. The collection of all such functions are denoted by Uy. A subset of great interest
in this paper is the collection of finite utility functions, i.e., those where dom(u) = R, which we
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denote by Uy; that is, Uy = {u € Up| dom(u) = R}. We further define the subclass of strongly
risk-averse utility functions Uy := {u € Uy |Vt # 0 : u(t) < t}.

The optimized certainty equivalent (OCE) of v is the map OCE" : L>°(Q, 7, P) — R defined as

OCE"(X) = Sgg(n +E[u(X —n)]).

The notion of OCE was first introduced by Ben-Tal & Teboulle (2007), where they also show that
the negative of the OCE is a convex risk measure and that OCE"(X) < E[X]. For brevity, we will
often use the notation p := OCE" to refer to the OCE associated to the utility function u. The OCE
p admits the following properties: (i) p(0) = 0 (normalization), (ii) X < Y implies p(X) < p(Y)
(monotonicity), and (iii) p(c) = ¢ for ¢ € R (consistency).

Let S be a finite set with size S := |S|, and X be a random variable with support {v(s)}ses with
probabilities given by P(X = v(s)) = p(s). We introduce the shorthand p,(v(s)) := p(X).

2.2 Discounted Markov Decision Processes and Recursive OCE Objectives

A finite, discounted infinite-horizon Markov decision process (MDP) is a 5-tuple M =
(S, A, P,R,~), where S = {1,2,...,S5} is the finite state space of size S := |S|, A =
{1,2,..., A} is the finite action space of size A := |A|, P : § x A — A(S) is the transition
probability function, R : & x A — [0, 1] is the deterministic reward function, and v € (0,1) is
the discount factor. We write P(s’|s,a) to denote the transition probability to state s’ € S un-
der pair (s, a), and often use Ps ,(s’) as a corresponding shorthand notation. Finally, a stationary
deterministic policy isamap 7 : S — A.

The agents interaction with the MDP M is as follows. At initialization of the process, M is in some
initial state so € S. Ateach time ¢t > 0, the agent is in state s; € S and decides on an action a; € A.
The MDP generates a reward , := R(s;, a;) and a next-state s;11 ~ P(+|s¢, a;). The MDP moves
to s;4+1 when the next time slot begins, and this process continues ad infinitum. This process yields
a growing sequence (S, G¢, ¢ )>0-

The agent’s goal is to maximize an objective function, as a function of the collected rewards (r4)¢>0,
which depends on both + and p. In the classical setting, the value of a policy 7 is defined as
discounted sum of rewards collected under m. However, the classical objective fails to capture
the inherent risk coming from the stochastic transitions and thus the uncertainty about the rewards
collected on a trajectory. Under the recursive OCE criterion, the agent’s objective is defined using
the iteration of OCEs (Biduerle & Jaskiewicz, 2024). The value function V'™ and the state-action
value function (or Q-value) Q™ of a policy 7 are defined informally as

VW(SO) =719+ VPso,m(s0) (7"1 + VPsy,m(s1) (T2 + fypSQ,ﬂ'(SQ)<' . ))) )

Qﬂ-(sov a) = R(So, CL) + YPso,a (Tl + YPsy,m(s1) (7"2 + ’YPSQ,W(SQ)(' . ))) ; Va € Av

where we used the convention that p , := pp, , and ¢ := R(s;, w(s¢)). Forall (s,a),let V*(s) :=
sup, V™ (s) and Q*(s,a) := sup, Q™ (s,a) denote the optimal value (at state s) and Q-value (at
state-action (s, a)), respectively, where sup is taken over the set of all possible policies. Any policy
7* satisfying V™ (s) = V*(s) for all s € S is called optimal, and any policy 7 obeying V™ (s) >
V*(s) — e for a given £ > 0 is called e-optimal. As established in Béuerle & Jaskiewicz (2024),
there exists a stationary deterministic optimal policy 7* : S — A that achieves V*(s) for all states
s simultaneously, which is shown to satisfy the optimal Bellman equations:

V*(s) = max (R(s,a) +vps,a(V*(s"))), Vs € S.

ac

Q"(s,a) =R(s,a) + ws,a(n}gﬁ Q*(s',d"), V(s,a) € S x A
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We introduce the optimal Bellman operator 7 : RS*4 — RS*A defined for f : S x A — R by
(T£)(s,a) := R(s,a) + ’yps,a(n,lgﬁf(s’,a’)) . Y(s,a) € S x A.

It is evident that Q* is the unique fixed-point of 7: Q* = T Q*.

Since 7 is a y-contraction (Lemma 4 in Appendix B), it follows that Q* can be efficiently approxi-
mated arbitrarily well by a value-iteration-type algorithm (see Algorithm 2).

2.3 Learning Performance

Under a given OCE risk measure p applied recursively, we consider RL algorithms that aim to find
an e-optimal policy or an e-optimal value function for input € > 0. This is done by assuming access
to a generative model (or simulator) of the MDP, which can produce a sample s’ ~ P; , for any
queried state-action (s, a). We consider two types of such algorithms, which we generically denote
by U: The first type outputs a Q-value Q% : S x A — R using T samples, whereas the second
outputs a policy 74 : S — A.

We evaluate the quality of an algorithm that outputs a Q-value by ||Q* — Q%||, and that outputs a

policy by ||V* — v ||. Often, we will suppress 7" from the notation. This leads to the notion of
(e, d)-correct value and policy for input parameters (e, d) as formalized below, which we borrow
from the literature on risk-neutral RL:

Definition 1 ((¢, §)-correct value and policy). An algorithm U that outputs a Q-value Q" is called
(g, 8)-value-correct on a set of MDPs MLif P(||Q* — QY|| < &) > 1 — 6 for all M € M. Similarly,
an algorithm U that outputs a policy ™ is called (e, §)-policy-correct on a set of MDPs M if
P(|V* = V™| <) > 1—6forall M € M.

The notion of (g, §)-value-correctness yields a sample complexity notion in the case of value learn-
ing, while (g, §)-policy-correctness serves a similar role for policy learning.

3 Model-based Utility Value Iteration

We now present a simple model-based algorithm, called Model-Based OCE Value Iteration (MB-
OCE-VI), for value and policy learning settings with the RL objective defined using recursive OCEs,
assuming access to a generative model of the MDP.

We introduce some necessary notations. Let P denote the plug-in estimator of the transition function
P, built using N independent samples from each state-action pair of the MDP. More precisely, for

(s,a,8') € Z xS, P(s']s,a) = "(S’Ta’s/), where n(s,a, s’) denotes the number of times s’ was
observed under the pair (s, a) € Z. Further, let M = (S, A, R, P, ~) be the corresponding empirical
MDP built using P as described in Algorithm 1.

Algorithm 1: Model estimation Algorithm 2: OCE-VI (for empirical MDP)

Input: Generative rpodel f Input: Empirical MDP ]/VT = (S, A, ﬁ, R,~), OCE p,
Output: Model estimate P number of iterations k

Function Est imateModel (N): Output: Estimate Qj, of optimal Q-function Q*

V(s,2) €S X Z:m(s,2) =0 1 Tnitialization: Set Q(s, a) = 51— forall (s,a)
for each z € Z do . 2=

fori—1.2 .. Ndo 2 forj=0,1,...,k—1do

SN,P(’~|Z)7 3 forag(s,cz)e;SXAdo
— 4 j+1(s,a) =
oy D =2+ R(s,0) + 7ps.0(mar,s Q(s/, )
v s m(s,2) 5 end
s€S:P(s,2) = —§~ ¢ end

end N 7 Vs € S :mi(s) = argmax,e 4 Qi (s, a)
return P 8 return QQ; and 7y
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We are now ready to introduce OCE-VI whose pseudocode is provided as Algorithm 2. It is a
value iteration type algorithm that extends the classical value iteration for risk-neutral objectives to
those defined recursively using the OCE p applied to the empirical MDP M. OCE-VI extends the
ERM-QVI algorithm of Mortensen & Talebi (2026) from entropic risk to general OCEs.

Equipped with these, we introduce the MB-OCE-VI algorithm. For any input € > 0, it first collects
T = NSA samples, which is done by making N calls to the generative model, and then computes
P. Then, it runs value iteration updates, which returns a policy 73 and a Q-value estimate Q.
Finally, one can set k = log (m) /log(1/7) (see Lemma 5 in Appendix B).

4 Sample Complexity Analysis of MB-OCE-VI

In this section, we present PAC bounds on the sample complexity of MB-OCE-VI for both value and
policy learning. The bounds hold under the assumption that the OCE is defined by a utility u € Uy;
we refer to Section 2.1 for the definition of U;. As it turns out, this restriction is necessary since
the set U; will be shown to be precisely the utilities that guarantee continuity of value-functions
between similar MDPs on the same state-action space.

We introduce some necessary notations. For a given utility function u, u/_ denotes the right deriva-

tive of u. Further, v € (0,1), we define H, := —.

Theorem 1. Assume u € U;. If the total number T of calls to the generative model satisfies

v2SAlu(-H,))? 8ySAu (—H,)
re T e (M),

then it holds that P(||Q* — Q|| > €) < 0. Furthermore, if

1S Alu(—H,))? 167y2SAv (—H,
[ )4)11 ( v +<) >>’

~y
T > 128
- e?(1— de(l —~)3

then it holds that P(||[V* — V™| > ¢) < 4.

Before presenting the proof, we compare in Table 1 the policy learning sample complexity upper
bounds for several representative risk measures.

4.1 Comparison with Existing Sample Complexity Bounds

Here, we provide a comparison between the sample complexity of policy learning in Theorem 1 to
best existing bounds for some concrete cases of OCE in the recursive setting.

CVaR. For CVaR with parameter 7 € (0, 1), Theorem 1 gives a policy learning sample complexity
of O(W) For recursive CVaR, the best existing bound is due to Deng et al. (2025), which
scales as O(W) This shows that our general analysis leaves a gap of 1/(1 — v)2. The
analysis in Deng et al. (2025) exploits the specific properties of CVaR that cannot be generalized to
a generic OCE. We also mention that there is no specialized result for value learning for CVaR, to
the best of our knowledge.

Entropic risk. For the entropic risk with parameter 5 > 0, the best available sample complexities
for value learning and policy learning are reported in Mortensen & Talebi (2026). For value learning,

Theorem 1 gives a bound of O (% (eA/=) — 1)2> which is worse by a factor of 1/(1—7)

compared to the bound in Mortensen & Talebi (2026), which scales as O(W( B/(1—v) _

1) ) For policy learning, the resulting bound from Theorem 1 scales as O (m (eﬁ/ (1—) _

1) 2) , which is again off by a factor of 1/(1—+) compared to the corresponding bound in Mortensen
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Name ‘ OCE(X) ‘ Utility u(t) ‘ Sample Complexity (Policy Learning)
Entropic, 8 > 0 —% log(E[e—#X]) ﬁ(l —eFY 6(W (eB8/C=7) — 1)2)
CVaR, 7 € (0,1) CVaR, (X) (]~ o (W
Mean-variance E[X] — %Var(X) {E %tQ z i 1 6(%)
Essential Infimum Essinf(X) {(ioo i i g ()

Table 1: Sample complexity bounds implied by Theorem 1 for selected risk measures.

& Talebi (2026). We note that the bounds in Mortensen & Talebi (2026) uses some proof elements
that are specifically tailored to the entropic measure, and cannot be applied for generic OCEs.

Remark 1. We show in Proposition 2 that w), (—12) < |u(—H,)| for piecewise differentiable
u € Uy. Further, since |u(—H.,)| > H.,, the dominating term for the effective horizon H., in the
bound is |u(—H.,)|. For the entropic risk, this is exponentially larger than H.,, while for CVaR and

the mean-variance criterion, it contributes with polynomial factors of H.,.

4.2 Proof of Theorem 1

In this section, we prove Theorem 1. First, we present a lemma, proven in Appendix C, that charac-
terizes the smoothness of Q-values under the OCE defined by a utility v € Uy, when the transition
function is perturbed. This result could be of interest, beyond the considered RL setting.

Lemma 1. Let M = (S, A, P,R,v) and M = (S, A, ]3, R,~) be two MDPs that only differ in
their transition function. Let w be a fixed stationary policy, and let uw € Uy be a utility function.
Then,

|Q" = Q7| < T~ max_sup

v sa n€l0,H,] Z [Ps’a(s ) - Ps,a(s )}U(V”(s ) — 77) .

€S

Proof of Theorem 1. Lete > 0. Let Qk be the (Q-function output of OCE-VI after k iterations, and
let Q* denote the optimal Q-value in M. Note that Q” is the Q-value in the empirical MDP of the
optimal policy of the true MDP. Using a standard decomposition which uses Q* > Q’T we have
for any (s,a) € S x A,

Qk(sﬂa) = Q*(S>a) +Qk( ) @ ( ) @ ( ) (8,&)
ZQ*(S>G)+QI€( ) @ ( S, ) éj *( ) Q*(S7a)
> Q(s.a) — |1Qk — Q7 — IQ™ - Q71 (1)

Therefore, to establish e-value-correctness it suffices to ensure ||Q’T Q"] < ¢/2 and ||Q —
Q*|| < /2. By Lemma 5 in the appendix, we can have ||Q, — Q*| < /2 by picking k >
log( 1),/ log(1/7).

To control [|Q™ — Q*||, we apply Lemma 1 with M = M and 7 = 7*, which yields

S [Pons') — Pral]u(V*(s) — n>] |

s’

|Q" = @7l < 7 max sup
Y se nelo,H,]

For a fixed (s, a), let n* be an arbitrary but fixed optimizer of

sup
n€l0,Hy ]

S (Poa(s') — Poals)u(V*(s') — n>|.
s’eS
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Since n* is data-dependent, a direct application of Hoeffding’s inequality is not allowed. To handle
this, we discretize the interval [0, H,]. Let D denote the corresponding discretized set built using
uniform discretization. The following lemma controls the introduced error, which establishes that «
is sufficiently regular to get a handle on the number of discretization points needed:

ulJr(_H'y)

Lemma 2. Let u € Uy, and define ) = minyecp v, (—Hy)|n* —nl. If |D| > 2 then
ax Z(Ps,a<s’>—ﬁs,a<s’>>u<v*(s’)—n*>! < max | 32 (Prals’) = Poals)u(V*(s) )| + 5
Lemma 2 implies that
P(max sup Y [Paa(s) = Pua(s)u(V*(s') —n) > 5)
5,0 n€l0,H,] s'eS
- ’ D / * () . €
< P(Hn € D : max Z [Ps,o(8") = P o($Nuw(V*(s") = 7) > 2). 2

s'eS

An application of Hoeffding’s inequality (Lemma 6 in the appendix) and taking a union bound

over D and all state-action pairs, it follows that the right-hand side of (2) will be smaller than §
if any state-action pair is sampled N = 5 [u(—H.,)]?log (%

: ) times. After adjusting &
appropriately, it follows that if

T>32

28 Afu(~H,)? (8vSAu;<—H7>)
BRI |

de(1—n)?

then ]P’(HQ’T* —Q*|| > 5) < 4, showing the first part of the theorem.

To prove the second result, we use the following lemma, which is proven in the appendix:

Lemma 3. Lete > 0. Let V € RS be a value function obeying |[V* — V|| < &, and ¢ =
argmaxy[R(s, a)+7vps.o(V(8'))] be a greedy policy with respect to V. Then, ||[V*—V7¢|| < %5.

Applying Lemma 3 with V = V™, we have shown that ||V ™ — V*|| < £ with probability 1 — 4.
Further, note that 75 by construction is the greedy policy with respect to V™. Therefore, the true
value of 7, satisfies, with probability at least 1 — 9,

. _ v 2Y 1o
V= =v™ < Q" = @xll,
-
which after properly adjusting € yields the announced sample complexity for policy learning. O

S Impossibility Results

In this section, we present some results for PAC-learnability under OCEs. Specifically, we establish
that for essentially all utility functions u € Uy for which dom(u) #R, it is impossible to obtain PAC
bounds for the corresponding learning problems under OCE". This is done by constructing a para-
metric family of simple MDPs, for which the value functions are not continuous in the parameter.
By making this parameter sufficiently small, we can thus have two MDPs with a large gap in value
functions, while the number of samples it takes to distinguish them can be made arbitrarily large.

We will have to require that u not coincide with the identity for v > 0. As formalized in Propo-
sition 1, the only utilities this assumption rules out all lead to the same risk measure, namely the
expectation.
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Theorem 2 (PAC-learning impossibility, value learning). Let u € Uy be a utility function for which
(i) dom(u) # R and (ii) there exists to > 0 such that u(ty) < to. Then, there exists a class of MDPs
M with S states, A actions, and discount factor ~y such that no value learning algorithm U can be
(e, 0)-correct on M.

Theorem 3 (PAC-learning impossibility, policy learning). Let v € Uq be a utility function for which
(i) dom(u) # R and (ii) there exists to > 0 such that u(tg) < to. Then, there exists a class of MDPs
M with S states, A actions, and discount factor v such that no policy learning algorithm U can be
(e, 0)-correct on M.

Both theorems are proven in Appendix D. The following result, proven in Appendix F, shows that
the assumption in Theorems 2-3 only excludes the utilities that correspond to OCE" = E.

Proposition 1. Let u € Uqy be any utility function for which u(t) = t for all t > 0. Then,
OCE"(X) = E[X].

In summary, the upper bounds and the above impossibility results now classify exactly the class of
utility functions for which the worst-case sample complexities are finite. These are precisely the
utility functions in Uy, i.e., the ones with full domain dom(u) = R, apart from the special utilities
u for which OCE" = E, which coincide with the risk-neutral setting.

Remark 2. Inspecting the class of MDPs used in our construction, we note that it is straightforward
to extend the same impossibility results to the case of RL problems with objectives defined using
non-recursive OCEs (see Chapter 5 in Bduerle & Jaskiewicz (2024)). This is due to the fact that the
construction we considered allows for direct computation of the value functions in this case.

6 Lower Bounds

In this section, we provide sample complexity lower bounds for both policy and value learning. For
each problem, we present two lower bounds. The first one (Theorems 4 and 6) is a general lower
bound valid for all utilities « € U;. This lower bound has an optimal dependence (up to log-factors)
on S, A, %, €, but a complicated dependence on u and H,. The second lower bound (Theorems 5
and 7) enjoys a more interpretable dependence on H.,, but holds for a sub-class of utilities in Uy;.
The sub-class includes all strongly risk-averse coherent OCE risk measures including CVaR.

The MDP constructions used in the proofs are similar to Mortensen & Talebi (2026), where only
the entropic risk is considered. The main challenge with general OCE is to get tight lower bounds
on the difference in value functions for the MDP building blocks (shown in Figure 1) with similar
transitions.

R=1 R=0

(a) Hard-to-learn MDP construction building block (b) Hard-to-learn MDP construction building block
for value learning for policy learning

Figure 1: Lower bound building blocks for value learning (a) and policy learning (b)

The idea behind the proofs is to first obtain a tight lower bound on the difference in value functions
for two instances with almost similar transition probabilities to ensure only the optimal policy is
e-good for policy learning and that an output Q" cannot be e-good on both instances for value
learning. Then one has to lower bound the number of samples needed for the learner to correctly
identify which instance the samples are from, which is harder the more similar the instances are.
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Finally, one has to combine the building blocks to get the dependence on S and A and then perform
some parameter tuning to make the learning as hard as possible.

6.1 Value Learning Lower Bounds

Theorem 4. Let u € Uy be a utility function. There exist £(u, Hy) > 0, constants ¢y, ca > 0, and a
strictly positive function @ : Uy x [1,00) — (0, 00) such that for any RL algorithm U that outputs a
Q-value Q“, any § € (0, 3), and any £ € (0,€), it holds: if the total number T of samples satisfies

T < SAD(u, H.,) log (SA)’

cre? E
then there exists some MDP M with S states and A actions for which P(||Q%; — Q% > ) > 6.

Theorem 5. Let u € Uy be a utility function for which v/, (0) < 1 < u’_(0). There exist &(u, H-) >
0 and constants cy,ca > 0 such that for any RL algorithm U that outputs a Q-value QY, any
§ €(0,1), and any e € (0,£), the following holds: if the total number T of samples satisfies

T < 051'7;42 log (i%) u(—H,)? <1 - {u;(i}_[j;;—((gﬁr(O)} 2)’

then there exists some MDP M with S states and A actions for which P(||Q%, — Q4| > €) > 6.

6.2 Policy Learning Lower Bounds

Theorem 6. Let v € U, be a utility function. There exist £(u, Hy) > 0, a strictly positive function
®:U; x [1,00) = (0,00), and constants c1, ca > 0 such that for any RL algorithm U that outputs
a policy my, any § € (0, 1), and any € € (0,€), we have: if the total number T of samples satisfies

< SAD(u, H.,) log (C;S”(Q7

T
- 6152
then there exists some MDP M with S states and A actions for which P(||V* — V™ || > ¢) > 6.

Theorem 7. Let u € Uy be a utility function for which v/, (0) < 1 < u’_(0). There exist &(u, H-) >
0 and constants c¢q, ca > 0 such that for any RL algorithm U that outputs a policy my, any 0 € (0, i)
and any € € (0, g), the following holds: if the total number T of samples satisfies

T < 0%12 log (ZS(S)M(—HW)I2 (1 - [u;(i;;;_((g;(o)r)

then there exists some MDP M with S states and A actions for which P(||[V* = V™ || > ¢) > §

6.3 Discussion of Lower Bounds

The presented lower bounds establish the first sample complexity lower bounds for the family of
OCE:s, to our best knowledge. For specific OCE measures, there are two relevant lower bounds
in the literature: the one in Deng et al. (2025) derived for CVaR (policy learning), and the one in
Mortensen & Talebi (2026) for the entropic risk (value and policy learning). The lower bound in
Mortensen & Talebi (2026) has an exponential dependence on H.,. The dependence on H,, in our
lower bound is not straightforward, which makes the comparison difficult. However, it could be that
our bounds are not as sharp as those in Mortensen & Talebi (2026), but they hold for a much larger
set of problems. A comparison with the bound in Deng et al. (2025) is provided later.

Theorems 4 and 6 establish that our upper bounds from Theorem 1 are tight in S, A, %, and %, but
with a dependence on ., that is not interpretable.
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While the assumption that v/, (0) < 1 < u’_(0) excludes entropic risk and the mean-variance cri-
terion, it is inclusive enough to include all finite strongly risk-averse coherent risk measures, which
Mt t>0
Aot t<O0
for some A\; and Ao with 0 < A\; < 1 < Ay. Furthermore, for any fixed finite strongly risk-averse
coherent risk measure, we obtain a lower bound scaling as ﬁ(%) The risk measure CVaR -

by Theorem 3.1 of Ben-Tal & Teboulle (2007) are exactly the ones for which u =

is obtained by taking A\; = 0 and \p = %, yielding the following lower bound:

Corollary 1. For CVaR., there exist constants c¢1,co > 0 and € such that for any RL algorithm
U that outputs a policy my, any § € (0,1), and any e € (0,¢), if the total number T of samples
satisfies

< —SA lo (i)
~ c182(1 — v)272 & cob/)’

then there exists some MDP M with S states and A actions for which P(||[V* — V™| > ) > §

Corollary 1 implies a sample complexity lower bound of ﬁ(%) for policy learning un-
der CVaR ;. This bound can be compared with the lower bound in Deng et al. (2025), scaling as

Q (%) , which to our knowledge constitutes the best existing lower bound for policy learn-
ing under CVaR. While the two bounds have the same dependence on S A and log(1/4), they differ
in terms of dependence on 7 and the effective horizon H,,. As 7 < 1, our lower bound has a stronger
dependence on 7, while that of Deng et al. (2025) has a better dependence on the effective horizon.
So neither bound dominates the other uniformly. The comparison depends on the relative scaling of
7 and H,,. If 7 is sufficiently small (e.g., relative to H 3), the 7-dependence dominates and our lower
bound has better overall scaling. But for large horizon relative to 7, the lower bound of Deng et al.

(2025) becomes larger.

7 Concluding Remarks

We studied the PAC-learnability and sample complexity of recursive OCE reinforcement learning
in finite discounted MDPs with a generative model. We introduced a simple model-based algorithm
MB-OCE-VI and derived PAC bounds on the sample complexity when the utility function defining
the OCE has full domain. We then show that the assumption of full domain is needed to obtain
PAC bounds by proving that it is impossible to obtain worst-case PAC guarantees when the domain
is not full. We therefore obtain a complete characterization of the utility functions for which PAC
learning is possible. We also derive lower bounds for all utilities with full domain that demonstrate
the tightness of our upper bounds in S, A, %, and %, but with a complicated dependence on the
effective horizon, 1/(1 — ). Finally, for a more restricted class of utilities that includes all strongly
risk-averse risk measures, we give tighter lower bounds and show that they can outperform the best
existing lower bound for CVaR in the regime where 7 is very small.

While we solve the learnability problem, we leave open some gaps in the effective horizon. Closing
these gaps remains an interesting direction for future work. It is currently unclear whether the
remaining gap is primarily due to the upper bounds or the lower bounds, although we conjecture
that both can be improved. Improving the upper bounds, however, seems to require new analytical
techniques as the MB-OCE-VI algorithm when OCE" = E is shown to be optimal in the classical
setting. Improving the lower bounds might require both new analytical techniques and a new hard-to-
learn MDP construction. Finally, we also believe it would be interesting to consider more complex
RL settings such as offline RL (Rashidinejad et al., 2021), where data is collected under an unknown
but fixed behavior policy.
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A Risk Measures

In this section, we briefly introduce risk measures. See, e.g., Follmer & Schied (2010) for a good
reference that like us model stochastic outcomes as rewards. We here collect some precise definitions
for the reward setting and list some important examples.

Let (2, F, P) be a background probability space, and M a convex cone of random variables defined
on the background space. That is, for any X,Y € M and A > 0, it holds that X +Y € M and
AX € M.

Definition 2 (Risk measure). A functional ¢ : M — R is a risk measure if it satisfies the following
properties:

¥(0) =0, (Normalization)
if X <Y theny(X) > (YY), (Monotonicity)
P(X +¢)=9(X)—¢c, VeceR. (Translation invariance)

If, in addition, 1) satisfies the properties

Y(eX) =cp(X), Ve>0, (Positive homogeneity)
P(X +Y) <9(X) +9(Y), (Sub-additivity)

it is called a coherent risk measure. A weaker notion is convex risk measure, which is one obeying
PAX +(1-NY) < M(X)+ (1 =N)p(Y), VAelo,1]. (Convexity)

Finally, a risk measure 1 is called law-invariant if ¥ (X) only depends on the distribution of X
under P.

We now mention some examples of risk measures.
Entropic Risk Measure (ERM). The risk measure given by
1
ERM 5 (X) = £ log (Ele~ X))

is known as the entropic risk measure (ERM) with parameter 3 # 0. Notably, ERM is not coherent
(see, e.g., Follmer & Schied (2010)) as it does not satisfy the positive homogeneity property. Letting
B — 0 one recovers the expectation E[X], and letting 5 — oo yields the essential infimum risk
measure.

Value-at-Risk (VaR). The risk measure given by
VaR,(X) = ¢, (X) :=inf{z e R: Fx(x) > 7}

is called the Value-at-Risk (VaR) at level 7 € (0, 1). VaR is in general not sub-additive, and hence
also not coherent.

Conditional Value-at-Risk (CVaR). The risk measure given by
T

1 T
CVaR,(X) := f/ VaR,, (X)du
0

is known as the Conditional Value-at-Risk (CVaR), or sometimes as the expected shortfall (ES). It
is known to be a coherent risk measure.
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Mean-variance criterion The risk measure MV (X) := 1Var(X) — E[X] is called the mean-

variance criterion risk measure and is one way to explicitly account for variance when modeling
risk.

Essential infimum. The functional —Essinf(X) is a risk measure. It can reasonably be said to be
the most risk-averse risk measure as it only takes the worst-case outcome of a random variable into
consideration and ignores all other distributional aspects of the random variable. It can be obtained
as limg_, o, ERMg(X) and lim,_, VaR (X)

B Convergence of OCE-VI

Lemma 4. The operator T is a y-contraction with respect to || - || oo

Proof. Consider two maps Q : RS*4 — R4 and W : RS*4 — RS*4 andlet Q' = 7Q and
W' = TW be their respective T -transforms. Let (s, a) be any pair such that |Q'(s,a) —W'(s,a)| =
|Q" — W’| 0, and assume without loss of generality that Q'(s,a) > W'(s,a). Further, define

V(s) = m(?XQ(S, a), X(s) :==maxW(s,a).

a

Then, by monotonicity and consistency of p, it holds that
1@ = W'l = Q'(s,0) = W'(s,a)
=1(ealV(s)) = pra(X ()
= 1(Pea(X () + V() = X() = pua(X(s)))
< (PealX () + IV = XI) = pralX(s)

=7V - X]|
<1Q -wW].

From this fact we get the following convergence guarantee on OCE-VI (Algorithm 2):
Lemma 5. If k > log (5z7—y)/ 10g(1/7), then |Q* — Qx| < =.

Proof. Since T is a y-contraction, we have that
1Qk = Q|| = ITQk—1 = TQ™[| < V[|Qx—1 — Q"

from which it follows that ||Qy — Q*|| < 7*||Qo — Q*||. Furthermore, by the definition of Qy, it
k

holds that ||Qo — Q*| < ﬁ Solving ﬁ < ¢ for  yields the announced result. O

C Missing Lemmas for Upper Bounds

C.1 Proof of Lemma 3

We first prove a result that bounds the value of a greedy policy by the value-function for which
the policy is greedy. The result is a generalization of Singh & Yee (1994) and Mortensen & Talebi
(2026) to general risk measures. We use the notation p, ,(V'(s')) as shorthand for p applied to the
categorical random variable X which takes values in the set {V(s')}4 s with probabilities given
by P(X =V (s')) = P(s'|s,a).
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Lemma 3. Let ¢ > 0. Let V. € R® be a value function obeying |[V* — V| < ¢, and 7€ =
argmax,[R(s,a)+vps.o(V(s'))] be a greedy policy with respect to V. Then, —-VTe| < 27 €.

) — VY(5), where V¢ := V™6, We then

G ;

Proof. Let 5 be a state such that ||[V* — VG|| = V*(§
3); ties can be broken arbitrarily. Since 7 is

consider the two actions a* := 7*(5) and o := 7(
greedy with respect to /', we have that

R(3,a") + vps.a- (V (") < R(5,a%) + 7p5,a0 (V(5)) -
By assumption, it holds for any s € S that
V*(s) —e < V(s) < V*(s) +e.

Since p is monotone and translation invariant, it follows that

and by a similar argument

R(5,0%) + vps,ac (V(s')) < R(5,0%) + vps.c (V*(5))) + 7e,

yielding the inequality

R(5,a") = R(5,a%) < 2ye + yps.ac (V' (5) = yps,a- (VF () -
Combining the previous inequalities, we finally see that
V*(8) = VE(5) = R(5,a") = R(5,0%) + yps,a- (V*(5')) = ¥ps.ac (VE(5))
< 296 +9p5.06 (VF(8") = V05,0 (VF(8") + V05,0 (V(5')) = 105,00 (VE(5))

=276 + Y(ps.ac (V*(s') = ps.ac (VE(s)))
=2y +4|V* =V,

from which the result follows. O

C.2 Proof of Lemma 1

Lemma 1. Let M = (S, A, P,R,v) and M = (S, A, P,R,~) be two MDPs that only differ in
their transition function. Let w be a fixed stationary policy, and let uw € Uy be a utility function.
Then,

Q™ — Q’T|| < Lmax sup
-7 s n€[0,H,]

Z [Ps,a(s") — ﬁ@,a(sl)]u(vﬁ(sl) —n)|-
s'eS

In the following proof, we use the following convention. We write [V'|P] for the random variable
taking values given by the vector V' with probability distribution P.

Proof. We suppress 7 from the notation since it is fixed throughout. Let (s, a) be a state-action pair
such that ||Q — Q|| = |Q(s,a) — Q(s,a)|. We consider two cases.
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Case 1: Q(s,a) > Q(s,a). From monotonicity and consistency of p, it follows that
p([vlﬁ&a}) = p([V + ‘7 - V‘ﬁs,a])
> p([V - HV - V|||Ps,a])
==V = VIl + p([VIPs.l),
which along with the Bellman recursion implies

1Q — Qll = R(s,a) + vp([V|Ps.a]) — R(s,a) — vp([V|Ps o)
<AV = VI +7(p([V|Ps.a]) = p([V]Ps.a])-

Hence,
1Q = QI < 7= (V1P = AV IPs)-

Using that the OCE is given by the solution to an optimization problem and using Proposition 2.1
in Ben-Tal & Teboulle (2007) showing that it suffices to optimize over the interval n € [0, H,], we
then have

pVIPoaC) = V1P = st (14 3 Peals)uV () = )

nel0, Hy s'eS

— s (14 Y Pal)u(V(s) — )

?76[07Hv] s'eS

< sup Z [Ps,a(sl) - ﬁs,a(sl)]u(v(‘g,) - 77)
n€l0,H,] s'eS

< sup

n€l0,H,]

Z [Ps,a(s") = Psa(s)]u(V(s') —n)
s'eS

b
thus concluding this case.

Case 2: Q(s,a) < Q(s,a). The proof for this case is similar to that of Case 1, but instead uses
the fact that

p([VIPea]) = p([V =V + V|Poa]) < |V = VI + p([V] Pe.a)),
from which we obtain
1Q = Qll = ¥(p([V|Psa)) — p([V|Ps.a]))
<AV = VI +v(p([V|Pea]) = p([VIPs.a)))-

The proof of this case follows by noting that

p([VIPya]) = p([V|Psa]) < sup D [Paa(s) = Poa(s)u(V(s') = 1)
n€l0,Hy] g cs

< sup
n€l0,H,]

s'eS

C.3 Concentration via Hoeffding’s Inequality

The next result is an application of Hoeffding’s inequality to establish a bound on the number of

samples needed for the expression inside the supremum in Lemma 1 for a fixed 7 to concentrate.

Let 1357(1(5’) = % 25:1 I¢x,—s}» Where X, is sampled i.i.d. from {1,...,S} with probabilities

according to P ,.
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Lemma 6 (Hoeffding bound). Fixn € [0, H,] and (s,a) € S x A, and let V € RS. If the number
N of samples from the state-action pair (s,a) satisfies N > 2% [u(—h@)]2 log(2/9), then with
probability exceeding 1 — 0,

S UPaals') — Poa(su(V(s') — n)‘ <.

s/

Proof. We first observe that for the random variable » . ¢ 1{x, —s1u(V (s") — n), we have that

|:Z ]]-{X 7§/}’U, :| ZE ]]-{X _9’} (V( ) )
:Zps,asu S)_n)

and that it is bounded in [u(—H, ), u(H,)] C [u(—H), —u(—H,)]. Also, since

N
S Pl (V) —m) = 5 3 3 Ly ulV(s') — ),

n=1 s’

we have by Hoeffding’s inequality that

“

The lemma follows by observing that this bound is smaller than § if N > % [u(—H.,)] ? log(2/9).
O

S IPuale) = P V() = )| 2 ) < 2esp (= 2l ).

ry

C.4 Proof of Lemma 2

The proof of Lemma 2 follows from the following two lemmas (Lemma 7 and Lemma 8).
Lemma 7. Let V € RS. Forn*, 7 € [0, H,), it holds that

X Z(P&a(sl) - ﬁS,a(S/))u(V(S/) - 77) + U;(—Hw)m* - 77| .

s/

Proof. Since u is increasing and concave, we have for =,y € [—H.,, H,] where z < y that
u(y) < w(z) +uy (2)(y — 2) < ul@) +uf (—Hy)(y - 2),
and so
0 <u(y) —u(z) < vl (—H,)(y — ).
Similarly, if y < z, it holds that
0 < u(z) - uly) < vy (—Hy)(z —y).

Now, consider a pair (s,a). For any s’ € S, plugging inz = V(s') —n* and y = V(s') — 7, we
have

lu(V(s) = n") = u(V(s") =)l < uly (=Hy)In" —1|.
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Next we notice that

Since

—u! (H )" =7 <Y (Poals) = PoalN[u(V(s) =n") = u(V(s') = 0)] <y (=H)In" =1,

we obtain that

s’ s’

Finally, by the reverse triangle inequality we have

ME}RM®U—@@@DMV@U—W)—|§]Rm@3—§@WDMV@U—mM

< Z(PS,a(S/) - ﬁS,a(Sl))u(V(sl) -n") - Z(Pbya(s/) - ﬁ&a(sl))u(V(s/) - 77)‘
<l (=Hy)[n" —1l.
The lemma follows by taking maximum over (s, a) on both sides. O

Lemma 8. If the set D of discretization points satisfies |D| > u:((l__g;), it holds that

) . . _€
min o, (—H,)n* — 7] < 5

Proof. For any interval [0, L] of length L that is discretized uniformly by |D| points, the interval

length between any two discretization points is [ = ‘m%. Hence, for any point 2 € [0, L], its

distance to its nearest discretization point is % = m. To ensure that the said distance is

less than £ > 0, solving for | D| shows that it suffices that |D| > ?LE Plugging in L = H., and

£ = 5—+—+=——, we obtain the announced results. ‘ O
2“+( He)

D Proofs of Impossibility Results

D.1 Proof of Theorem 3

Theorem 2 (PAC-learning impossibility, value learning). Let u € Uy be a utility function for which
(i) dom(u) # R and (ii) there exists to > 0 such that u(ty) < to. Then, there exists a class of MDPs
M with S states, A actions, and discount factor -y such that no value learning algorithm U can be
(e, 0)-correct on M.

Proof. We consider a class M of MDPs with a single action a and three states sg, s and s, where
sq and sp are absorbing and R(sg,a) = 1 and R(sp,a) = R(sp,a) = 0. Finally, from sy it is
possible to transition to s with probability p, and to sp with probability 1 — p. The MDPs in M
differ only in their value of p. Hence, we can parametrize them by p and write M, to represent the
MDP in which transition probability to s is p. Let )1 and @, denote the Q-values of M; and M,
respectively. We have

Qi(so,a) = ——,  Qp(so,a) =7 sup {n +pu(Hy —n) + (1 *p)U(*n)} :
1 v n€[0,H]
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By picking +y large enough, we get that H., — & > to, for some tq > 0, where £ =: — inf dom(u).
Since for any 7 > &, we have that ) + w(H, — 1) + (1 — p)u(—n) = —oo, it holds that

sup {n+pu(Hy —n) + (1= pJu(-n)} = sup_ {n+pu(H, —n) + (1 = pju(-n)}.
n€(0,H,) n€0,€]

Moreover, since

sup {n +pu(Hy —n) + (1 - p)u(—n)} < sup {77 +pu(H, — 77)}
n€el0,£] n€l0,]

={+pu(Hy —§) < H,y,
it follows that Q1 (so, a) — Qp(s0,a) > y(H, — &) =: A > 0 for all p < 1. Introduce
gp = {‘Q;(S(Jva) - Qu(807a)| < 5}7 51 = {|QT(SO,G) - Qu(807a)| < E}'

By picking ¢ < A/2, the output Q¥ of any (e, §)-correct algorithm U satisfies that & N &, = 0,
which implies that Q can never be e-correct on both MDPs simultaneously.

The next argument relies on a change-of-measure between the one induced by the two MDPs. Since
under IP; the only possible sequence of transitions from trying action a in s is to observe a transition
to s every time, the probability of its occurrence under IP, is p™V, where N is the number of samples.
Assuming § < 3, we then have for any (e, §)-correct algorithm ¢/ that

Py(&;) 2 Pyp(&1) = B[l ] = pVEi[Le, ] = pVP1(E1) 2 p™ (1 - 0) > SpV.

N |

Solving the equation p™ > 4 for N, we find that if N < lﬁ) gg((ll/ /2;)), then any algorithm that is
(€, 0)-correct on M7 cannot also be (g, §)-correct on M. Since this expression tends to infinity as

p — 1, the result follows. O

D.2 Proof of Theorem 3

Theorem 3 (PAC-learning impossibility, policy learning). Let u € Uq be a utility function for which
(i) dom(u) # R and (ii) there exists to > 0 such that u(tg) < to. Then, there exists a class of MDPs
M with S states, A actions, and discount factor ~y such that no policy learning algorithm U can be
(e, 0)-correct on M.

Proof. We consider a class of MDPs with 3 states sg, 5%, sB and 2 actions a; and ao. We will index
the MDPs in M by {1,2} x (0,1) and write M? fori € {1,2} and p € (0,1). The state s is
absorbing under any action and yields a reward of 1 under any action. The state s? is absorbing
under any action and yields zero reward under any action. The state sg yields zero reward under
any action and under MDP M € M we have P; ,(s%|s0,a;) = p, P;»(s”]s0,a;) = 1 —p and
P, »(5%|s0,a—;) = 1 where a_; denotes the other action that is not a;.

Using the exact same argument as in Theorem 2, by picking v so large that H, > § =:
—inf dom(u), we get for any member M € M the following lower bound on the value-gap:
V*(so) — V@i(so) > v(H, — &) =: A > 0 between the optimal action a* and the other ac-
tion a_;. Picking € < A only the optimal policies are e-good.

The next part of the argument is a likelihood-ratio type argument showing that, as p approaches 1,
the number of samples required to distinguish between the two MDPs becomes arbitrarily large. Let
U be an algorithm that picks an action a based n; tries of action a1 and ny tries of action ao, where
the total number of samples is N = ny + no. Let L;(m1,ma,n1,n2) denote the probability of
observing m; successes by trying a; for ny times, and ms successes by trying ay for ny times under
hypothesis H;. It is clear to see that

Li(my,ma,ni,n2) = ™ Lim,—n,1s Lay(my,ma,ni,n2) = p™ L, —ny
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We want to evaluate this likelihood-ratio on the event that all tries turn out to be successes, that is
on the event £ := {my = n; and ma = na}, where clearly P; ,(£) = p™. Assuming ¢ < %, we
observe that

Li(n1,n2,n1,n2) N

p .

1
Py ,(B2) = Ei[1p,] = Es 1elp, | > p™ P p(B2) > ipnl >

N |

LQ(n17n27n17n2)

Solving %pN = §, we find that if N < lﬁ)gg((ll/ /2;)), the algorithm that is (&, §)-correct on ML cannot

also be (e, §)-correct on M?. Finally, by taking the limit p — 1 the result follows. O

E Lower Bounds

In this section, we provide two template constructions for lower bounds for value and policy learn-
ing, and then prove the lower bounds.

E.1 Hard-to-Learn MDP Constructions

First, we describe the template constructions for the hard-to-learn MDPs for value learning and
policy learning. The constructions and proof techniques are borrowed from (Gheshlaghi Azar et al.,
2013) and (Mortensen & Talebi, 2026).

E.1.1 Value Learning

For a lower bound, we construct the following class of MDPs with S” := S + 2 states and A actions
where the states are labeled s, , ..., sg, s¢, s® and the actions are labeled a1, . .., a4. The states
5% and s? are absorbing under any actions, and R(s%,a) = 1 and R(s”,a) = 0 for all a € A.
For the states s € {s1,...,ss}, we have R(s,a) = 0 for all a € A. We have SA state-action
pair combinations from {s1,...,ss} X A =: Z on which we assume some ordering allowing us
to write z;,i € [SA]. Finally, for all state-action pairs z; € [SA], we have P(s%|z;) = ¢; and
P(sP|z;) = 1 — g; for some g; € [0, 1]. The structure of this class of MDPs allows us to get lower
bounds on the samples needed to learn the ()-value of each state-action pair z; and then use the fact
that samples used to learn the ()-values for different state-action pairs bring no information on each

other to get the final bound. Let us denote the collection of all such MDPs by M.

In this class of MDPs, we will usually for each z; € Z consider two MDPs: M, where ¢; = p, and
M, where ¢; = p+ «, with p € (%, 1) and a € (0, lgp). We denote the corresponding optimal
value functions by ¢ and Q7.

We let Eq and Py denote, respectively, the expectation and probability operators under Hy, and Eq
and P, are similarly defined for H;.

Theorem 8. Consider v > 1, 6 < 1, and u € Uy. If there exists p € (3,1) and A > 0 such that
Sforany a € (0, lgp) and any z; € 7, it holds that
Q1(2) — Qo(z) Z 704,

then there exist &(u, H) and constants c1, ca > 0 such that if the total number T of samples is less
than

T< —
o 52

1 SAA?p(1 - p) SA
—10g (027(5),

for any algorithm U and any ¢ € (0, ), there exists some MDP M; € M where P(||Q%, — QY| >
g) > 4.

Proof. By assumption, we can pick p € (3,1) and A > 0 such that for z € Z it holds that

Qi(2) — Qi(2) > yaA > %
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A(l—p)
20

: _ 4
, we can pick o = 7 to ensure
Qi(z) — Qo(2) = 22

and so no output Q¥ can be e-close to both Q% and Q3 simultaneously and therefore the two sets
By = {|Q%(2) — Q"(2)| < e} and By := {|Q(2) — Q" (2)| < &} are disjoint.

Let ¢ be the number of times the algorithm tries z. Since U is (e, §)-correct, it holds that Py (By) >
1-6> %. Let k be the number of transitions from z to s€ in the ¢ trials. Next, we introduce

Hence, for any ¢ <

9::exp(—m)

and the event

&= {pt— k< \/2])(1 —p)tlog (289)}

By (Gheshlaghi Azar et al., 2013, Lemma 16), we have Py (&) > % and thus Po(By N &) > % Now
by (Mortensen & Talebi, 2026, Theorem 6), we get that
Ly

0 0
Pl(Bo) > ]Pl(BO ﬂ(c/‘) = El[]l-E]]-BU] =E, |:LO15:|].BO:| > Z]Eo[]lg]lgo] = Z]P)O(g n Bo) >

x| D

Solving for ¢ with % > ¢, we find

p(1—p) log( 1 ) ~ A%p(1-p) log (i)
86

t — ) =
< 32a2 86 512¢2

Furthermore, since By C BY, we conclude that if the algorithm I/ tries the pair z less than

= A%p(1 —p) 1
T(e0) = =55z log(ﬁ)

times under the hypothesis H{, then P;(B§) > 6.

Let n := SA. If the total number of transition samples is less than gf(s, 0) there has to be at least

n/2 state-action pairs z; that have been tried at most 7'(¢, §) times. We assume that these pairs are
n/2 . .

{#};.] without loss of generality.

Let T; be the number of times the algorithm has tried z; for ¢ < n/2. Due to the structure of the

MDPs in M, it suffices to only consider algorithms that output an estimate of Q% based on samples
from z;, since any other samples cannot possibly yield information on Q*(z;).

By defining the events A; := {|Q7};, (z:) — Q% (zi)| > €}, we therefore have that A; and A; are
conditionally independent given T; and T};. We then have

Py({Ahi<icnso N {T: < T(e,0) }icicnsa)
T (e,8) T(e,8)
= Z Z PL({Ti = ti}1<i<n/2)P1({Af hi<i<n/o N{TE = ti}i<i<ng2)

t1=0 t"/2=0
T(e,8) T(e,8)

= Z Z Pi({T: = titi<i<ns2) H Py (A7 N AT = t:})

t1=0 ty, )2=0 1<i<n/2
T(e,8) T(e,8)

- Z Z Pl({TiZti}lgiénﬂ)(l_a)n/?’

t1=0 tn/2=0
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where we have used the law of total probability in the first equality, and the second equality follows
from independence. It now follows directly that

Py({AShi<icn/o{Ti < T(,0) Yi<icny2) < (1—0)% .

Therefore, if the total number of transitions 7" is less than 3 (5 d), then

Py (||Q* — Q% > ¢) >]P’1( U A)

zESXA
=1-— ]P’1< N Ag)
1<i<n/2

> 1= Pr({AShi<icn2 {Ts < T, 8) hicicns2)
>1—(1-6)"?

on
> — .
— 4

By setting §’ = 0%, substituting back S’, and using g < S —2for S > 2, we have

AA%p(1 —
7= 340 —p) (%)
2048¢2 649
on the MDP corresponding to the hypothesis Hy := {H{|1 < i < n}, it finally holds that
P ([|Qhy, — QFll > €) > 0", O

E.1.2 Policy Learning

The class of MDPs we consider has S+2 states labelled s, . . ., sg, s©, s® and A+1 actions labelled
ag,ai,...,a,. The state s¢ is absorbing and yields a reward of R = 1 under all actions. The state

sB is also absorbing and yields a reward of R = 0 under all actions. All other states sy, ...,sg

yields zero reward under all actions and can only tansition to either s¢ or s® with probabilities

depending on the action and the MDP.

For each state s; € {s1,...,ss} we consider the a + 1 hypotheses H{ and H; for | # 0 defined as
H(,L) :Q(Siaao) :p+a7 Q<Si7a) =D, fOI'CL?éCI,O
le : Q(Siaao) :p+0[, q(5i7a) =D, f0ra§§ {a()vl}a q(5i7al) :p+2aa

where p € (3,1) and a € (0, 5 2) and ¢(s;, a) := P(s%|s;, a).

We use Vl (sl) to denote the value function of state s; in any of the MDPs where a; is the optimal
action in state s; under any policy for which 7(s) = a;. From the construction it is clear that this
value function in s; does not depend on the entire policy but only the action taken in s;.

Note that under H; the optimal action is a; with the second best option being ao and all remaining
actions being even worse in the sense that V;*(s;) > V;%(s;) > V/(s;) where V* is the optimal
value-function and V! is the value-function under any policy where action a; is taken in state s;.
Theorem 9. Let v > %, § < i and u € Ul be given. Furthermore, assume that there exist

€ (3,1) and A > 0 such for every a € (0, 52), everyl € {0,1,..., A}, and s; € {s1,...,55},
it holds that

’10

Vo(si) = Vo(si) 2 vad,  Vi¥(si) = V2 (si) = yad.
Then there exist constants cy,cs > 0 such that if the total number of samples is less than

1 SAA*p(1 - p) log ( S )

T < —
026 ’

C1 52



Reinforcement Learning Journal 2026 Cover Page

then for any algorithm U and any ¢ € (0, A(iap) ), there exists some MDP M; € M such that
P(||Vy = V™| > ¢g) > 6.

)

Proof. If we choose o = % forany € < A(éigp any suboptimal action is e-bad.

Now that all non-optimal actions are e-bad, we wish to show that any algorithm that is (e, §)-correct
on H{, i.e. choosing the action ag with probability at least 1 — §, will also have a probability of
choosing ag on H that is larger than § provided that a; is not tried sufficiently many times under
Hi.

Let P, and E,; denote the probability operator and expectation operator under the hypothesis H.
Lett := tf be the number of times the algorithm tries action [ in s; under Hy. Assuming that
§ € (0, 1) and using that the algorithm is (&, §)-correct it follows that Po(B) > 1 — § > 3, where
B = {7%(s;) = ap} is the event that the algorithm chooses the action a.

Let 0 = exp (— p‘n’(Zl‘fo) ). Fix some ¢ € N and let k be the number of transitions to s in ¢ trials.

Finally, we define the event £ as

&= {ptk < \/Qp(1 —p)tlog (289)}

From the Chernoff-Hoeffding bound and as shown in Gheshlaghi Azar et al. (2013), we have that
Py(€) > 2, and thus, Po(B N E) > 1. From (Mortensen & Talebi, 2026, Theorem 6), we get that

Li(W)
Lo(W)

Py(B) > Py(BNE) =Ey[1ple] > ]EO[

|

1513} > Ko [31513} = ZPO(S NnB) >

Now solving for g > J, we see that if

= A%p(1 - p) 1
t < T(E,(S) = Wlog (g),

then P1(B) > ¢ and the event B is containing the event that the algorithm does not choose the
optimal action a;. Since this holds for all the A hypotheses H lﬁ l=1,2,...,A, it follows that the

algorithm needs at least 7'(e, 8) := AT (e, §) samples to be (e, §)-correct on the state s;.

Next we use the fact that the structure of the MDPs is such that the information used to determine
7*(s;) carries no information to determine 7*(ss;) for i # j.

If the total number of transition samples is less than gf(s, J), there has to be at least g states in the
set {s;}5_, for which at least one action (apart from ag) has been tried at most T(e,d) times. We
might without loss of generality assume that these are the states { sL}f:/? and that it is action a; that
has been tried out at most 7' (e, ) times in each of these states.

Let T; be the number of times the algorithm has tried sampled any action on s; for ¢ < S/2. By the
structure of the MDPs in M it is suffices to only consider algorithms that outputs an estimate of 71'%
based on samples from s; since any other samples yields no information on 7*(s;).

Let us define the events A; := {[V}, (si) — v (si)| > e} fori =1,...,S. Then, we have that
A; and A; are conditionally independent given 7; and 7);. We then have that for the MDP M; € M
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—the one corresponding to the hypothesis H; := { Hi|1 < i < n}— it holds that

P({A}i<ics/o N {T; < T(e,8)}1<i<s)2)
T(e,6) T(e,8)
= > - > PU{T =tih1<ics2) P({A hi<izsye VT = ti}1<ics)2)

t1=0 tS/QIO
T (e,5) T(e,5)
= Z P({T; = ti}1<i<s/2) H P(AS N {T; = t:})
t1=0 tS/2:O 1§’L§S/2
T (e,5) T(e,6)

_ P({T; = ti}1<i<s/2) (1 — 5)5/2,

1

~+
I
(=]

tS/ZZO

where the first line follows from the law of total probability, and the second line from independence.
We now have directly that

S
2

P({Af}lsissm’{Ti < f(fﬁ)hgssm) <(1-9)

Thus, if the total number of transitions 7" is less than %f(e, ) on the MDP M, corresponding to
the hypothesis Hy : { H}|1 < i < n}, then on M; it holds that

B[V -V > e) > p( U A)

1<i<S/2
=1- ]P>< N Ag)
1<i<S/2
>1- ]P’({Afhgigsm ‘ {1, < f(&@hggsm)
>1—(1-10)%?
6S
>

when % < 1. By setting 6’ = 8%, substituting back S’ and A’, and assuming that S > 4 and

A > 2, we conclude that if the number of samples is smaller than

SAAZp(1 — p) S
T=—""ps b (@)
on Mo, then on Mj it holds that P(||V* — V™7 | > &) > 4. O

E.2 Proofs of Lower Bounds

In this section, we give the proofs of the lower bounds using the constructions described above.

E.2.1 Value Learning Lower Bounds

Theorem 4. Let u € Uy be a utility function. There exist £(u, Hy) > 0, constants ¢1,ca > 0, and a
strictly positive function ® : Uy x [1,00) — (0, 00) such that for any RL algorithm U that outputs a
Q-value Q4, any § € (0, i), and any € € (0, €), it holds: if the total number T of samples satisfies

T < SAP(u, H,) log (&)’

c1e2 c20

then there exists some MDP M with S states and A actions for which P(||Q%, — Q%] > &) > §
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Proof. On the small MDP type sketched in Figure 1, we will give a lower bound on the optimal
Q-functions on z; for two different parameter choices of ¢, namely ¢ = p and ¢1 = p + a.

Clearly, for any @, we have that

Q*(z) = vnen[gfgw]{n +qu(Hy —n) + (1 = qu(-n)}.

We use 77 and 79 to denote the respective maximizers of ¢; and ¢y. We then have that

Q1(z) — Q5(2)
=y(m + (p+ a)u(Hy —m + (1 = p — a)u(=m) —no — pu(Hy —no) — (1 = p)u(—1no))
> ya(u(Hy —n0) — u(—10)),

with A = (u(H,y — nm0) — u(—ng)). By Theorem 11, there exists p € (3,1) such that A :=
uw(H, —no)—u(no) > 0. Thus, the lemma follows by Theorem 8 with ®(u, H,) = A%p(1—p). O

Theorem 5. Let u € Uy be a utility function for which v/, (0) < 1 < u’_(0). There exist £(u, Hy) >
0 and constants cy,ca > 0 such that for any RL algorithm U that outputs a Q-value QY, any
6 €(0,%), and any € € (0,£), the following holds: if the total number T of samples satisfies

s s () (1 [t ] )

c1€2 C u! (—Hy) —uy

then there exists some MDP M with S states and A actions for which P(||Q%, — Q%] > &) > §

Proof. The idea of the proof is similar to that of Theorem 4 with the same MDP construction. Recall
that

Qi (2) — Q5(2) = va(u(Hy —10) — u(—10)).-
By the assumption on u, we have by Theorem 10, we can pick

1. 1-u4(0) 1
2, (~H,) —,(0) 2
(

P=35

to ensure that o = H, and so that A = w(H, — 1) — u(—no) = —u(—H,). The result then
follows from Theorem 8. O

E.2.2 Policy Learning Lower Bounds

Theorem 6. Let v € U, be a utility function. There exist £(u, Hy) > 0, a strictly positive function
® : Uy x [1,00) — (0,00), and constants c1,ca > 0 such that for any RL algorithm U that outputs
a policy my, any § € (0, 1), and any € € (0,€), we have: if the total number T of samples satisfies

< SAD(u, H,) log (0;8'6)7

T
- 0152

then there exists some MDP M with S states and A actions for which P(||[V* — V™| > ¢) > §

Proof. We have for any s and [ # 0

Vi (s) = Vi (s)
=v(m+ P+ a)u(Hy —m) + (1 —p— a)u(—m) — 1m0 — pu(Hy —no) — (1 — p)u(—m0))
> yo(u(Hy — no) — u(—no)),
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where 7; is an optimizer of max, (0,7 1{n + (P + Q)u(Hy —n) — (1 = p — @))u(— )} and g is
an optimizer of max,c(o, . 1{n + pu(H, —n) — (1 — p)u(-n)}. Slmllarly foralll=1..., A,
Vi“(s) = V' (s) = ya(u(Hy —m) = u(=m)).

By Theorem 10, there exists py < 1 so that for all p > fy it holds that u(H, — ng) — u(—mn9) > 0
and p; < 1 so that for p + a > p; it holds that w(H, — m) — u(—m) > 0. By picking p
large enough and ¢ sufficiently small then « is also sufficiently small so that p + 2a. < 1 and both
u(H, —no) —u(—no) > 0and u(Hy — n1) — u(—n1) > 0. Plugging in

A = min{u(Hy —m) — u(=m), u(Hy — 1) — u(-no)},
the results follows from Theorem 9 with ®(u, H,) = A%p(1 — p). O
>

Theorem 7. Let u € Uy be a utility function for which v/, (0) < 1 < u’_(0). There exist £(u, H)
0 and constants c¢1, ca > 0 such that for any RL algorithm U that outputs a policy my, any 6 € (0, %)
and any € € (O, g), the following holds: if the total number T of samples satisfies

< s (o)t (- [ ] )

+

then there exists some MDP M with S states and A actions for which P(||[V* —= V™ || > ¢) > 6.

Proof. The idea of the proof is similar to that of Theorem 6. Recall that

Vo' (s) = Vo (s) = ya(u(Hy —mo) —u(=m0)),  Vi'(s) = V°(s) = vea(u(Hy —m) — u(—m)).
. 1—u’, (0) .

By Theorem 10, if both p and p + o > max{%, 1-— u;(—H;)r—u;(o) }, then the above right-hand

sides are both equal to A = |u(—H,)|. For sufficiently small ¢, we get that « is sufficiently small
1—u/, (0)

so that p = 5 Ly 2 W (CH,)—u’(0) Snsures this. Plugging in for p and A, the result follows. O
+

F Auxiliary Results

Proposition 1. Let u € Uy be any utility function for which u(t) = t for all t > 0. Then,
OCE"(X) = E[X].

Proof. Let u be any utility function such that the assumption in the proposition holds. Since any
OCE satisfies that OCE“(X) < E[X], we need to show that OCE“(X) > E[X]. By picking
1 = Essinf(X), we get that u(X —n) = X — n and so

n+Eu(X —n)] =n+E[X —n] = E[X].
Thus, by taking the supremum over all 7, the result follows. O

Proposition 2. For any piecewise differentiable utility w € Uy, it holds that —u(—H.,)

wy(=125)-

Proof. Letu € Uy, and assume that  is differentiable. Since w is increasing and concave, we have
for ¢ > 1 that

—t 0 —t+1
u(—t) = u(0) +/0 u' (z)dx = — [t o (z)dr < — [t o (z)dr < —u(—t+1).

Plugging int = H., we have that —u(—H,) > u/(— ﬁ) The result then follows from partitioning
the integral over the different subdomains on which u is differentiable. O
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Theorem 10. Let x > 0 and X be a random variable with P(X = z) = pand P(X =0) =1 —p.
Let u € UT be a strongly risk-averse utility function. If

R ETAC
PR )

then n* = x is a solution to

zl[tp ]{77 +pu(z—n)+ (1 —p)u(—n)}.

Proof. By definition, n* = x is a solution if and only if for all n € [0, ], it holds that

n+pu(z —n) + (1 —p)u(-n) <z + (1 — p)u(—x),

where trivially the inequality holds for 7 = x, and where for < z the inequality is equivalent to

| ulz—n)
|- p< x—n—ulx—n) _ prarn
= —u(—x) +u(-n) —ulx —n) zulz)tuln)  ule=n)”
T—mn z—n

Since the upper bound above is valid for 7 € [0, z:), we find a lower bound on the right-hand side
that holds over 1 € [0, x). To this effect, first note that

() () ula) )
N e

and since for any b > 1, the map ¢t — % is decreasing on ¢ € [0, 1], and “(17_7;7) < 4/, (0) by

t r—
concavity of u, we then have

1 _ wz=n) 1 — wz=n)
z—n > mfn(
—u(—z)+u(— u(x— - u(x—
( CE)_17 (=m _ (w—nn) u (—x) — w_nn)
1w, (0)
~ o (—x) —ul (0)’
thus proving the lemma. O

Theorem 11. Let z > 0 and u € Uy. Then, there exists some p € (5, 1) such that for all p € (p, 1),
u(x —=n") —u(=n") >0,
where n* is the solution to

nrerl[%?;]{n +pu(z —n) + (1 —p)u(—n)}.

Proof. We first note that u(x —n) > 0 and —u(—n) > 0 for all € [0, 2] and that u(x — n) —
u(—n) = 0 if and only if both = 0 and u(¢t) = 0 for all ¢ > 0.

If u(t) is not identically zero on ¢ > 0, then u(¢) > 0 for all ¢ > 0. Hence, u(x —n) = 0 implies that
n = x. However, since —u(—x) > x > 0, we can in this case conclude that u(z —n*) —u(—n*) > 0
forallp € (0,1).

Now we treat the case where u(t) = 0 for all ¢ > 0, which we partition into two cases: u(t) = ¢ for
t € [—z,0] (Case (i)) and u(—z) < —z (Case (ii)).

Case (i). We have that ) + pu(z — n) + (1 — p)u(—n) = pn, which is clearly maximized by n* = x
and so, u(z — n*) — u(—n*) = —u(—z) > O forall p € (0,1).
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Case (ii). We note that n* = 0 is a solution if and only if for all € [0, z], it holds that n + (1 —
p)u(—n) < 0 or equivalently p < 1 — % But since u(—1z) < —z, the inequality is violated if

-
p>1+ ﬁ, and since ﬁ > —1, we can pick
p=—— e (30),

ensuring that 7 = 0 is not a solution (as = « violates the inequality). Thus, u(z — n*)—u(—n*) >
0. O



