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Summary

We study off-dynamics reinforcement learning (RL), where the policy training and deploy-
ment environments are different. To deal with this environmental perturbation, we focus on
learning policies robust to uncertainties in transition dynamics under the framework of dis-
tributionally robust Markov decision processes (DRMDPs), where the nominal and perturbed
dynamics are linear Markov Decision Processes. We propose a novel algorithm, We-DRIVE-
U, that enjoys an average suboptimality O (dH - min{1/p, H}/ VK ), where K is the number
of episodes, H is the horizon length, d is the feature dimension and p is the uncertainty level.
This result improves the state-of-the-art by O(dH/ min{1/p, H}). We also construct a novel
hard instance and derive the first information-theoretic lower bound in this setting. In stark
contrast with standard linear MDPs, our lower bound depends on the uncertainty level p, re-
vealing the unique feature of DRMDPs. Our algorithm also enjoys a ‘rare-switching’ design,
requiring only O(dH log(1 + H?K)) policy switches and O(d*H log(1 + H?K)) calls of
the dual optimization oracle, which significantly improves computational efficiency of existing
algorithms, whose policy switch and oracle complexities are both O(K).

Contribution(s)

1. We propose a novel algorithm, We-DRIVE-U, with linear function approximation to learn
robust policies that hedge against adversarial dynamics perturbation. The key novelty of
We-DRIVE-U lies in incorporating the variance information into the policy learning, by a
carefully designed optimistic estimator of the variance of the optimal robust value function.
Context: None.

2. We prove that We-DRIVE-U achieves an average suboptimality of
O(dH -min{1/p, H} /v/K), which is near-optimal up to O(vH). We-DRIVE-U
also enjoys low switching cost and low computation cost. Our analysis depends on
establishing new analysis techniques, instead of implementing those established in existing
literature.

Context: Prior work established a simple algorithm with lose bound.
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Abstract

We study off-dynamics reinforcement learning (RL), where the policy training and
deployment environments are different. To deal with this environmental perturba-
tion, we focus on learning policies robust to uncertainties in transition dynamics un-
der the framework of distributionally robust Markov decision processes (DRMDPs),
where the nominal and perturbed dynamics are linear Markov Decision Processes.
We propose a novel algorithm, We-DRIVE-U, that enjoys an average suboptimality
O(dH -min{1/p, H}/VK), where K is the number of episodes, H is the horizon
length, d is the feature dimension and p is the uncertainty level. This result improves the
state-of-the-art by O(dH/ min{1/p, H}). We also construct a novel hard instance and
derive the first information-theoretic lower bound in this setting. In stark contrast with
standard linear MDPs, our lower bound depends on the uncertainty level p, revealing
the unique feature of DRMDPs. Our algorithm also enjoys a ‘rare-switching’ design,
requiring only O(dH log(1+ H?K)) policy switches and O(d?H log(1+ H?K)) calls
of the dual optimization oracle, which significantly improves computational efficiency
of existing algorithms, whose policy switch and oracle complexities are both O(K).

1 INTRODUCTION

In dynamic decision-making and reinforcement learning (RL), Markov decision processes (MDPs)
offer a well-established framework for understanding complex systems and guiding agent behavior
(Sutton & Barto, 2018). However, MDPs encounter significant challenges in practical applications
due to incomplete knowledge of model parameters, especially transition probabilities. This sim-to-
real gap, representing the difference between training and testing environments, can lead to failures
in fields like infectious disease control and robotics (Farebrother et al., 2018; Zhao et al., 2020;
Laber et al., 2018; Liu et al., 2023; Peng et al., 2018). To address these challenges, off-dynamics RL
provides a framework where policies are trained on a source domain and deployed to a distinct target
domain, promoting robust performance across varying environments (Eysenbach et al., 2020; Jiang
et al., 2021; Wang et al., 2024b). Within this framework, distributionally robust Markov decision
processes (DRMDPs) have emerged as a promising way to model transition uncertainty. DRMDPs
focus on learning robust policies that perform well under worst-case scenarios (Nilim & El Ghaoui,
2005; Iyengar, 2005). On the practical side, Zhou et al. (2023); Xu et al. (2023a); Ding et al. (2023)
have shown empirical successes to learn robust policies under the DRMDP framework. While on
the theoretical side, prior works (Zhang et al., 2021a; Yang et al., 2022; Panaganti et al., 2022; Shi
& Chi, 2022; Yang et al., 2023b; Shen et al., 2024) have proposed algorithms mainly for tabular
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DRMDPs with finite number of states and actions, which are infeasible when facing large state and
action spaces.

In environments characterized by large state and action spaces, function approximation techniques
are crucial to overcome the computational burden posed by high dimensionality. Linear function
approximation methods, based on relatively simple function classes, have shown significant theoret-
ical and practical successes in standard MDP environments (Jin et al., 2020; He et al., 2021; 2023;
Yang & Wang, 2020; Hsu et al., 2024; Liu & Xu, 2026b). However, their application in DRMDPs
introduces additional complexities. These complexities arise from the nonlinearity caused by the
dual formulation in the worst-case analysis, even when the transition dynamics in the source domain
are modeled as linear. Recently, Liu & Xu (2024a) provided the first theoretical results in the online
setting of d-rectangular linear DRMDPs, a specific type of DRMDPs where the nominal model is a
linear MDP (Jin et al., 2020) and the uncertainty set is defined based on the linear structure of the
nominal transition kernel. Apart from this, online DRMDP with linear function approximation is
largely underexplored and it is not clear how far existing algorithms are from optimal. Consequently,
two natural questions arise:

Can we improve the current results for online DRMDPs with linear function approximation?
What is the fundamental limit in this setting?

In this paper, we provide an affirmative answer to the first question and answer the second question
by providing an information theoretic lower bound for d-rectangular linear DRMDPs. In particular,
motivated by the adoption of variance-weighted ridge regression to achieve nearly optimal result in
standard linear MDPs (Zhou et al., 2021a; Zhou & Gu, 2022; Zhang et al., 2021b; Kim et al., 2022;
Zhao et al., 2023; He et al., 2023; Hu et al., 2023), we propose a variance-aware distributionally
robust algorithm to solve the off-dynamics RL problem. Due to the nonlinearity caused by the
dual optimization of DRMDPs, the adoption of variance information in linear DRMDPs is highly
nontrivial. Existing algorithms that incorporate variance information in learning linear DRMDPs
requires coverage assumptions on the offline dataset (Liu & Xu, 2024b; Wang et al., 2024a), which is
infeasible in the online setting where the algorithm needs to interact with the environment to collect
data. Thus we address the following unique challenges for applying variance-aware techniques in
online DRMDPs in both algorithm design and theoretical analysis:

* (Fundamental non-linearity induced by the uncertainty) The uncertainty set leads the (robust)
Bellman equations to be nonlinear with respect to the nominal kernel, a key feature in standard
MDP. A direct consequence is that though the Q-function remains a linear representation, its pa-
rameters must be estimated element-wisely from d (i.e., parameter dimension) variance-weighted
ridge regressions, instead of one in standard linear MDP. This poses challenges for algorithm de-
sign, as it requires properly incorporating variance information into the estimation process and
quantitatively controlling the estimation uncertainty.

* (Precise control on variance estimation.) Existing theoretical analyses of online linear MDPs
rely heavily on the Elliptical Potential Lemma, showing that the estimation error shrinks rapidly
enough to guarantee the near-optimality of the learned policy within a small number of rounds.
However, this lemma is not applicable in our setting due to the element-wise parameter estimation
procedure mentioned above. Instead, we adopt a large-k regime to control the estimation error,
based upon the intuition that when the sample size is large, the variance estimation should be close
to the true variance (see Lemma C.7). Finally, we leverage the ‘Range Shrinkage’ property (see
Lemma G.10) for linear DRMDPs to bound the true variance, and thus obtain an improved bound.

Our work poses a distinct algorithm design and calls for different theoretical analysis techniques.
Our main contributions are summarized as follows:

* We propose a novel algorithm, We-DRIVE-U, for d-rectangular linear DRMDPs with total-
variation (TV) divergence uncertainty sets. We-DRIVE-U is designed based on the optimistic
principle (Jin et al., 2018; 2020; He et al., 2023) to trade off the exploration and exploitation
during interacting with the source environment to learn a robust policy. The key novelty of We-
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DRIVE-U lies in incorporating the variance information into the policy learning, by a carefully
designed optimistic estimator of the variance of the optimal robust value function.

* We prove that We-DRIVE-U achieves an average suboptimality of O(dH - min{1/p, H}/VK)
when the number of episode K is large, which improves the state-of-the-art result (Liu &
Xu, 2024a) by O(dH/min{l/p, H}), We highlight that the average suboptimality of We-
DRIVE-U demonstrates the ‘Range Shrinkage’ property (refer to Lemma G.10) through the
term min{1/p, H}. We further established an information-theoretic lower bound Q(dH'/? -
min{1/p, H}/v/K), which shows that We-DRIVE-U is near-optimal up to O(/H) for any un-
certainty level p € (0, 1].

* We-DRIVE-U is favorable in applications where policy switching is risky or costly, since We-
DRIVE-U achieves O(dH log(1 + H?K)) global policy switch (refer to Definition 5.5). More-
over, we note that calls for oracle to solve dual optimizations (4.3) are one of the main sources
of computation complexity in DRMDP with linear function approximation. Thanks to the specif-
ically designed ‘rare-switching’ regime, We-DRIVE-U achieves O(d?>H log(1 + H?K)) oracle
complexity (refer to Definition 5.6). Both results improve exiting online DRMDP algorithms by a
factor of K. Thus, We-DRIVE-U enjoys low switching cost and low computation cost.

Notations. For any positive integer H € Z,, we denote [H] = {1,2,---, H}. For any set S,
define A(S) as the set of probability distributions over S. For any function V' : & — R, define
PrV](s,a) = Eyup,(|s,0)[V(8')], and [V (s)]a = min{V (s),a}, where o > 0 is a constant. For
a vector x, define x; as its j-th entry. Moreover, denote [2;];c[q) as a vector with the i-th entry being
x;. For a matrix A, denote \;(A) as the i-th eigenvalue of A. For two matrices A and B, denote
A = B as the fact that B — A is a positive semi-definite matrix. For any P,Q € A(S), the total
variation divergence of P and Q is defined as D(P||Q) = 1/2 [ |P(s) — Q(s)|ds.

2 RELATED WORK

Distributionally Robust MDPs There has been a large body of works studying DRMDPs under
various settings, for instance, the setting of planning and control (Xu & Mannor, 2006; Wiesemann
et al., 2013; Yu & Xu, 2015; Mannor et al., 2016; Goyal & Grand-Clement, 2023) where the exact
transition model is known, the setting with a generative model (Zhou et al., 2021b; Yang et al.,
2022; Panaganti & Kalathil, 2022; Xu et al., 2023b; Shi et al., 2023; Yang et al., 2023a), the offline
setting (Panaganti et al., 2022; Shi & Chi, 2022; Blanchet et al., 2023; Tang et al., 2024) and the
online setting (Dong et al., 2022; Liu & Xu, 2024a; Lu et al., 2024; Liu & Xu, 2026a; He et al.,
2026). Among tabular DRMDPs, the most relevant studies to ours are Shi et al. (2023); Lu et al.
(2024); He et al. (2025). In particular, Shi et al. (2023) study tabular DRMDPs with TV uncertainty
sets. They provide an information-theoretic lower bound, as well as a matching upper bound on
the sample complexity. The key message is that the sample complexity bounds depend on the
uncertainty level, and when the uncertainty level is of constant order, policy learning in a DRMDP
requires less samples than in a standard MDP. Lu et al. (2024) study the online tabular DRMDPs with
TV uncertainty sets, they provide an algorithm that achieves the near-optimal sample complexity
under a vanishing minimal value assumption to circumvent the curse of support shift. Further, He
et al. (2025) study the intrinsic difficulty of exploration in online DRMDPs, they introduce a novel
quantity, supremal visitation ratio, that measures the mismatch between the training dynamics and
the deployment dynamics.

Online Linear MDPs and Linear DRMDPs The nominal model studied in our paper is assumed
to be a linear MDP with a simplex feature space. There is a line of works studying online linear
MDPs (Yang & Wang, 2020; Jin et al., 2020; Modi et al., 2020; Zanette et al., 2020; Wang et al.,
2020a; He et al., 2021; Wagenmaker et al., 2022; Ishfaq et al., 2023), and the minimax optimality of
this setting is studied in the recent work of He et al. (2023). In particular, they adopt the variance-
weighted ridge regression scheme and the ‘rare-switching’ policy update strategy in their algorithm
design. The setting of online linear DRMDP is relatively understudied, with both the lower bound
and the near-optimal upper bound remain elusive. Specifically, the recent work Liu & Xu (2024a)
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studies the online linear DRMDP setting. Under the TV uncertainty set, their algorithm, DR-LSVI-
UCB, achieves an average suboptimality of the order O(d?H?/+/K). A follow-up work Gu et al.
(2025) study the policy regularized online linear DRMDP and obtain the same complexity upper
bound. However, recent evidence from studies (Liu & Xu, 2024b; Wang et al., 2024a) on offline
linear DRMDPs suggests that this rate is far from optimality. In particular, Liu & Xu (2024b) proves
that their algorithm, VA-DRPVI, achieves an upper bound on the suboptimality in the order of
O(dH min{1/p, H}/v/K). Nonetheless, their algorithm and analysis are based on a pre-collected
offline dataset which satisfies some coverage assumption, and thus cannot be utilized in the online
setting, where a strategy on data collection is required to deal with the challenge of exploration and
exploitation trade-off.

3 PRELIMINARY

In this section, we introduce the mathematical framework of our setting. We use a tuple
DRMDP(S, A, H,U?(P°), ) to denote a finite horizon DRMDP, where S and A are the state and
action spaces, H € Z is the horizon length, PY = {PY}/_, is the nominal transition kernel,
Ur(P =Q he[H) UL (PP) denotes an uncertainty set centered around the nominal transition ker-
nel with an uncertainty level p > 0, 7 = {r;, }f1_, is the reward function. A policy 7 = {m), }}._, is
a sequence of decision rules. For a policy 7, we define the robust value function and Q-function for
any (h,s,a) € [H] x S x Aas

H
Oy — P _
VP (s) = PGZE{I;EPO)EW [; rt(st,at)‘sh = s],

Il
>

M=

p(s,a) = inf Ef[ (8¢, ap)

Peur(PY)

shs,aha].
t

Il
>

Moreover, we define the optimal robust value function and optimal robust state-action value func-
tion: forany (h, s,a) € [H] xS x A, V;"*(s) = sup,cr Vi P (s), Q17 (s,a) = sup.cn @17 (s, a),
where II is the set of all policies. Correspondingly, the optimal robust policy is the policy that
achieves the optimal robust value function 7* = argsup_ V" P(s).

In this paper, we focus on the d-rectangular linear DRMDP (Ma et al., 2022; Blanchet et al., 2023;
Liu & Xu, 2024a;b; Tang et al., 2024), where the nominal environment is a linear MDP (Jin et al.,
2020) with a simplex state space, defined as follows.

Assumption 3.1. Given a known feature mapping ¢ : S x A — R? satisfying Zle oi(s,a) =1,
¢i(s,a) >0, for any (i,s,a) € [d] x S x A, we assume the reward functions {r, } 2, and nominal
transition kernels { P}, are linearly parameterized. Specifically, for any (h, s,a) € [H] xS x A,
ra(s,a) = (P(s,a),0), P)(-|s,a) = (p(s,a), ud(-)), where {6} are known vectors with
bounded norm ||6},||2 < v/d and {p }L | are unknown probability measures over S.

In d-rectangular linear DRMDPs, an uncertainty set of transition dynamics U} (P?) is defined based
on the linear structure of Py satisfying Assumption 3.1. In particular, for any (h,7) € [H] x [d],
we first define the factor uncertainty set Ug7i(y27i) ={p:p € A(S),D(u”u%i) < ph
where D(-||-) is a probability divergence which we choose as the total variation (TV) diver-
gence in this paper. Then the uncertainty set of transitions for state s and action a is defined
as Uf (s, a; 1) = {0, @ils, @)pni(-) = pni() € UL, (uf,),¥i € [d]}. We also denote
ur(pp) = Q(s,0)e5% AUf(s,a; puf) as the collection of uncertainty sets on the whole state and
action spaces. Built on these definitions, Liu & Xu (2024a) showed that the following robust Bell-
man equations hold for any policy 7

Q77 (s,a) =ry(s,a) + inf P,V (s, a), (3.1a)
o=, ot BV

Vi P(5) = Eary (1) [Q1 7 (5, 0)] (3.1b)
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Similarly, the robust Bellman optimality equations are

P(s,a) = ry(s,a) + inf P,V " 1(s, a), 3.2a
s A G2

VP (s) = maxgeea QF (s, a). (3.2b)

In the context of online DRMDPs, an agent actively interacts with the nominal environment within
K episodes to learn the optimal robust policy. Specifically, at the start of episode k, an agent
chooses a policy 7* based on the history information and receives the initial state s¥. Then the agent
interacts with the nominal environment by executing 7* until the end of episode &, and collects a
new trajectory. The goal of the agent is to minimize the average suboptimality' after K episodes,

which is defined as AveSubopt(K) = 1/K Zszl (VP (sh) — Vfrk’p(sk)}.

Lu et al. (2024) recently show that sample efficient learning in online tabular DRMDPs is impossible
in the presence of support shift, i.e., the nominal kernel and target kernel do not share the same
support. Built on the hard instance constructed in their work, we carefully design feature mappings
for the transition kernel to extend their lower bound to the following one for online linear DRMDPs.

Proposition 3.2. (Hardness result) There exists two d-rectangular linear DRMDPs { Mg }gc 0,13
such that inf 42g supge 0.1} E[AveSubopt™?A£9 ()] > Q(p - H), where AveSubopt™?4£9(K)
is the average suboptimality of algorithm ALG in the d-rectangular linear DRMDP M.

Note that the lower bound in Proposition 3.2 does not converge to zero as K increases, which means
that in general no algorithm can guarantee to learn the optimal robust policy approximately. To
circumvent this problem, in the rest of paper we focus on a tractable subclass of d-rectangular linear
DRMDP following Liu & Xu (2024a); Lu et al. (2024), which is formally defined in the following
assumption.

Assumption 3.3 (Fail-state). Assume there exists a ‘fail state’ sy in the d-rectangular linear DR-
MDP, such that for all (h,a) € [H] x A, r(sg,a) = 0,P%(s¢|sf,a) = 1.

With Assumption 3.3, we follow the framework in Liu & Xu (2024a), where we have the following
results on robust value functions that are helpful in solving the optimization in (3.2).

Proposition 3.4. (Liu & Xu, 2024a, Remark 4.2) Under Assumption 3.3, we have Q" (sf,a) =
Vi P(sf) = 0, V(m,h,a) € II x [H] x A. For any function V' : S — [0, H] that satisfies
minges V(s) = V(sy) = 0, we have inf ;10 (u0) Es~ V() = maxqejo, ma){Esmpo [V (5)]a — pa}.

4 ALGORITHM DESIGN

One prominent property of the d-rectangular DRMDP is that the robust Q-functions possess lin-
ear representations with respect to the feature mapping ¢. In particular, under Assumptions 3.1
and 3.3, Liu & Xu (2024a) show that for any (7, s,a,h) € II x § x A x [H], the robust Q-function

#¥ (s, a) has a linear form as follows Q7" (s, a) = (rn(s,a) + ¢(s,a) "v;”) 1{s # sy}, where
vi? = (vl i) L vt = maxaciom {#74(0) = pat 27 (o) = ¥R [V ()], and
a € [0, H] is the dual variable derived from the dual formulation (see Proposition G.1 for more
details). Moreover, the robust Bellman optimality equation (3.2) shows that the greedy policy with
respect to the optimal robust Q-function is exactly the optimal robust policy 7w*. Therefore, the core
idea behind the algorithm design is to estimate the optimal robust Q-function using linear function
approximation, and then find 7* by the greedy policy derived from the estimated optimal robust
Q-function. We present our algorithm in Algorithm 1.

'Our ‘average sub-optimality’ differs from standard ‘regret’ as it measures the gap to the optimal policy in the worst-case
target environment, not the nominal one.
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4.1 Variance-Weighted Ridge Regression

Algorithm 1 is a value-iteration based algorithm that iteratively estimates the robust Q-function
through variance-weighted ridge regression. Different from the Q-function estimation for standard
linear MDP, we element-wisely estimate the parameters of robust Q-functions in linear DRMDPs.

From Line 6 to 13 of Algorithm 1, we adopt the backward induction procedure to update the robust
Q-function estimation. In particular, for any (k,h) € [K] x [H], suppose we have an estimated
robust value function Vkp’ ni1- BY the robust Bellman optimality equation (3.2) and Proposition 3.4,

conducting one step backward induction on Vkp ne1 leads to the following linear form (Liu & Xu,
2024a):

Th (57 CL) + ianhEZ/{{j(s,a;/.LO) ]Ph [Vk,h-‘rl}(sa a) = ¢(Sa a)T(Oh + V}l:’k) ]1{5 7é Sf}7 (41)

where Vﬁf = maxaefo,m{ 7y (@) — pa} and zf () = EHhi [Vie gt (5")] . for any i € [d]. Note
that under Assumption 3.1, for any « € [0, H], zﬁ7i(a) is the i-th element of the parameter of the
following linear formulation, [P) Vi n11]a](5, @) = (¢(s,a), zf (a)). Thus, we can estimate zJ (a)
from data to get estimations of z; ;(c), Vi € [d]. To this end, we introduce the variance-weighted

ridge regression regime to estimate zJ () as follows

~ 2 9
min ZU h( b (shraf) — [Vkp,h+1(5sz+1)]a> + All=ll2,

e]Rd

which leads to the following closed-form estimation

Xeh Z o, h (s,ar, [Vk h+1 (3h+1ﬂ 4.2)

T . . . .
where S, = AL+ Y2071 6-2¢(s],af) (s}, af)  and 3.5 is a variance estimator that will be
formally introduced in Section 4.2. We then approximate l/h’k by solving the optimization problem
element-wisely

70 = maxaepo,m {2,(0) - pa}, i€ [d]. *3)
Then we can estimate the Q—function via (4.1). Due to the nature of online RL, the estimation might
be highly uncertain due to the lack of exploration, and thus we incorporate a bonus term I'y, 1, (s, a) =

Jé] Zle ¢i(s,a)y/ 1;2,;211» into the robust Q-function estimation, where § = 5(H\/ dXx +Vd).

The final estimator is given by Line 8 of Algorithm 1, which we will show later is an optimistic
estimator for the optimal robust Q-function.

Inspired by He et al. (2023), we also establish estimators for the lower bound of robust Q-functions
by the same backward induction procedure, which will be helpful in constructing the variance esti-
mator 0, as shown in the next section. In particular, given Vkp’ h» We obtain the variance weighted

regreSSion estimator 22( ) k h ZT } 5-7' ]21 (827 a;;) I:Vkp,h—‘rl (8;;_;’_1)] o’ and the estimation
”ﬁ’f = maxac(o,m) {2 (@) — pa}, i€ [d]. (4.4)

By (4.1) and (4.4), we get another estimation of the robust Q-function, which we aim to show is a
pessimistic estimation of the optimal robust Q-function. Similarly, to quantify the uncertainty caused

by online exploration, we introduce a penalty term I'y j,(s,a) = BZ? 1 0i(s,a)4 /17—2;%11-,

where = ~(H VX + Vd3H 3) The final pessimistic estimator Qk ;, is shown on Line 9 of
Algorithm 1. Though Liu & Xu (2024b) also constructed pessimistic robust Q-function estimations
for DRMDPs, our methods are very different due to 1) they do not update the estimation episodi-
cally, 2) their estimators are used to get the optimal robust policy estimation, while ours are used to
construct the variance estimator, as shown in the next section.
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Algorithm 1 Weighted Distributionally Robust Iterative Value Estimation with UCB (We-DRIVE-
U)

1: Initialization: confidence parameters 3, 3, B > 0 and regularization A > 0. k5 = 0. For

each stage h € [H], initialize 3¢ 5, = ¥, = A1, = Al and the upper and lower estimation
g,h(W ) = Ha Qg’h('a ) =0

2: for episode k =1,--- , K do

3 Receive the initial state sF

4 Set Vi () < 0,V (1) <0

5. if there exists a stage i’ € [H] such that det(Xy, 5/ ) > 2det(Xy,,, /) then

6

7

for stage h = H,--- ,1do
Forh = H, v “p’k + 0, uh’ ¢ 0; otherwise compute 7}; ¥ Vi € [d] according to (4.3)

and p; Vi [d] according to (4.4).

8: th(s,a) < min {rh(s,a) + ¢(5,a)T Pk I n(s,a), Qk L h(s a), H— h +
1} 1{s # sy}

9: Qkh(s a) + max {ry(s,a) + ¢(s,a) " 2k _ (s, a), Q- 1(850) L0} 1{s # s¢}

10: Set the last updating episode Kias < k

11 V p(8) < max, Qk (s, a), V]C p(8) < max, Qk (s, a)

i mh(s) - argmax,e 4 QF, (5. a)

13: end for

14:  else

15: V0 Vi mh = VE 3 Ve ot Vh € [H]

16:  end if

17.  forstageh=1,--- ,H do

18: Take af < 7 (sf) and receive s}/,

19: Calculate the estimated variance oy, j, according to (4.6) and o, 5, according to (4.7)

20 Sigin < Sen + 00 0(sh ah)d(sh,ak) L Axrin — A+ S(sh, af) b (sh,af)

21:  end for

22: end for

4.2 Value Function Variance Estimation

In this section, we construct the variance weight ¢, 5, used in (4.2) and aim to get an optimistic
estimator for the variance of the optimal robust value function, Vy, Vh . Due to the distinct element-
wise estimation procedure introduced in the previous section, the coarse variance estimation design
in He et al. (2023) for standard linear MDPs does not apply. Instead, we need to carefully design
the variance estimators used in weighted ridge-regressions based upon the unique characteristics of
linear DRMDPs.

We desire to design the variance estimator at episode k to be a uniform variance upper bound for
all subsequent episodes. To obtain the optimistic estimator for V,V}, +”1, we first solve regression
problems to obtain the estimator for V, Vkp na1» Which is denoted as Vi Vk ni1- Then we analyze the

error between V, V}ffl and V}, ka n41 to finish the construction. Different from (5.2) in Liu & Xu
(2024b), the variance estimator here is not trivially constructed from subtracting a specific penalty
term because we should guarantee the monotonicity of estimated variance for the online exploration.
The variance of estimated optimistic value function Vkp) n41 can be decomposed into

[thkft}ﬁl]( a) = [PO(thH)z](S’G)*([Povkhﬂ}(sva))% 4.5)



Reinforcement Learning Journal 2026

Under Assumption 3.1, P9 (Vkth)Q and ]P’[})Lf/k,ph_s_1 on the RHS of (4.5) are linear in ¢(s, a). Thus
we can approximate the variance term [Vth‘f ht1) (s, a) using

[thkp,h-&-l] (5’ a) = [(]5(8, a)Tgﬁ,ﬂ [0,H2] - [¢(S, a)Tﬁl};l} [20,H]’

where “3113,1 = Minyecpra Zﬁ: (’waﬁ(SZv a}TL) - Vkp,h+1 (52+1))2 + AMlw|[3 and 77’}’?,2 =
mingege Yory (w' @ (sh,a) — (\A/,f,h+1 (S;+1))2)2 + A|lw]||3. Different from the variance es-
timation in standard MDPs (He et al., 2023), we construct both 11;;272 and u)fhl by solving vanilla
ridge regressions, instead of variance-weighted ridge regressions. This specific choice of parameter
estimation will simplify our analysis of the variance estimation error, while fully capture the vari-
ance information. Now we can construct oy, ,, which is the estimated variance of the optimal robust
value function V,” in episode k, as follows

Oin =\ [V Ve i) (55 08) + Eip + dHDp +1/2, 4.6)

where E}, j, represents the error between the estimated variance and the true variance of V,”, . ,,

and Dy, j, represents the error between the true variance of V,f Bl and the true variance of Vf:_p 1-
Formally, we define

B = min {30 (s af) |, 52} + min (2H] (s} ab) o, H2).

Dien = min {4H (¢(sh,af) "1 — @ (sf.af) " + 28] (o5 ah) [ o ). H7)

where Ay, = XL+ Y21 o (s7,a7) p(s7,af) ', B = O(HVAN + VBH?), B = O(H*VdX +
VdPHS), and @} | = min,,cpa S (wT(sh,af) — Ve (s,TH_l))2 + M|w||2. Finally, we
construct weights for the variance-weighted ridge regression problem (4.2): Vk, h € [K] x [H],

G = max {opp, 1, V2B H?||p(sE, ak) || 221 ). 4.7)

S
Compared with the variance estimation for the value function in standard MDPs (He et al., 2023)

which is 0, , = max {Uk,h, H, 2d3H2H¢(st, aﬁ') H;/;;
the second and the third terms. The second term in (4.7) is 1, instead of H. This is important in
achieving a tighter dependence on H. The intuition is that, when k is large, &, ;, should be close to
the variance of the optimal robust value function. This design is motivated by the ‘Range Shrinkage’
phenomenon unique to DRMDPs (see the discussion after Theorem 5.1 for details), which observes
that the true variance is in the order of O(1) when p = O(1). To get a precise variance estimation,
0r,n should be in the same order of the true variance. Moreover, a constant order lower bound
on 0y, ;, will also ensure the weight will not cause any inflation in the weighted regression (4.2).
The third term in (4.7) to be also tighter than that of He et al. (2023), while maintaining the same
theoretical property.

}, our variance estimation is tighter in both

4.3 Algorithm Interpretation

Now we provide some discussions on Algorithm 1.

Remark 4.1. We highlight that Algorithm 1 is the first algorithm adopting a ‘rare-switching’ up-
date strategy for distributionally robust RL. Unlike He et al. (2023), the ‘rare-switching’ condition
on Line 5 is set at the beginning of each episode due to our variance estimator design, which is
independent of the parameter update for 2 («). This update rule leads to two advantages: 1) it sig-
nificantly reduces the number of times solving the ridge regression (4.2) and dual optimization (4.3)
significantly decreases, which constitute the main computation cost of Algorithm 1, and 2) in real
application scenarios where policy switching is costly or risky, Algorithm 1 possesses low policy
switching property. We refer the readers to Proposition 5.7 and Remark 5.8 for more details.
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Remark 4.2. On Line 7, we estimate uh’k element-wisely, and thus the estimator © ,’j’ is derived

from d separate variance-weighted ridge regressions (4.2) and dual optimizations (4.3). This leads
to the specific form of bonus term 'y, ;,(s,a) = 3 Z?:l ¢i(s,a)4/ 1;2,;}111-, which is actually an
upper bound of the robust estimation error (see Lemma C.4 and its proof) at episode k. Though the
bonus term resembles that in Liu & Xu (2024a), we highlight that the sampling covariance matrix

Xk,n in f‘k,h(s, a) is indeed a variance-weighted one. The specific form of the bonus term leads to
the new variance-weighted d-rectangular robust estimation error defined in (5.1).

Remark 4.3. On Line 8 and 9, we adopt a monotonic Q-function update strategy, such that the
estimated optimistic (pessimistic) robust value function is monotonically decreasing (increasing) to
the optimal robust value function. This strategy is to make sure that the variance estimator oy, , at
any episode k € [H] is a uniform upper bound for those in the subsequent episodes, which would
be helpful in bounding the estimation error arising from the variance-weighted ridge regression
(4.2). This idea is first introduced by Azar et al. (2017) for standard tabular MDPs and then utilized
by He et al. (2023) for standard linear MDPs. This is the first time it is utilized in the online
linear DRMDP setting, where the episodic estimation regime proposes additional requirement on
the variance estimator construction compared to the offline setting studied by Liu & Xu (2024b).

S SUBOPTIMALITY UPPER BOUND

We now provide theoretical results on the upper bound on the suboptimality of Algorithm 1.

Theorem 5.1. Under Assumptions 3.1 and 3.3, set A = 1/H?, then for any fixed § € (0,1) and
p € (0, 1], with probability at least 1 — ¢, the average suboptimality of We-DRIVE-U satisfies

AveSubopt(K) < 2/2H31og(6/0)/K + 42 S/ S S ok /1T S0, 5.

variance-weighted d-rectangular estimation error

where 8 = O(Vd), qbf” is the i-th element of ¢(s5,af) and 1; is the i-th standard basis vector.

By Remark 4.2, the term Z?:l gbfm., / 1?212}111‘ in (5.1) comes from solving d separate variance-

weighted ridge regressions at step h in episode k. A similar term appears in Theorem 5.1 of Liu &
Xu (2024a). Differently, the the quantity Z?:l qﬁﬁ, i/ 1;—2,;}111- is based on the variance-weighted
sampling covariance matrix 3y, j,, rather than the vanilla sampling covariance matrix Ay, 5, as in Liu
& Xu (2024a). In order to further bound (5.1), we need to take a closer examination of the variance
estimator. Intuitively, when episode k is large, the variance estimator should be close to the variance
of the optimal robust value function. Recent study (Liu & Xu, 2024b) shows a ‘Range shrinkage’
phenomenon in the d-rectangular linear DRMDP (refer to Lemma G.10), stating that the range of any
robust value function satisfies maxses V; ”(s) — minges V, ’(s) < min{l/p, H},Y(m, h,p) €
IT x [H] x (0,1]. This implies that the variance of the optimal robust value function is upper
bounded by min{1/p, H}. Thus, when k is large, we can expect G4n < O(min{1/p, H}) and
hence 3, 5= O(min{1/p?, H 2})A}, },- To this end, next we rigorously bound (5.1) under the same
setting as the Corollary 5.3 of Liu & Xu (2024a), and formally show that the variance information
leads to a tighter dependence on H compared to Liu & Xu (2024a).

Theorem 5.2. Assume that there exists an absolute constant ¢ > 0, such that for all (7, h) € TIx [H]

EE” (¢ (sn, an)@(sn,an) 7] > ¢/d - L. (5.2)

Then under the same setting in Theorem 5.1 and the assumption in (5.2), for any fixed § € (0,1),
with probability at least 1 — ¢, the average suboptimality of We-DRIVE-U is upper bounded by
O((dH -min{1/p,H} + H*?)/VK + d"H"K).

Remark 5.3. When d > H and the total number of episodes K is sufficiently large, the average
suboptimality can be simplified as O{dH min{1/p, H}/v/K}. Note that under the same assump-
tion in (5.2), Liu & Xu (2024a) prove that the average suboptimality of their algorithm DR-LSVI-
UCB is of the order O(d>?H?/+/K). Thus, We-DRIVE-U improves the state-of-the-art result by
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O(dH/min{1/p, H}). Moreover, we highlight that the upper bound in Theorem 5.2 depends on
the uncertainty level p, which arises from the ‘Range Shrinkage’ phenomenon. When p increases
from O to 1, the suboptimality decreases up to a factor of O(H).

Remark 5.4. The assumption (5.2) is actually imposed on the DRMDP, requiring that the environ-
ment we encounter is exploratory enough. We would like to note that this assumption is necessary in
deriving our upper bound, since the elliptical potential lemma (Abbasi-Yadkori et al., 2011, Lemma
11), which is critical in deriving upper bounds in linear bandits and linear MDPs, does not apply
in the analysis of linear DRMDPs. We note that the previous work (Liu & Xu, 2024a) also used
this assumption to get the final upper bound for their algorithm. Moreover, the assumption (5.2)
can be deemed as an online version of the well-known full-type coverage assumption on the offline
dataset in offline (non-) robust RL. Specifically, in the context of standard offline RL, Chen & Jiang
(2019); Wang et al. (2020b); Xie et al. (2021) assume the offline dataset should cover the distribution
measure induced by any policy under the nominal environment. In the context of offline robust RL,
Panaganti et al. (2022; 2024); Zhang et al. assume that the offline dataset should cover the distribu-
tion measure induced by any policy under any transition kernel in the uncertainty set. It would be
an interesting future research direction to study if assumption (5.2) can be relaxed.

Next, we study the deployment complexity of Algorithm 1, which constitutes two sources of cost.
The first source is the policy switching cost, say, the total number of changes in the exploration
policy. This might be the main bottleneck in applications where changing the exploration policy is
costly or risky (Bai et al., 2019; Wang et al., 2021). The second source is the computation cost in
solving the dual optimization in (4.3). Recall in Remark 5.8 we discuss that Algorithm 1 adopts
the ‘rare-switching’ update strategy, which significantly reduces the two sources of cost. Next, we
formally define them as follows.

Definition 5.5 (Global Switching Cost). We define the global switching cost of an algorithm that
runs for K episodes as N9 = S8 1{m; # w1}

Definition 5.6 (Dual Oracle). We assume access to a maximization oracle, which takes a function
z: [0, H] — R and a fixed constant p > 0 as input, and outputs the maximum value z,,, and the
maximizer amax defined as 2max = maxaejo,mj{z() — pa} and amax = argmax,eqo, g{z(a) —
pa}. For an algorithm, we define the oracle complexity as the number of calls of the dual oracle.
Finally, we show that We-DRIVE-U admits low switching cost and low oracle complexity.

Next, we formally present theoretical results on the deployment complexity of Algorithm 1.

Proposition 5.7. Under the same setting as Theorem 5.1, the switching cost of We-DRIVE-U is
upper bounded by dH log(1+ H?K), and the oracle complexity of We-DRIVE-U is upper bounded
by 2d*H log(1 + H*K).

Remark 5.8. The switching cost of the state-of-the-art algorithm DR-LSVI-UCB (Liu & Xu,
2024a) is K and its oracle complexity is dK. We-DRIVE-U improves both the switching and
oracle cost by a factor of K. Different from standard linear MDPs, where the main computation
complexity only comes from the policy update (He et al., 2023), in the linear DRMDPs, the calls of
dual oracle, besides policy updates, are also a main source of computational burden. The update rule
on Line 5 guarantees that We-DRIVE-U calls the dual oracle and updates the policy only when the
criterion is met. Actually, Algorithm 1 is the first DRMDP algorithm that admits low deployment
complexity.

6 INFORMATION-THEORETIC LOWER BOUND

According to Theorem 5.2, when p = O(1), the suboptimality of We-DRIVE-U is of order
O(dH/VK). After multiplying K to recover the cumulative suboptimality, it is smaller than the
minimax lower bound for standard linear MDP, Q(dv H3K) (Zhou et al., 2021a). To assess the
optimality of We-DRIVE-U, we present an information-theoretic lower bound.

Theorem 6.1. Let uncertainty level p € (0,3/4], H > 6, and K > 9d*>H/32. Then for any
algorithm, there exists a d-rectangular linear DRMDP parameterized by & = (&1, -+ ,&€x—1) such
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that the expected average suboptimality is lower bounded as follows:
E¢[AveSubopt(Me, K)] > Q((dH'? - min{1/p, H})/VK), (6.1)

where E¢ denotes the expectation over randomness of the algorithm and the nominal environment.

Remark 6.2. We emphasize that the lower bound (6.1) depends on the uncertainty level p, a unique
feature of DRMDPs. Theorem 6.1 shows that We-DRIVE-U is near-optimal up to a factor of
(’j(\/ﬁ ). When p — 0, the linear DRMDP degrades to a standard linear MDP, and (6.1) matches the
information-theoretic lower bound, Q(dv H3 K), for standard linear MDPs (Zhou et al., 2021a) after
multiplying K to recover the cumulative regret. When p = O(1), (6.1) reduces to Q(dH'/? //K),
which is O(H) smaller than the lower bound for standard linear MDPs.

Next, we investigate the (5(\/ﬁ ) gap between the upper and lower bounds and propose a conjecture
on its origin. In the analysis of non-robust MDPs (Azar et al., 2017; Jin et al., 2018; He et al., 2023)
and tabular DRMDPs (Lu et al., 2024), a tight dependence on H is often achieved by exploiting
the total variance law of the value function at each episode. Currently, we bound each term in the
variance-weighted d-rectangular estimation error in (5.1) separately. A tight upper bound might be
achieved by first bounding the variance-weighted d-rectangular estimation error as a whole by the
square root of the total variance and then invoking the total variance law. In particular, inspired by
the total variance law in Lemma C.6 of Lu et al. (2024), the total variance should be in the order
of O(H min{1/p, H}). Together with an additional v/H arising in the suboptimality analysis, we
conjecture the dependence of the upper bound on H could be improved to O(y/H2 min{1/p, H}).

When the uncertainty level is small, i.e., p = O(1/H), the conjectured result leads to an upper
bound on the suboptimality that depends on O (H?>/?), matching the current lower bound we present
in (6.1). This suggests that our current lower bound is tight and the total variance analysis could
improve our upper bound. When the uncertainty level is relatively large, i.e., p = O(1), the conjec-
tured upper bound is O(H ), which matches the current upper bound in Theorem 5.2. This means
the total variance analysis does not further improve the upper bound, and we suspect that a tighter
lower bound is instead necessary. This leaves an interesting open problem for future study.

7 CONCLUSION

This paper advanced the study of online d-rectangular linear DRMDPs by establishing a tighter
regret upper bound and the first lower regret bound under this setting. We introduced We-
DRIVE-U, a novel variance-aware algorithm that leverages variance-weighted ridge regression and
low policy-switching techniques. Under standard MDP structure assumptions, we proved We-
DRIVE-U achieves an average suboptimality of O(dH min{1/p, H}/v/K), improving the state-
of-the-art by O(dH/min{1/p, H}). We also established an information-theoretic lower bound
of Q(dH'?min{1/p, H}/v/K), which implies We-DRIVE-U’s near-optimality up to O(vH).
Furthermore, We-DRIVE-U reduces computational complexity with O(dH log(1 + H?K)) policy
switches and O(d?H log(1 + H?K)) oracle complexity, which outperforms existing methods by
a factor of K. We also conducted numerical experiments to validate the robustness and improved
performance over existing algorithms, which is presented in Appendix A.

Broader Impact Statement

This paper presents work whose goal is to advance the field of Machine Learning. There are many
potential societal consequences of our work, none which we feel must be specifically highlighted
here.
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A EXPERIMENTS ON SIMULATED LINEAR DRMDPS

A.1 Simulated linear DRMDPs

We conduct numerical experiments to illustrate the performances of our proposed algorithm, We-
DRIVE-U, and compare it with the state-of-the-art algorithm for d-rectangular linear DRMDPs,
DR-LSVI-UCB (Liu & Xu, 2024a), as well as their non-robust counterpart, LSVI-UCB (Jin et al.,
2020). All numerical experiments were conducted on a MacBook Pro with a 2.6 GHz 6-Core Intel
CPU.

We leverage the simulated linear MDP setting proposed by Liu & Xu (2024a). For completeness,
we recall the experiment setting as follows. The source and target linear MDP environment are
shown in Figure 1a and Figure 1b. The state space is S = {x1,--- ,25} and action space A =
{-1, 1}4 C R*. At each episode, the initial state is always x1, and it can transit to xo, 24,5
with probability defined in the figures. 5 is an intermediate state from which the next state can be
T3, X4, T5. T4 iS the fail state with reward 0 and x5 is an absorbing state with reward 1. For the
reward functions and transition probabilities, they are designed to depend on (£, a), where & € R*
is a hyperparameter controls the MDP instances. The target environment is constructed by only
perturbing the transition probability at z; of the source domain, and the extend of perturbation is
controlled by a hyperparameter ¢ € (0,1). We refer more details on the construction of the linear
DRMDP to the Supplementary A.1 of Liu & Xu (2024a).

We set & = (1/||€1,1/]1€l1,1/11€]11,1/|€]l1) T and consider different choices of ||€||; from the
set {0.1,0.2,0.3}. Following the implementation in Liu & Xu (2024a), we use heterogeneous un-
certainty level and set p; 4 = 0.5 and pj, ; = O for all other cases. We set the number of interactions
with the nominal environment to 200. We evaluate policies learned by We-DRIVE-U, DR-LSVI-
UCB (Liu & Xu, 2024a) and LSVI-UCB (Jin et al., 2020) by the accumulative rewards achieved in
the target domain, which are illustrated in Figure 2. Figure 2 shows that: 1) policies learned by We-
DRIVE-U are robust to environmental perturbation, and the extent of the robustness depends on the
pre-specified parameter p; 2) In most cases, We-DRIVE-U outperforms DR-LSVI-UCB, meaning it
being more robust to environment perturbation. Moreover, Table 1 demonstrates the low-switching
property of We-DRIVE-U. During 200 interactions of the training process, We-DRIVE-U switches
policies only around 24 times, which stands in stark contrast to the 200 policy switches by LSVI-
UCB and DR-LSVI-UCB. These numerical results prove the superiority of our proposed algorithm
We-DRIVE-U and align well with our theoretical findings. All numerical experiments were con-
ducted on a MacBook Pro with a 2.6 GHz 6-Core Intel CPU.

Table 1: Simulation results of the switch complexity of We-DRIVE-U. We present the average policy
switch times of We-DRIVE-U during 200 interactions with the nominal environment, averaged over
10 replications. As a comparison, the policy switch times for LSVI-UCB and DR-LSVI-UCB are
both 200 under each setting.

p=0.1 p=0.2 p=0.3

1€1=0.1 238 240  23.8
|€l1=02 242 244 240
1€]1=03 243 236 248
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p(l =46 —(& a))

p(1 =5 — (€, a)) 1-5- (& a)
e (A= p)(1 =5 (g a)) @ A =p)(1 =6 = (g a)) e
6+ (&, a) 5+ (§,a)
5+ (& a)

(a) The source environment.

1

p(l — 68 — (& a))

a(5+ (€, a)) 1-6-1€ a)
@ (1 -6 (& a)) @(1—p)(1—6—<e,a>>e
(1 = @) + (&, a)) 5+ (g, a)
5+ (€, a)

(b) The target environment.

Figure 1: The source and the target linear MDP environments. The value on each arrow represents
the transition probability. For the source MDP, there are five states and three steps, with the initial
state being x1, the fail state being =4, and x5 being an absorbing state with reward 1. The target
MDP on the right is obtained by perturbing the transition probability at the first step of the source
MDP, with others remaining the same.
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Figure 2: Simulation results under different source domains. The x-axis represents the perturbation
level corresponding to different target environments. p; 4 is the input uncertainty level for our We-
DRIVE-U algorithm. ||£]|; is the hyperparameter of the linear DRMDP environment.
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Figure 3: Results for the simulated American put option problem. p is the uncertainty level in We-
DRIVE-U.
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A.2 Simulated American put option

We additionally conduct a simulation study in the American put option environment (see more
details in Section 6.2 of [1]), which under the hood is not a linear MDP. By manually constructing
¢, we show in Figure 3 that our algorithm still achieves some degree of robustness.

B PROOF OF Proposition 3.2

Proof. We instantiate the hard example in Example 3.1 of Lu et al. (2024) in terms of the formula-
tion of d-rectangular linear DRMDP satisfying Assumption 3.1. Consider two d-rectangular linear
DRMDPs , M, and M. The state space S = {Sgo0d, Sbad }» and the action space is A = {0,1}. We
define the feature mapping as

1 0 0

0 p(1— o) po
@°(5g00a,0) = | 0| ,Va € A, ¢?(spaa,0) = qo , @°(Spad, 1) = q(1—0o)

0 (I-p)(1-o) (1-po

0 (1-qe (1-g)(1—-0)

where o € {0,1} is the index of the d-rectangular linear DRMDP instance. Define the factor
distributions pr = (8,0 Osyeeas Osgoaas Ospuas Ospua) | and the reward parameter = (1,0,0,0,0)"
Then it is trivial to check that equipped with the d-rectangular TV divergence uncertainty set, this
example recover the hard example in Example 3.1 of Lu et al. (2024). [

C PROOF OF THE UPPER BOUND ON THE SUBOPTIMALITY OF
We-DRIVE-U

In this section, we present the proofs of our main theoretical results Theorems 5.1 and 5.2. We start
with presenting the technical lemmas in Appendix C.1, and then we derive the upper bound on the
suboptimality of We-DRIVE-U in Appendices C.2 and C.3.

C.1 Technical Lemmas

Definition C.1 (Good event). Under Assumptions 3.1 and 3.3, then for any fixed § € (0,1), @’ €
[0, H] and p € (0, 1], we define &, be the event that for all episode k € [K], stage h < h' < H,

T, h’¢h’ [ k h’+1(8h’+1)] []PO’ [Vkp,h/+J a’] (st a;,)}

<9, (C.D

1
Zk h'

where v = (5(\/(7)

Lemma C.2. We define € as the event that the following inequalities hold for all (s,a) € S x A,
ke [K], h € [H],

[b(s,a) "ok — [POVL, ] (s5,0)| < y/(s,a) T AL hb(s, ),
|¢(Sa a)Tmﬁ,l - [ngkf),h+1] (Sa CL)| S B\/‘b(& a)TAI;}L(b(Sa CL),
|b(s,a) @k 5 — [P (V1)) (5.0)| < By/o(s.0)T AL (s, a),

where 5 = O(HVA\ + VA&3H?) and § = O(H>V/d\ + VdHO). Then event £ holds with
probability at least 1 — .
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Lemma C.3 (Variance error). On the event £,41 and &, for all episode k € [K], the estimated
variance satisfies

’Wh‘}kp,hﬂ] (Sﬁvalli) - Wh‘}kp,hﬂ](sﬁvaﬁ)} < Ej.n,

|[thl£h+1} (sh.ah) — [thljfl](sﬁa aﬁ)} < Ein + D p-
Thus we also have
Tin > Whvkp,hﬂ] (siar) + Exn + Din > [ViVi] (shar)-

Lemma C.4. For any fixed policy 7, on the event &, and &, for all (s,a,k) € S/{ss} x A x [K],
for stage h < h/ < H, we have

rw(s,a) + @(s,a) TOOF) — QTP (s,a) = inf P VY, s,a
() + Bl 0) D) = Q) =t B )

- inf P V2 ] (s,a) + Ak (s, a),
Ph’('|sva)€u£/(5»a§ﬂ(h)’/) [ h +1] &

where A¥, (s,a) that satisfies |AF,(s,a)| < T (s,a) = ﬁzle (bi(s,a),/liTEl;}L/li where
= 5(\/)\dH n \/E).

Lemma C.5 (Optimism and pessimism). On the event &, and &, for all episode k € [K] and stage
h <K < H,forall (s,a) € S x A, we have Qz’h,(s,a) > Q' (s,a) > szh,(s,a). In addition,
we have ‘A/,Cp,h,(s) > ViP(s) > VI, (s).

Lemma C.6. On the event £, event £ = &; holds with probability at least 1 — 4.

Lemma C.7. Under the assumption (5.2) and events £ and &, for any h € [H], set A\ = 1/H? and
p € (0,1]. Then when k > K where K = O(d15H12) , with probability at least 1 — d, then we have

1
Thn < (’)(min{?,HZ}).

C.2 Proof of Theorem 5.1

Proof of Theorem 5.1. Conditioned on the event £ and £, we first do the following decomposition

N ) ok
VkpA,h (52) -V p(sﬁ)

= Q01 (sh,ak) — Q7 (s}, a})
<rp (Slﬁv CLZ) + d’(sll?u aﬁ)—r'}}lz’km + f‘km,h (S]l?u all?L) - Q;:k’p (sfw G‘Z)

. 2 k _k . k k k & k k
= Ph('\sva)’lerilfﬁ(&@;l‘%) [Pthp’thl] (Sh’ ah) a P}L('\S,a)lerzl/’f;i(&a;ﬂ‘}z) []P)hvhﬂJrlp] (8h7 ah) + 20k h (Sh’ ah)
< inf [Pth‘jh+1] (sy,af) — inf []P’thﬂJrkip] (s, af) + 4Ty 5 (sF, af),

Pu(c|s,a)€Uf (s,a;u3) Pp(-]s,a) €U (s,a513)

where the first equality holds due to the selection of 77, the first inequality holds due to the definition
of Qz 1> the second inequality hold from Lemma C.4, the third inequality holds from Lemma G.2.
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Note that

: y k K . ", kK
L anf o [Pthp’h_H] (sp,ap) — inf PRV ] (sk, ak)
Ph('lshvah,)euh (Sh,vaﬁ§“h,) Py (- |g ,ah)EM (‘Sh aahvl-"h)

_ ko k ; — pay;
- <¢(3h,ah)’ Lg{%},{m {Eﬂh ViEni(o)a, pal}LE[d]>
. k _k Hp i kp —
<¢(sh’ah)’ [agﬁf{m {E Vi @), pal}Le[d]>
0 ~ 0 "
slshiah). | mas {55 (720 0], - BTG, iem>

A~ k
< (p(sy,ap), E# [Vkph+1(s) ~ Vi’ (s)])
=P;, Wlf,hﬂ szr+i 11 (sh- af;)
A~ . ~ ﬂ_k A~ ﬂ_k

= [P} [Vkp,h-&-l - Vh+ip]] (sﬁ,aﬁ) - [Vkp,h-i-l(32+l) - Vh+ip(5§+1)] + [Vkp,h+1(3i+1) - Vh+ip(3ﬁ+1)},
where the second inequality holds from Lemma C.5. Then we have
~ ﬂ,k
Vi, (sh) = Vi *(sh)

A~ k A~ k N k
< [Vkp,h+1(slli+1) - Vhﬂ+ip(5;€z+1)] + [P?L [Vkp,h+1 - V;Zli”ﬂ (SZ»GZ) - [Vkp,h—&-l(siﬂ) - Vhﬂ+ip(52+1)}

+ ATy, (sF,af), (C2)

Then by applying (C.2) iteratively and applying Azuma-Hoeffding inequality, with probability at
least 1 — 0/3, we have

K
K x AveSubopt(K) = Z (Vl*’p -V ’p(s’f))
k
,1 p(slf)>

H
Z (mh Wkp,hﬂ - VfZTJripH (Slfivai) - [Vkp,thl(Slch-l) - Vh+1p(5§+1)])

<
k=1h=1
K H
+ZZ4Fkh Shvah
k=1h=1
K H d
2H3K log(6/0) +4BZZZ¢1 sh,ah \/mv

k=1h=11

1

where the first inequality holds from Lemma C.5, the second inequality holds from (C.2), the third
inequality holds from Azuma-Hoeffding inequality and the definition of Fk h (sh7 ah) Finally, by

taking probability union bound over £ and £, with probability at least 1 — &, we can get the result of
Theorem 5.2,

K H d
AveSubopt(K) < 21/2H310g(6/3)/K +48/K > > > " ¢f ;1/17 5} 1.

k=1h=11=1

This completes the proof. O



Linear Distributionally Robust Markov Decision Processes

C.3 Proof of Theorem 5.2

Proof of Theorem 5.2. Conditioned on the event £ and £, we first do the decomposition as follows

(Vi (s5) = v (s1))

M-

K x AveSubopt(K)

k=1
IN{ k K k
=D (P(sh) =V (sh)) + D (WP (s) = VT P (st))
k=1 k=K+1
B K
<SHR+ > (Vo0 (sh) = v (sh)):
k=K+1

Recall from (C.2) in the proof of Theorem 5.1, we have

Vkph (Sh) Vﬂ ’ (Slfi)

k A k A~ 5
< [Vk,h+1(5h+1) - V}f+ip(5}]§+1)] + [Pn [Vk[thrl - Vhiipﬂ (SZ’GE) - [Vkp,h+1(slfb+1) Vh+7l (3h+1)}

+ 4fk,h (S];L, alﬁ) .

Then by applying (C.2) iteratively and applying Azuma-Hoeffding inequality, with probability at
least 1 — 6/4, we have

K x AveSubopt(K) < HK +

< HK + (V,fl(s‘f) v ’p(s’f))
k=K+1
_ K H . .
<HE+ Y 3 (PA[VEhas — Vit']) (s )
k=K+41h=1

K H
(7P k
- [Vk}h+1(3h+1) Vh+1 3h+1 ) Z Z Fkh Shaah

H d
< HE 2y TR 445 3 IHICR £y Sk,

k=K+1h

where the second inequality holds from Lemma C.5, the third inequality holds from (C 2) and the
last inequality holds from Azuma-Hoeffding inequality and the definition of IV h( e ah) Based
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on (5.2) and Lemma C.7, with probability at least 1 — 6 /4, we can further have

K H d
1830 03 oilshan) 1T

k=K+1h=11i=1
1 K H d
§4clﬂmin{7,H}- Z szbi(sllivaﬁ)\/m
p k=R 41 h=11i=1
! K H d
<4clﬁmm{7,H}- Z ZZ@(%@Z) )‘maX(AI;}L)
p k:]?_;'_lh:li:l
1 AR 1
< in{ = -
_4C16m1n{p’H} Z }; /\min(Ak,h)
k=K+1
K H
§4016min{1,H}- Z Z ﬁ
P k=K+1h=1 hoe
K
< 4e,v2d £~min{1,H}-/ Lk
e T Jrn V=1
H e
§401\/ﬁﬂ%-mln{;,H}~2\/?

< (;)v(dH\/E-min{%,H}),

where ¢; > 0 is an absolute constant. The first inequality holds from Lemma C.7, the third
inequality holds because Z?:l ¢i(s,a) = 1 and the fourth inequality holds due to (D.10) with
K > 512/n*log(dK H/§). Therefore, we can further bound the regret that

H d

K
K x AveSubopt(K) < HK +2y/2H3K log(8/0) +48 > > ¢i(sy,af) /1T =1} 1s

k=K1 h=11i=1

< 5(dH\/E-min{%,H} +HIVE + d15H13).

Finally, by taking probability union bound over £ and &, with probability at least 1 — J, we can
bound the average suboptimality of We-DRIVE-U as follows

_(dH -min {{, H} + H? p5p13
AveSubopt(K) < O z + . C3
pt(K) < ( Wie I (C3)
We complete the proof by substituting 7 = O(1/d) into (C.3). O

D PROOF OF THE TECHNICAL LEMMAS

D.1 Proof of Lemma C.2

Before the proof of Lemma C.2, we first present a lemma that defines the optimistic value function
class and gives a upper bound for its covering number.
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Lemma D.1 (Function class covering number). In Algorithm 1, for each episode k € [K] and
h € [H], the optimistic value function Vkp’ ;, belongs to the following function class

d
V), = {V’V() = mgxllg;ﬁiéczmin {rh(-,a) + ¢(,a)Twj + 6;@(-,@\/1]1“].1&}[},

Iwyll < L, T 1 < A-W&},

where ¢ < dH log(l + K/\) is the number of value function updates from Lemma E.l and
L = 2H./dK/) from Lemma E.2. Define A be the e-covering number of V), with respect to
the distance dist(V;, V2) = sup, |V1(s) — Va(s)|. Then the covering entropy can be bounded by

log N, < dflog(1 +4L/e) + d*¢log (1 + 8VdB? /Ae?).

Proof of Lemma D.1. For any two function V7, Vo € V},, we can write V7, V5 as follows

%()*mgxlrg?ggmm{rh(, a) + ¢(-,a) wy; +[3Z¢z ,a \/liTI‘l,jli,H},
Va() = max max min {ra(-,a) + 6 )Wz,ﬁﬂZém W T2 1,0,

| <L,Ty;,To; < A 'Tand |Ty ||, T2l < A~'V/d. Then we have

where ||W1,j||7 HWQJ

dist(V1, Vo) = sup [Vi(s) — Va(s)

d
b(s,a) Wi+ B dils, a)m
1=1

d
_ ¢($, CL)TWQJ' — ﬂ Z ¢1(8, a) 1;]:‘27]' 11

i=1

<B  sup i¢i(s,a)(\/1;rr17j1i - \/1;'—1"21]-11-)

1<j<t,s€S,acA i—1

< sup
1<j<l,5€S8,a€A

+ sup |B(s,a)T (w1 — w2 ;)|
1<j<l,5€8,a€A

<5 _ow _[S e, T

1<j<t,s€S,acA

+ sup |¢(S»G)T(W17j — wa )|
1<j<l,5€8,a€A
<B Sup T3 = Doyl + sup [[wi; —wal, (-
1<j 1<j5<¢e

where the third inequality holds because |/z — y| > |\/x —/y|, the fourth inequality holds because
Cauchy-Schwarz inequality, ||¢(s,a)|l2 < 1 and Z?:l ¢; = 1. Moreover, || - || is the Frobenius
norm.

Now, we denote Cy, as a €/2-cover of the set {w € R?|[|w||z < L} and Cr as a €2/43?-cover of

the set {T' € R*¢ | |T||p < A~'\/d} with respect to the Frobenius norm. Then according to
Lemma G.6, we have

ICw| < (1 +4L/e)% |Cr| < (1+ 8\/&B2/>\62)d2
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Then for any function V; € V), with parameters wy ;,I'; ;,1 < j < ¢, we can find parameters
Wwa ;i € CW7F2J‘ €Cr,1< 7 < £, such that HW27J‘ — Wl,j||2 < 6/2, ||F2)j — I‘LjHF < 62/452.
Thus we have

dist(V1,V2) < B sup 4/[|T1; —T2llr + sup [[wi; —wof2 <e,
1<j<e 1<j<e

where the inequality holds from (D.1). Therefore, the e-covering number of optimistic function class
Vy, is bounded by N, < [Cw | - |Cr|%, thus we have

log N, < dllog(1 + 4L/e) + d*flog (1 + 8VdB%/\é?),

which completes the proof. O
Now we are ready to prove Lemma C.2.

Proof of Lemma C.2. For any stage h € [H] and the optimistic value function Vk’) hy1» according to

Lemma E.3, there exists a vector w} such that ]P’%Vkp, n1(8,a) can be represented by ¢ (s, a)Twf

and ||wf||2 < Hv/d. Therefore, the parameter estimation error can be decomposed as
~k k
Hwh,l - wh”Ak,h

k—1 k—1
< HAk}L > b(soai) Vi (sii) — Ap, (AI + Z¢(s;,a;)¢(s;,a;)T)w;’i

=1 =1 Ak,h
k—1 R R
< HA;}L Z ¢(327 CLZ) (Vklthrl (32+1) - ngkéhﬂ(sﬁy a;)) - AA;;}LU’Z
=1 Ak,
k—1 R R
< ||)‘A1;,}LWZHA,€ Lt HAk}l Z b(sh-af,) (Vk/),h+1(8;—z+1) - P?zvkp,h—o—l(s;v af,))
_,—’/ =1 Ak‘,h,

I
Iy

Bound term /;:

B = Ak, = Akl s < VALl < BV

where we have Ay, 5, = Al and ||wf||ls < HVd.
Bound term I,: we apply Lemma G.9 with the optimistic value function class V}, and e = HvV/\/K,
then for any fixed h € [H], with probability at least 1 — § /3H, for all episode k € [K], we have

k—1
L= || 2 & (st ah) (Vinsa (shan) = PaVnia (ko)) |
T=1 A,;h
d kE+ A N 8k2e2
2= =
S\/4H [2log( \ >+log6}+ 5y
< O(Va3H3),

where the first inequality holds because of Lemma G.9, the second inequality holds from
Lemma D.1. Thus we have

@k, —wh||,, <1+ I=O(HVAX+ V& H?) = j.
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Therefore, the estimation error can be bounded by

|¢(3aa)—rﬁ’ili,1 - [P?zvkp,hﬂ](saa” = “75 s a)TuAj,’j)l - ¢(57a)—rwi]§
Kk

wﬁ”Ak,h ! ||¢(S, a)HA;}h

< BW(s,a)TA,;w(s,a),

where the first inequality holds from Cauchy-Schwarz inequality. Similarly, for the pessimistic
function class V}, (or squared value function class Vﬁ), we have the similar result as follows

|b(s,a) Tk — [PAVL, ] (5, 0)] < B/ (s, a)T A hb(s, ),
|b(s,a) @k o — [P (VL)1) "] (5.0)| < By/d(s.0)T AL (s, a),

where 3 = (5(H\/ d\ + Vd*H?) and B = (5(H2\/ dX\ + v d3HS). By taking union bound over
h € [H] and three function classes, we have that the event £ holds with probability at least 1 — 4.
This completes the proof. O

D.2 Proof of Lemma C.3

Proof of Lemma C.3. First, recall from (4.6), we have

N N L ik 12
[thkp’thJ (57 a) ~ [thkp’h+1] (S, a) = [d)(sv a)Tqu,Z] [0,H?] - [QS(S, a)Tw}li,l] [0,H]’
where 113}’2’1 and ﬁiﬂ is the solution of the following ridge regression problems

k—1

V44 T 2 2 2
'wh 2= argmlnz ('w b(s7,,af,) — (Vk,h+1(5h+1)) ) + Alwl]z,
weRd
k—1 R 9
U’Z 1= argmmz ( (Sﬁ,aﬁ) - Vkp,h-t,-l (5;+1)> + /\Hw||§
weR? T=1

Then we have

< | [k ah) T o] g oy — (B ah) Tk ]y — (PR <v,fh+l>2] (ks ak) + ([PRVL0n] (shs k)|

< |[6(sh- k) b 2] ey — P (V10 7) (55 )| + [ [ (s a) Tk T, 1y — (PR (55 0h))|

< qu(SZ?a]fi)Tﬁ’Z 2} [0,H2] [ ( k h+1) ] Sh7ah ‘ + QH’ [¢(3h7a2>Tw2,1][o,H] - [thkp,h+l} (527“2)’
(

< min {EH(]& sﬁ,aﬁ)HA;}h,H } ~+ min {2H5||q§(sh,ah)HA;}h,HQ}
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where the last inequality holds from Lemma C.2. For the second result, we have

[thkpthl] (s, alﬁ) A (s, “IZ)’

[BR2100)") (s ) — (PR (o)) — (B (Vi) ko) + ([BQVES) (s, )]
\ (PO (VEnsa)] sk ak) = [PR (Vi) "] (ks a) | + [ (PR ea] (55 a))” = ([PRVAEA] (k)|

\P@ Vil ) - [Vt ) (shoah)|

where the second inequality holds because 0 < V3, Ve, 41 < H, the third and fourth inequality
holds because of Lemma C.5, the fifth inequality holds due to Lemma C.2 and the last inequality
holds because the trivial result 0 < [V, V2, 1] (sk, af), [Va V2] (sk, af}) < H?. Thus we have

(Vi) (ks an) = VeVl (sko af) | < Bion + Dio-
Then we also have

Gon = [VaVil 1] (sk ak) + Exn + Din > [VaVih ] (sh, ar),

where we use the definition of oy, 5, in (4.6). This completes the proof. O

D.3 Proof of Lemma C.4

Proof of Lemma C.4. For all (s,a) € S§/{sy} x A, for stage h < h’ < H (we use h to replace h’
in this part for simplicity), we have

TP(s,a) =Th(s,a) + d(s,a) VP =rp(s,a) + inf P,V (s, a).
(o) = ru(sca) + 9o T =)+t BV (0

We first decompose the gap ), ok v, into two terms

~0k mp _ ok ~pk | ~pk TP
vt vt =y 7 Z S Ve (D.2)
I 1
~ok _ [~pk ~pk ud TP .
where 77" = [777] . and 777 = maxaeqo,m {E* [V, 4, (s)], —pa}. Then we will bound

these two terms separately.

Bound term I in (D.2): we have

Lok ~pk 5 hi [V
A VS [agﬁ}él{zlﬁd(a)*wh” {Vkpﬁﬂ(s)LHie[d]'

Denote af = argmax,co, i {2;’3 ;(a) — EHh.i [Vk‘thﬂ(s)} a}, i=1,---,d. Then we have

ot -t < [( khza (% af [Vkﬁthl(S’TL“)}a?)i_ (EH% Wkp*h“(s)]“k)}

7t ield]
o k—1
= [(AEE}JE” V()] ) (2;2 c‘r;hth[ Ve (57e)]

T=1

[PO [Vk h+1] ](S}Tw QZ)D (D.3)

J i€ld) .
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For the first term on the RHS of (D.3),

(o0 K il | )

z@ st (NERE [12,,,0)]

i

< )\Z \/d)z (s,a) ITZ h¢z(5 a)l; HE h[vk h+1( )]

ak -1
ERID /NS

< \/EHZ Voils, 017 Sk i(s, 015, (D.4)
i=1

where 1; is the vector with the i-th entry being 1 and else being 0. The first inequality holds due to
the Cauchy-Schwarz inequality.

For the second term on the RHS of (D.3), given the event &, defined in Definition C.1, we have
k—1
‘<¢(57a)v [(2; 25 "o Hvkp,h+1(52+1)] L {]P)g [Vkljh-',-l} k} (5;702)}) } [ }>‘
—1 @i @i idield
k—1
(s,a) Z ¢h H k h+1(8h+1)} R {PO [Vk h+1} J (SLGDH

<Z\/¢lsa1 Ekh@sa

[ k h+1(5h+1)] []PO [Vk h+1] ](SL GZ)}

2—1

k,h
< vZ Vi(s, 01T S hoi(s, )L, (D.5)
i=1
where the first inequality follows from Cauchy-Schwarz inequality and the second inequality holds
from the event &;,. Combining (D.3), (D.4) and (D.5), we have
(p(s,a),0pF — k) < (\/ H—l—v) quz (s,a)4/1] T 314,
On the other hand, we can similarly do analysis for (¢(s, a), f/,’:’k — f/,‘:’k>. Then we have
d
(s, a), 00" —op™) | < B dils,a)y /1] 531, (D.6)
i=1
where 8 = (\/)\dH n 'y) -0 (\/)\dH n \/a).
Bound term Il in (D.2): we have
o(s,a Pk ey = inf []th/" } s,a) — inf [ Vﬂ’p} s, a).
O RS SN L/ (GO SN LA (CXD
Finally we have
(rn(s.a) + (s, a)TV;’Z’k) - Q" (s,a)
= (¢(s,a), ﬁﬁ’k - v p—+—u —vy")
= inf PLV, s,a) — inf PRV (s,a) + AF (s, a),
 PuClsa) €Ul (s,a5m) [PrViEhsa] (5:0) Po(-|s,) €U (5,031 [PuVis] (s 0) + Aslo.a)

where |AF(s,a)| < Zle ¢i(s,a)4/ 1;2;}111‘- This completes the proof. O
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D.4 Proof of Lemma C.5

Proof of Lemma C.5. We prove this lemma by induction. For last stage H + 1, it is trivial because
forall (s,a) € S x A, we have Qf, ;7,,(s,a) = Qu(s,a) = Qp pr41(s,a) = 0.

Assume that the lemma holds at stage h’ + 1, now consider the situation at stage h’ (we use h to
replace A/ in this part for simplicity). For all episode k € [K], we have

Th(S,a) +¢(s,a)—|— e +Fk h(s a) Qz’p(sﬂa)

> inf PrV, s,a) — inf Py Vil (s,a) + Ak (s,a) + Trn(s, a
Ph('\S,a)eu;f(S,a;u‘;’L) [ k7h+1:| ( ) Ph,(<|s,a)61/{£(s,a;p?l) [ h+1] ( ) h( ) ( )
> inf P, (V2 . — V)] (s,a

P;L(~\s,a)eu,’f(s,a;p,2) [ ( k,h+1 h+1)]( )
>0,

where the first inequality holds from Lemma C.4, the second inequality holds because |A¥ (s, a)| <
IA“;“ (s, a), the third inequality holds from induction assumption. Thus we have

Q" (s,a) < mln{mmrh(s a) + ¢(s,a) O 4+ Ty (s, a), H — h+1} < Qz’h(s,a).

i€ [k]
Thus for value function V', we have

Vkp’h(s) = max Q’,;h(s,a) > mngZ”’(s,a) =V’ (s).

For the pessimistic value function QZ (8, a), we can do the similar analysis. Finally, by induction,
we finish the proof. ]

D.5 Proof of Lemma C.6

Proof of Lemma C.6. We use backward induction to prove this lemma. For the base case, the stage
H, it is trivial to obtain (C.1) because V", ; = 0. Assume (C.1) hold for the stage h + 1, then we
consider the stage h.

For all episode k € [K], we first do the following decomposition

Za 207 [ [Vensa(5h)] oo — (PR V0a) o) (57 ah)]

=0
k—
Z { h+1(5h+1)] [PO[Vh+1] }(s;,a;)} -
J1
5o n bk Ba Vi (5h) = [BR(Aa V)] Ghan)]| . @D
=0

J2

where Aa,Vkp,thl(S;—L—i-l) = [Vkp,thl(S;-L—‘rl)}a/ - [V;ip1(3;+1)]a/

Bound term J; in (D.7): For term J;, we apply Lemma G.8 with x; = 65,1(}5(32, aﬁ'l) and n;
6;,1 (Vi (sia)] v [P5 Vi) a,] (si,al)). Note that based on Lemma C.3, we have Tin

v
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VeVl (skyaf) > [Va[Viihi] ] (sE, af). Then for x; and 7;, we have
Ixillz = || @ (sh ah) [|,/Fin < 1,
Elmi| 7] = 0, il < |65 (Vi (shaa)] o = [PR[ViA) o ] (sho ai))| < 28,
Bl 7] = Elog i ([Vith (shan)]o — BRG] (shoah)) < 1= 07,

< _ <
s i )} s, (o) <

where we use the definition of ; j, in (4.7). Then for all k € [K], with probability at least 1 —¢/2H,
we have

il

< (9(0\@—&— Jax. |n;| min {1, ||XiH2’:}1L}) = 0(Vd).

Bound term J5 in (D.7): To bound term .J, we need to use e-covering for function class ]7h+1
[Viify] . where Viir = {Iv] |V € Vh+17 o € [0, H]} is the truncated optimistic value function
class. For any two function Vl, Vg S Vh+1, we can write that

Vi = [Vilay, Vo = [Velao,
where V1, Vo € Vi, 11, @1, a3 € [0, H]. Then we have
dist(‘~/1, ‘72) = Sl;p |1~/1(s) — ‘72(8)’

= sup|[Viay (s) = [Velas ()|

< sup [ ViJas (8) = [Vilas (5)] + sup Vi) (8) = [Valay (s)]

< |ag — ag| + dist(Vq, Vo).
This indicates that the e-covering number ./\7 for function class 17h+1 can be bounded by

Ne<Nys - Nos

where N; 1,5 is the §-covering number for optimistic value function class V11 and /\/Q,g is the
§-covering number for closed interval [0, H]. Then based on Lemma D.1 and Lemma G.7, we have

’27

log N, < dflog(1 + 8L/e) + d*¢log (1 + 32vdB%/Ae?) + log(6H /¢),

where ¢ = dHlog(1 + K/\) and L = 2H/dK /). Here we set ¢ = v/ A\/4H?d?K, then the
covering entropy can be bounded by

log N, < O(d°H).

For simplicity, we denote A/ Vkp hal here as AV, then for AV, there exsit a function V in the e-net
satisfies that

dist(AV,V) < e
Then the difference of the variance of AV and V can be bounded by
[VaV] (sh, af) = [VaAV] (s}, af)
= [PuV?] (sh af) — [Ba(AV)?)(sh,af) — ([BaV] (55 af))" + ([Pa(AV)] (s}, af)”
< 2s1ip |AV (s) — V(s)| sup |AV (s) + V(s)|

< 4Hdist(AV, V)
1
= 2°H

A
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This indicates that

N X, 2 1
[ lshﬂ]a/ - [Vh+pl]a/) }(SZ’GZ) + 2d3H

[Ba(
N . 1
< [Pu(Vh = Vi)’ (shsah) + 575
2

. . 1
< H{Ph (Vkp,h+1 - Vkp,h+1)} (sh-an) + 2d3H
1
< H(Pth w1 (55 ah) = PuViy i (sh, aﬁ)) toPH
1
= Dint o
< opp/d°H, B

where the fourth inequality holds due to Lemma C.5 with induction assumption &1, the sixth
inequality holds due to the definition of Dy, 5, and the last inequality holds because of the definition

of o, Then we apply we apply Lemma G.8 with x; = &, , ¢(s},, aj,) and n; = & (IN/(SZH) —
IP’%‘N/(SZ, a,)). For x; and n;, we have

Ixill2 < [l (shr ah)[|,/Fin < 1,
B = 0. < [oh (Vs 1) — POV (o )] < 21,
E[n}|Fi] = 5, [ViV](sh.ay) < 1/d°H

. ~—1 3
g Ul min (1 ey < s {280l } < 1/

where we use the construction of &; 5, in (4.7) and (D.8). After taking union probability bound over
e-covering for function class Vj11 — [V;_;_p J o e have

< O(Vd).

—1
2k,h

_T_Z [ ($he1) — [IP’?LW(SZ’@D]

For simplicity, we denote that V = AV — V = Aa/ffkphﬂ — V and have sup, |V (s)| < e. Then
we obtain

[ of kh+1(8h+1) [P?L(Aa'Vkp’hH)](sﬁ,a;)}

Zih
‘;h RVt — [BRV] (570
S
k: —
Z 2RV (s — V] GTan)]|
T=1 Zeh
< O(Vd) + 4ek/VA
< O(Vad),
where we use that e = v/\/4H?d* K. Finally, we have
k-1
Z ¢h “ k h+1(5h+1)] [PO [Vk h+1] ](S}Tn a;)} =J;1+ J2 <7,
=1 =i

where v = (5(\/&) Thus, by induction we complete the proof. O
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D.6 Proof of Lemma C.7

Proof of Lemma C.7. Conditioned on the event £ and £, to bound the weight c‘r,i n» recall from the
definition (4.7), we have

Ukh —max{ak h717 V2d3H Hgb(shaah)HE 1}7
According to (4.6), we have

N , 1
in = [VaViln ] (shyak) + Bin + d*H - Dy + o,

where Ey 1, Dy, p, are defined as follows

Bip = min {B]¢(sh, af) || . H | +min {205 $(s} af) || . H .

Dy = min {4H (5, af) "}, — @ (sh,ah) "0}y + 23] @(sh. af) |5 ) 12,
where § = O(d?H?), = O(d? H?) when we set A = 1/ H?. Note that

VAP || (st ab) |2 < V2P| (sk,ab)||2 /A < VAP,

HA—1
Also note that
O'I%,h = Whvkp,hﬂ] (327 alfi) + Ey, +d*H - Dy, + %
§H2+2H2+d3H~H2+%
< 2d°H3.
Then we obtain the trivial upper bound & for &y, ,
Grn < 2VA3HS = a, (D.9)
Based on Lemma C.3, we have
[ViVihial (sh-ar) < Brn+ Din + VAVl (sh ap).-

Then we have

. 1
U;%yh < [Vth_"_pl](SZ, aﬁ) + 2B, + 243 H - Dy, + 3

Next, we carefully bound 0,%7 ;, and 6,%7 5~ To this end, we bound term Ey 1, Dy ;, when £ is large
enough. The intuition is that, when the episode k is large enough, all the error terms should be small
under the assumption (D.10).

Bound term Ej, ;,: Note that based on (5.2), with the same analysis as the proof of Corollary 5.3
in Liu & Xu (2024a), with probability at least 1 — §, we have

Amin(Ak,n) > max {c(k — 1)/d + X — \/32klog(dK H/§), A}

Then when we choose k > 512d? log(dK H/§)/c? and note that A = 1/H?, we have

c(k—=1)/d+ X —+/32klog(dKH/§) >
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which indicates that

> — .
Amin (Ak,pn) > Qdk (D.10)

Then when k > 512d? log(dK H/§)/c?, we can calculate that

¢ (shs ab)lla-2 = HAkhd) sk, ay H \/Tkh \/> (D.11)

where in the first inequality we use the fact that ||¢(s, a)||2 < 1 for all (s,a) € S x A. Then when
k is large enough and also at least k > 512d? log(dK H/§)/c?, we can have that

B < 6(%%}13).

ke

This indicates that there exists an absolute constant cg > 0 such that

T=1
Thus we can calculate that

d)(SZv alli)T’uAjllj 1 ¢(wa a’lfi)Tm}Ii,l

= ¢ Shvah khz¢ Shvah kh+1(5h+1) Vkp,h+1(5£+1))7

k—1

Z ¢(3fTw a;) (Vkp,hﬂ (S}TLH) - Vkp.,thl(S;Jrl))

T=1

||¢(3h’ah ||A L ZH¢ shvah)HA B ( kh+1(3]I€z+1) Vk h+1(s§+1))

\/ kc \/> kh+1 5h+1) Vk: h+1(sh+1))

<2d/c- ( kh+1(3h+1) Vk h+1(3’1§+1)) (D.12)

< (st -

—1
Ain

where 5§ | = argmax, g {Vkp’ a1 (8) — Vk’f htt (s)}, the first inequality holds because of Cauchy-
Schwarz inequality, the third inequality holds due to (D.11). Next, we bound ka h +1(.§’,§ 1) —
Vi 41(3% ). The intuition is that when k is large, both Vkp’ het and V2, ) should be close to
the robust optimal value function. Thus, Vk” n41 should be close to Vkp) ni1- and the closeness could

be quantified by the bonus terms, which is of order (5(d /V/k) under the assumption (D.10). In
particular, we have

9 =k ¥ =k
Vkp,h+1(3h+1) - Vkp}h+1(3h+1)

=V Ghi) = Vi (Fh) + Vi Gh) = Vi (3ha) - (D.13)

I 1T
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Bound term I in (D.13): note that
Vkph( )= Vi (s)
Qk h(s mh(s )) - Q27p(377f;(3))
< Qk,h(sﬂrili(s)) - QZ’p(Saﬁfli(s))

< inf P,V () — inf PLVi ;
S ey VR TR = T gy TPV (5,70 ()

+ AF (3, w]ﬁ(s)) + fk,h (s, 71']}:(8))
[Ph (Vk h+1 Vh*ip1)] (57 772(3)) + 2T (57 w’ﬁ(s)),
where the second inequality holds due to the definition of QZ 5> robust Bellman equation and

Lemma C.4, Py (-|s,a) = argianh,(-|s,a)€lx{}‘:(s,a;ph [PnV, 1] (s,a),¥(s,a) € S x A. By recur-
sively applying it, then we have

Vkp’h(s) —ViP(s) < []13’;1 (Vkp,hﬂ — V;jrpl)} (S,TI';I:(S)) + 2f‘k7h(s,7rlﬁ(s))
H
<2 Z ]E”’;"P[fk,h/(s,aﬂsh/ = S].
h'=h

Note that by (D.9) 53 , < @, we have 3y, 5, = @ ?Ay p,. Similar to the analysis of (D.11), when
k > 512/c?log(dK H/J), we have

d
Lin(s,a) Z a)\/1] T 1
=1

S}”a/h ‘/]'IA/;,}L]W
< ﬂa\/Amx (Aph)

[2d
< EBO[.

V2(s) = ViP(s) < 2H\/1:5 45\/\/%H

HM&

Then we have

Therefore, we can bound [ as follows

. ~ 48V daH
I:Vkp,h+1(3i+1) Vh (h+1) \/E .

/\

Bound term ITin (D.13): Similar to the analysis above, we can derive the similar result as follows

. 4B\ daH
— =k ~k
I = Vh+1(5h+1) Vkp,h+1(5h+1) < \/E .

Now we can bound that

2d 4(3+p)vVdaH _ 168d* aH
c NT = VES

¢(5]}§7@]}§)Tw}§,1 - ¢(5§,02)T7I’]l§,1 <

Then when £ is large enough, we can have that

Din < 6(%&”’1{5).
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This indicates that there exists an absolute constant ¢ > 0 such that

« 7
Dk,h < CDid?)]:I5 .

Vk

When £ is large enough, we have

. 1
oo n < [VaVihl (s, ak) + (2Ekn + 2d°H - Dy, ) + 3

*, k _k Q e} 9 1
< [Vtherl](S}uah) + QCEﬁdZHg + QCDﬁdGHZ + 5

When we choose K = ¢ - a2d'2H? where ¢ = (5(1) When k& > K, then we have

5 = max {02 1,1, 2B (s}, af) |5 )
< max {[V,ViA] (sk,ar) + 1,1}

< 2[VhV;fjr”1 (#ﬁﬂﬁ)] [1,H?]

Based on Lemma G.10, we have

vl < (SR < (AR OI0Y o (min {1, #2)),

Then when k > K , we have
_2 . 1 2
Tpn < O(mm {—2, H })
0
Additionally, note that a® = O (d3H 3), we have
K = O(dH™),
This completes the proof. O

E SUPPORTING LEMMAS

Lemma E.1 (Number of value function updates). The number of episodes where the algorithm
updates the value function in Algorithm 1 is upper bounded by dH log(1 + K/\).

Proof of Lemma E.1. This proof is the same as (He et al., 2023, Lemma F.1) because of the same
rare-switching condition (Line 5 in Algorithm 1). O

Lemma E.2. For any (k, h) € [K] x [H], the weight ﬁﬁ’k satisfies

op||, < 2H\/dk/X.
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Proof of Lemma E.2. Denote a; = argmax, (o i) {25 ;(a) — pa}, i € [d]. Then we have

Ap7k
5= HQE}%}{Z“() pa}:|ie[d]
< pVda + K 25_;#5 Sho [th+1(5h+1)} )] .
ilield]|],
<HVd+H-|Z Z ro(sh.af)
=1 2

k—1 2

< Vi i (5 (@ otenan)) Sikariotean)

T=1
< HVd+ H+\/dk/X
< 2H\/dk/,

where the first inequality holds due to the triangle inequality, the second inequality holds from the

factthat p < 1,0 < a < Hand 0 < [Vkth (S}TL_H)L_ < H, the third inequality holds because
of Lemma G.5 and the fourth inequality holds because Elk’ n = Al and Lemma G.4. This completes
the proof. O

Lemma E.3. Under a linear MDP, for any stage h € [H] and any bounded function V : S — [0, H],
there always exists a vector z € R? such that for all (s,a) € S x A, we have

[IP’%V} (5,a) = 2" ¢(s,a),

where z satisfies that ||z < H/d.

Proof of Lemma E.3. Based on Assumption 3.1, we have

where z = [ V(s')du) (s'). Thus we have

llls = H [vhanis)

This completes the proof. O

<maxV Hp,h H2<H\f
2

F PROOF OF THE MINIMAX LOWER BOUND

In this section, we prove the minimax lower bound. To this end, we first introduce the construction
of hard instances in Appendix F.1, and then we prove Theorem 6.1 in Appendix F.3.
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F.1 Construction of Hard Instances

We construct a family of d-rectangular linear DRMDPs based on the hard-to-learn linear MDP in-
troduced in Zhou et al. (2021a). Let § = 1/H, A = \/5/K /(4\/2). Each d-rectangular linear DR-
MDP in this family is parameterized by a Boolean vector & = {£; }he(m—1), Where &, € {—A, A}
For a given £ and uncertainty level p € (0,3/4], the corresponding d-rectangular linear DRMDP
Mg has the following structure. The state space S = {x1, 2, - ,TH,zy+1} and the action space
A = {—1,1}9. The first state is always 1. The feature mapping ¢ : S x A — R?9+2 5 defined to
depend on the state z;, through &}, as follows:

1 4 1 ¢
ﬁ—g—énal %_g_fmal
1 4 1 ¢
%9 d_ &12a2 2% d 2202
1 4 1 ¢
24 d = &1da4 24 d — §2daq
1 1
(b(xlva') = 2 a¢($2aa) = 2 sy
é + g é +§
d 1101 d 2141
) 0
p + &i2a2 p + &a0a2
) )
7 + &14aq p + &2qaq
0 0
1 ¢
ﬁ_ﬁ - fH—l,lal
10, ’
°d d H-1,2a2 0
1.9 ¢ . : 0
od d H-1,d0d 0 0
1 0 1
¢(IH_1,CL) = ? 7¢($H?a) = 0 ,¢($H+1,U:) = a
p +&a—1,1m 0 l
5 d
P +&m—1,202 :
0 1
: ) -
5 d
7 +&H 1,404 0

0

‘We assume that

K >9d*H/32 and H > 6, (F.1)
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such that 55 — —= — § > 0. Then it can be easily checked that for any s € S, we have ¢;(s,a) >0
and Zfd'fz i(s,a) = 1. The factor distribution g1 : S — R24+2 is defined as follows.
/J'l() = (5”62 ()7 Tty 6£2 ()7 612 ()7 5-’EH+1 ()7 M) 5IH+1 ()7 5.TH ())T
—_—————
d terms d terms

Similarly, for h = 2,..., H, we have

H2(') = (512()7 T 75173(')7 61%()7 51H+1(')7 T 7551?H+1(')7 (SmH('))Tv

“Hfl(') = “H() = (5IH()7 T aérH(')v 61H(')a 5$H+1(')7 T a5EH+1(')a 5IH(.))T7

Note that for each episode k, the initial state s’f is always 1. In the nominal environment, at step h,
the state 52 is either xj, or x4 ;. State gy and x4 are absorbing states. Figure 4a illustrates the
nominal MDP.

Now we construct the reward parameters {6}, }1,¢[x as follows.
0, =(1,1,---,1,-1,1,1,--- ,1,0)", Vh € [H].
We have Vh € [H],

Th(:EH7 CL) = d)(mHa a)TBh = 07
Th(mha a) = ¢($h, a>T0h = 07

rh(a:H+1,a) = ¢($H+1,(I)T0h =1.

Thus, only the transition starting from z g generates a reward of 1, and transitions starting from
any other state generate 0 reward. Next, we consider the model perturbation. An observation is
that xp is the worst state since it is an absorbing state with zero reward. By the definition of
the d-rectangular uncertainty set, the worst case kernel is the linear combination of worst case factor
distributions. Further, by the definition of the factor uncertainty set, the worst case factor distribution
is the one that leads to the highest probability p to the worst state xy. Thus, the worst factor
distributions are

p’l = ((1 - p)6$2 + pal'H’ (1 - p)(SIz + p(sIHv ) ( p)érz + p(SxH?( p)§$2 + p(szHa
(1_p)5$H+1 +p6IH7(1_p)5IH+1 +p5rH7" 7(1 ) TH41 +p590H35xH)T
/]’2 = ((1 - p)c?% + /06351-1’ (1 - p)5$3 + p(stv ) ( p)6333 + p(sTH?( p>§’cs + péﬂcH?

(1 - p)5IH+1 + p(ssz (1 - 10)51H+1 + pérHa Tty (1 ) THA41 + pémH? 6IH)T7

b

ljl’Hfl = ((1 - p)(st71 + p(SaZHa (1 - p)émH,l + p(swhm U 7(1 - p)6$H71 + péxHa (1 - p)éwal + p(swﬁm
(1 - p)6IH+1 + p6$H7 (1 - p)61H+1 + p(sﬁya B} (1 - p)61H+1 + pamHa(SwH)T7
RH-1= pH.

Figure 4b illustrates the worst case MDP.

F.2 Reduction from d-Rectangular DRMDP to Linear Bandits

Note that by construction, at steps h = 1,--- , H — 2, the probability of transitioning to the worst
case state xy is independent of the action a. Moreover, since x4 is the only rewarding state,
so the optimal action at step h is the one the leads to the largest probability to x4y, i.e., aj, =
argmax,c 4(&n, a). Further, in the nominal environment, state xj, can only be reached through
states x1,x2, -+ ,Th—1. As discussed by Zhou et al. (2021a), knowing the state xj, is equivalent to
knowing the entire history starting from the initial state at current episode. Consequently, policies
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>

1-6—(Eg_1,a)

1

(a) The nominal MDP environment.

> -

Coyo:

(1—p)(1—6—(£2,a))

(1 —=p)(5+ (&1, (1—p)(6+(€g_1,a))

1—-p

(b) The worst-case MDP environment.

Figure 4: Constructions of the nominal MDP and the worst-case MDP environments.
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dictating what actions to take upon reaching a state at the beginning of an episode are equivalent
to policies relying on the “within episode” history (we refer to the discussion in E.1 of Zhou et al.
(2021a) for more details). In the following lemma, we shows that the average suboptimality of the
d-rectangular DRMDP can be lower bounded by the regret of H /2 bandit instances.

Lemma F.1. With the choice of d, K, H in (F.1), we have 3dA < §. Fix & = {&€n}nem—1)- Fixa
possibly history dependent policy 7 and define a} = E¢[ay|s, = x5 as the expected action taken
by the policy when it visits state x;, in stage h. Then, there exist a constant ¢ > 0 such that

H/2
* T . 1 —
VP (xq) = VP (21) > cmln{;,H} E (I&&j{(uh,@ — (uh,ah>>.
h=1

Proof of Lemma F.1. For the fixed policy 7, we first get the ground truth robust value V;"*(z1) by
induction. Starting from the last step H, we have

ViP(xg) =0, ViP(zps) =1

For step H — 1, we have

Vali(wu) =0, Vgli(zr—1) =0 -p)(0+Er-1.0af 1)) L Vgliwgm)=1+1-p) L

For step H — 2, we have V;*, () = 0 and

Vity(@m) =1+ (1 =p) - Vi a(zga) =14 (1—p)+ (1 —p)?,
Virls(wr—2) = (1= p)(0 + (€n—2,af o)) - Vg2 (xm41)
+ (1A =p) 1 =06~ (n—2,af_o)) Vi’ (xm-1)
=[(1=p)+ (1 =00+ (€n—2,aF_5))
+(1=p)*(1 =6 — (€n—2,af_2)) (0 + (Eu—1,a7_1)).

For step H — 3, we have V;"*;(z) = 0 and

Vils(@my) =1+ (1= p) - Vi o(zg) =14+ (1—p) + (1 —p)* + (1 - p)*,
Vils(wm-3) = (1= p)(0 + (En-s3,a%_3)) - Vil (wri1)
+ (1 =p)(1 =0~ (€n—3,a%_3)) - Vir s (xr—2)
=[1=p)+ (1 =p?*+1=p)?°[(0+ (En-s,aF_3))
+[1=p)+(1=p?](1 =6 — (€u—3,aF_3)(0 + (En—2,aF_5))
+(1=p)°(1 =0 —(€r-3,af_3)(1 =6 — (€n—2,af_2)) (0 + (Em—1,af_1))-

Keep performing the backward induction until step h = 1, we have

VTP (1)

= Vil (@)

=[A=p) 4+ +1=p)" (6 + (&1.a]))+

[(A=p)P+-+ (1= (1 =6~ (&,a]))(0 + (&2,a5))+

(1—pP+ -+ 1 =p)" 1 =6— (&, a]))(1 — 6 — (&, a3)) (6 + (€3,a5))+

(1—p)" (1 =6 —(&,a))(1—0— (&,a5)) - (1= 0 — (Eg—2,aT;_5))(6 + (Em—1,aF_4))
H-1 H-1 h—1

=3 (X a-p)on+o) -0 -0, (F2)
h j=1

h=1 =
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where o, = (£n,a}),Yh € [H]|. Recall that the optimal robust action at step h is aj =
argmax, ¢ 4 (&n, @), and hence maxqe 4 (&x, a) = Ad. Thus, we have

H-1 H-1 h—1
( ) (dA +6) T] (1 - da - o). (F3)
h=1 1:h j=1
For k € [H — 1], we define
H—-1 H—k _
=S (X )H1_oj_5 (on +9), (F4)
h=k i=h—k+1 j=k
H-1 H—k ) h—1
- Z( 3 ) ) TI( - dA - 8)(dA +5). (E5)
h=k i=h—k+1 j=

Then by (F.2), (F.3), (F4) and (F.5), we know V;**(x1) — V]"*(x1) = T1 — S;1. Next, we aim to
lower bound 737 — 5. Inspired by the backward induction process, we have

T

—k
Sp = ( (1- p)i)(ok F6) + Sppr (1 — op — 8),

Ty = ( (1 _p)i)(dAw) T (1 — dA —9).

Then, we have

H—k
Tk—Sk:( )dA—ok) Sp1(1— o — 6) + Tosa (1 — dA — )
=1
H—k )
= ( (1-p)i— Tk.H) (dA — o) + (1 — 0, — 8)(Ths1 — Sa1)- (E.6)
=1

Define Ty = Sy = 0, then by the recursive formula (F.6), we have

H-1 Hh
— 5= (aa - o)
h=1

Th+1) 1:[ 1—0; —9). (E7)

=1

I

To further bound (F.7), we first study the term I. Next we derive a close form expression of T}. In
specific, we have

Tk:Z( (1_,0)) (1—dA — §)(dA + 5)
h=k i=h—k+1 j=k
H—k H—k
:( (17,0)1‘) (dA +6) + ( )de 5)(dA + 6)
H—k
+ (Do (1A =82+ 6)) -+ (L= )R~ dA = )TN (dA + ),
=3

(E.8)
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Multiply T} by (1 — dA — 6), we have

(1—dA — )T,
H—k H—k
:<Z(1fp)i)(dA+5)(lfdA 8) + ( >1fdA 8)2(dA + 6)
i=1 2:2
H—k
(Z (1—dA — ) (dA+6)>+~~~+(l—p)H*’“(lfdAfé)H*k(dAJré). (F9)
=3

Then we have

(FE.8) — (F9)
= (dA + 0)T,
H—k
- ( Y- p)i)(dA +6) — (1= p)(1 — dA — 6)(dA + 8) — (1 — p)2(1 — dA — 8)*(dA + 6)

i=1
= (L= )R = dA = §)H R (dA + 6). (E.10)

Divide both side of equation (F.10) by (dA+4) and then apply the formula for the sum of a geometric
series, we know T}, has the following closed form expression

H—k
_ A (1=p)(L—dA =51~ (1—p)""(1-dA-§)"F)
T’“‘(E“‘”)‘ 1—(1-p)(1—dA—9) '

Then, for any h < H/2, we have the following bound on the term I of (F.7),

— i ;. (T=p)(1—dA =81 —(1—p)Hr=1(1—-dA - §H-T)
_i:1(1—p)— 2 (1—p)' + 0 0—dA

_ L (1=p)(1—dA=68)(1—(1—p)H-r=1(1 — dA — 5)H--1)

=(1-pH 4 (i s

=(1=p)T "+ (1= p) A —dA = 8) + -+ (1= )11 — dA — 51

>(1—dA=8)"((1—p)+-+(L—p)T "4 (1—p)") (F.11)
> (1= 2) (@=p b (=) (1= )

1 H—h ‘
Z 15 2. 0= (F.12)

where (F.11) holds due to 3dA < § = 1/H and (F.12) holds due to H > 6. Next, we carefully
bound the LHS of (F.12) with respect to p. For any h < H/2 and p € (0, 3/4], we have

H—h

1 L 10-p)-(1 =)™ 11-(-p)""
12 & 12 p ~ 50 p ’
Given the fact that

Pﬂ—m’ng(min(ﬂp),
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there exist a constant ¢ > 0, such that

1-(1-p"~

1
> ¢ - min (H, 7).
P p

Then we have

H—h 1
— Thy1 > ¢ -min (H 7), (F.13)
p

i=1

where ¢’ = ¢/50. Moreover, with the choice of parameter 3dA < §,6 = 1/H, and H > 6, we have
h—1
[T =0, —0)>(1—-45/3)" > 1/3. (F.14)

Therefore, by (F.7), (F.13) and (F.14), we have

VP (x1) = VPP (21) =Ty — Sy

H/2
> -min{H,1/p} - Z(dA —op)
h=1
H/2
— 1 . : H 1 . ( _ =T )
o mindH, 1/p} 3 (1glun,) - s af)
where ¢’ = ¢’ /3. This completes the proof. O

F.3 Proof of Theorem 6.1

Next, we present an existing result on lower bounding the regret of linear bandits induced by
Lemma F.1. This result is useful in deriving the lower bound in Theorem 6.1.

Lemma F.2. (Zhou et al., 2021a, Lemma 25) Fix a positive real 0 < § < 1/3, and positive
integers K, d and assume that K > d?/(26). Let A = \/5/K /(4v/2) and consider the linear bandit
problems £, parameterized with a parameter vector p1 € {—A, A}? and action set A = {—1,1}% so
that the reward distribution for taking action a € A is a Bernoulli distribution Bernoulli(§ + (i, a)).
Then for any bandit algorithm 13, there exists a pu* € {—A, A}9 such that the expected pseudo-regret
of B over first K steps on bandit £, is lower bounded as follows:

dVKS
82

Note that the expectation is with respect to a distribution that depends both on B and p*, but since
B is fixed, this dependence is hidden.

E,«Regret(K) >

Now we are ready to prove the lower bound in Theorem 6.1.

Proof of Theorem 6.1. By Lemma F.1, we have

K
E¢AveSubopt(Me, K [Z 1ﬁ’p($1)]}
k=1
H/2

Zc'mln{H 1o} S g, [i(maxgh, a) - <£h,a2’“>)]-
h=1
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Note that the learning process is conducted on the nominal environment, which is exactly the MDP
in Zhou et al. (2021a), thus the rest proof of Theorem 5.2 follows the argument in the proof of
Theorem 8 in Zhou et al. (2021a). In particular, define £ = (&, ,€n_1,&€ns1, -, €m),
then every MDP policy 7 induces a bandit algorithm B ;, - for the linear bandit of Lemma F.2.
Moreover, our choice of parameters in (F.1) satisfy the requirement of Lemma F.2. Denote the regret
of this bandit problem on L¢ as BanditRegret(B,; j, ¢-», &), then we have

) H/2
81£1p E¢ AveSubopt(Me, K) > Slépc : w Z BanditRegret(B; j, ¢-n,&n)
h=1
) H/2
> Slglpc. w }; é}}ﬁ BanditRegret(Bﬂ’h’é,h,€h)
. H/2
—c- w hgl SIép ér}}f BanditRegret(B, ;, ¢-n,&n)
_ min{ H, 1/p}dH\/ﬁ
- 16V2- K
_c d\/ﬁ'Iﬂin{H,l/p}
T 16V2 NG '
This completes the proof. O

G AUXILIARY LEMMAS

In this section, we present some standard technical results in the literature that our proofs are built
on.

Proposition G.1. (Strong duality for TV (Shi et al., 2023, Lemma 4)). Given any probabil-
ity measure ;° over S, a fixed uncertainty level p, the uncertainty set U”(u°) = {u : p €
A(S), Dry (u||pu°) < p}, and any function V : S — [0, H], we obtain

inferso (u0) EsnnV (8) = MaXae(Vinin, Vinas] 1Bs~po [V (8)]a — p(@ — ming [V(s')]a) },  (G.D)
where [V (s)]o = min{V(s), a}, Viyin = ming V(s) and Vipax = max, V(s). Notably, the range
of « can be relaxed to [0, H] without impacting the optimization.
Lemma G.2. (Abbasi-Yadkori et al., 2011, Lemma 12) Let A, B and C be positive semi-definite
matrices such that A = B + C. Then we have that

x T Ax < det(A)
su .

x;g x"Bx ~ det(B)
Lemma G.3. (Abbasi-Yadkori et al., 2011, Confidence Ellipsoid, Theorem 2) Let {Qk}z"zl be a
filtration, and {xx, Nk }x>1 be a stochastic process such that x;, € R? is Gi,-measurable and N € R

is Gj.41-measurable. Let L, 0, 3, ¢ > 0, u* € RY. For k > 1, let y, = (u*,Xy) + nx and suppose
that 0y, x;, also satisfy

Elne | Gr] = 0, |nk| < R, |Ixx]l2 < L.

Fork > 1,letZ; = \I + Zle xix;'—, b, = Zle YiXiy b = Z,;lbk, and

kL? 1
Bk = R\/dlog (1 + d)\) + 2log 5

Then, for any 0 < § < 1, we have with probability at least 1 — § that,

k
Z XiMi

i=1

vk > 1,

) < Bi, I — 1 ||z, < Bre + VA" f2-
z;
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Lemma G.4. (Jin et al., 2020, Lemma D.1) Let A, = AXI 4+ ./_, ¢¢p], where ¢; € R? and
A > 0. Then we have

t

> ool (A) i< d.

=1

Lemma G.5. (Ishfaq et al., 2021, Lemma D.5) Let A € R4%d pe positive definite matrix where
its largest eigenvalue Apax(A) < \. Let x1, ..., X} be k vectors in R?. Then it holds that

k
i=1

Lemma G.6. (Vershynin, 2018, Covering number of Euclidean ball) For any ¢ > 0, A, the e-
covering number of the Euclidean ball of radius B > 0 in R? satisfies

d d
s o ) < ()
3 3

Lemma G.7. (Vershynin, 2018, Covering number of an interval) Denote the e-covering number of
the closed interval [a, b] for some real number b > a with respect to the distance metric d(a1, a2) =
|ay — aa| as Ne([a, b]). Then we have N, ([a,b]) < 3(b— a)/e.

Lemma G.8. (Zhou & Gu, 2022, Theorem 4.3) Let {Gx}32, be a filtration, and {xy, 7 }x>1 be
a stochastic process such that x; € R? is G,-measurable and Mk € R is Gi41-measurable. Let
L,o>0,u* € RY Fork > 1,let y, = (u*,x) + ni and suppose that 7y, X;, also satisfy

k 1/2
< m(z ||xz-||i) .
=1

Elni | Gl = 0,E[ng | Gi] < 0%, Ikl < R, [|xil2 < L.

For k > 1, let 8, = 6(0\/& + maxi<;<g |7;| min {1, [1%i]| 71 }) and Z;, = \I + Zle XX,
by = Zle YiXi, Uk = Z,:lbk.. Then, for any 0 < § < 1, with probability at least 1 — 9, for all

k € [K], we have

k
S
=1

Lemma G.9. (Jin et al., 2020, Lemma D.4) Let {s;}32, be a stochastic process on state space
S with corresponding filtration {F;}°,. Let {¢;}22; be an R¢-valued stochastic process where
¢; € Fi—1,and ||¢;|| < 1. Let A = AL+ Zle @i, . Then for any § > 0, with probability at
least 1 — 6, forall k > 0, and any V' € V with sup,5 |V (s)| < H, we have

2

d k+ A N, 8k2e?
< 4H?| =1 e log ==

At {2"g< X )*"gé% X

< B ke — ¥z, < Br + VA2
Z,

k
Z di{V(si) —E[V(si) | Fi-1l}

where N is the e-covering number of ) with respect to the distance dist(V, V') = sup 5 |V (s)—
V'(s)l.

Lemma G.10. (Liu & Xu, 2024b, Lemma 5.1 (Range Shrinkage)) For any (p, , h) € (0,1] x II x
[H], we have max,es V, *(s) — minges V; 7 (s) < (1 — (1 — p)=hF1)/p.



