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Summary

Training reinforcement learning (RL) policies in simulation before deploying them
in real-world environments is a common strategy when real-world interaction is costly.
However, the policies trained in simulation often perform poorly in the real world due
to a mismatch between the simulation model and the real-world environment. This
poor performance is caused by an objective mismatch: simulation models are typically
designed for predictive accuracy, while policies are trained to maximize task performance.
Motivated by the need to overcome this objective mismatch, we analyze the sensitivity
of RL policies trained in simulation using stochastic policy gradient (SPG) methods in
an actor-critic setting with respect to simulation parameters. Based on this sensitivity
analysis, we formulate a bi-level RL approach that adapts simulation parameters based
on the performance of the policy in the real world, thereby addressing the objective
mismatch in a principled way. We provide a convergence analysis of the proposed
bi-level RL approach and illustrate the concept with a proof-of-concept bi-level Proximal
Policy Optimization (PPO) algorithm.

Contribution(s)

1. We derive the sensitivity of locally converged policies trained in simulation with SPG

methods in an actor—critic setting with respect to simulation dynamics and reward
parameters by implicitly differentiating the SPG fixed-point condition.
Context: Prior work on differentiating RL policies with respect to the simulation
model assumes specific policy structures (e.g., softmax over Q-functions). In contrast,
our analysis directly differentiates the fixed-point condition of general SPG methods
and applies to parametric policies trained with actor—critic methods without imposing
such structural assumptions.

2. Based on this sensitivity analysis, we formulate a bi-level RL approach that adapts

simulation parameters based on the performance of the policy in the real world,
thereby addressing the objective mismatch in a principled way. We illustrate this
approach with a bi-level PPO algorithm.
Context: Current approaches address the objective mismatch problem by embed-
ding proxy objectives into simulation model training to account for policy performance.
Complementing these approaches, the proposed bi-level RL approach couples the
simulation parameter learning objective and the policy performance objective by
adapting simulation parameters using gradients of real-world policy performance.

3. We provide a thorough convergence analysis of the proposed bi-level RL approach.
Context: The analysis shows that simulation and policy parameters can be updated
simultaneously, provided the policy evolves on a faster timescale than the simulator
parameters, thereby eliminating the need for full policy convergence at each simulator
update step.
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Abstract

Training Reinforcement Learning (RL) policies using simulation models before
deployment in real-world environments is a common strategy when real-world
interaction is expensive. This approach is used in sim-to-real RL and in dyna-style
model-based RL. A key limitation of this approach is that the policies trained in
simulation often perform poorly in the real world due to discrepancies between the
simulation model and the real-world environment, referred to as the sim-to-real
gap. This gap reflects the objective mismatch: simulation models are typically
constructed for predictive accuracy, whereas policies are trained to maximize task
performance. Since the policy learned in simulation is implicitly defined by the
simulation parameters, understanding the sensitivity of the learned policy to these
parameters enables gradient-based adaptation of the simulation model to improve
real-world policy performance. Motivated by this, we derive the sensitivity
of locally converged policies trained with Stochastic Policy Gradient (SPG)
methods in an actor—critic setting, which is the most widely used approach in RL.
Based on this sensitivity analysis, we formulate a bi-level RL approach that can
address the objective mismatch problem by learning simulation parameters using
gradients of real-world policy performance, thereby directly coupling simulation
model adaptation with policy performance. We provide a thorough convergence
analysis of the proposed bi-level RL approach and illustrate the concept through
a proof-of-concept bi-level Proximal Policy Optimization (PPO) algorithm.

1 Introduction

Training Reinforcement Learning (RL) policies in simulation models of real-world dynamics
and reward functions before deployment in real-world environments is a common strategy
when real-world interaction is expensive (Zhao et al., 2020). This approach appears in multiple
flavors, including Model-based Reinforcement Learning (MBRL), where simulation models
are learned online (Moerland et al., 2023), and sim-to-real RL, where high-fidelity simulators
are constructed offline with limited online adaptation (Da et al., 2025). This is supported by
advances in the capabilities and fidelity of simulators and world models (Makoviychuk et al.,
2021; Collins et al., 2021). Despite these advances, the inevitable discrepancies between the
simulation model and the real world lead to a significant performance gap upon deploying
the policy in the real world, referred to as the sim-to-real gap (Da et al., 2025).

Recognizing that perfectly modeling the stochastic real world is infeasible even under good
data coverage, a fundamental cause of the sim-to-real gap is that simulation models are
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typically constructed to predict real-world dynamics and rewards accurately, whereas policy
training aims to maximize task performance. These objectives are not necessarily aligned,
as the conditions that maximize the prediction accuracy of a simulation model differ from
those that maximize the real-world performance of policies trained in that model, except in
special cases (Anand et al., 2025; 2024b). This is well recognized as the objective mismatch
problem in MBRL (Wei et al., 2024). This issue can persist even under good data coverage
and low epistemic uncertainty, because simulation models trained for prediction accuracy
are not informed by which aspects of the true dynamics matter for decision-making. It
is particularly important in stochastic settings, especially for problems with economic or
non-smooth objectives, where decision performance can depend on features of the real-world
distribution that prediction-based model training need not preserve (Anand et al., 2025;
2024b). Despite theoretical and empirical evidence supporting this observation, there remains
no consensus on the appropriate objective for training simulation models (Wei et al., 2024).

In theory, for any stochastic real-world environment, it is possible to adjust the simulation
model such that the optimal policy in simulation can achieve optimal performance in the
real world (Anand et al., 2024b;a; 2025). We refer to this property as sim-to-real optimality.
Motivated by this observation, we analyze how standard RL policies trained in simulation
(in-sim policies) can achieve sim-to-real optimality. Specifically, we consider Stochastic
Policy Gradient (SPG) methods in an actor—critic setting, which are the most widely used
methods in RL. Since the in-sim policy is implicitly defined by the simulation parameters,
understanding the sensitivity of this policy with respect to these parameters enables gradient-
based adaptation of the simulation model to improve real-world policy performance. This
perspective is related to prior work (Anand et al., 2025; Nikishin et al., 2022; Chen et al., 2022)
on differentiating the Markov Decision Process (MDP) underlying in-sim policy training.
However, existing approaches are restrictive as they rely on differentiating Bellman optimality
equations and therefore assume policies induced by Dynamic Programming (DP), typically
represented as softmax distributions over value functions (Nikishin et al., 2022; Chen et al.,
2022).

To this end, we analyze the sensitivity of locally converged policies trained with SPG methods
in an actor—critic setting using the Implicit Function Theorem (IFT), making the analysis
applicable to generic RL policies without requiring assumptions on their structure. Based on
this sensitivity analysis, we frame the problem of finding simulation parameters that enable
sim-to-real optimality as a policy-gradient RL problem with real-world feedback. This forms
a bi-level RL approach, where the inner level trains an RL policy in simulation, and the outer
level adapts simulation parameters to maximize the real-world performance of the in-sim
policy, thereby aligning the objectives of simulation adaptation and policy performance. We
provide a convergence analysis of the proposed bi-level RL approach using a three-timescale
separation and illustrate the concept with a bi-level Proximal Policy Optimization (PPO)
algorithm (Schulman et al., 2017), validating it through simple simulated examples.

Although motivated by addressing objective mismatch and sim-to-real gap, the central
contribution of this work is the sensitivity analysis of SPG-based policies, which may be
useful more broadly wherever the sensitivity properties of SPG methods are of interest.

The rest of the paper is organized as follows. Section 2 discusses related work. Section 3
introduces the preliminaries. Section 4 establishes the notion of sim-to-real optimality.
Section 5 presents the central results. Section 6 presents illustrative examples. Sections 7
and 8 present the discussion and conclusions.

2 Related Work

Closely related works study the sensitivity of optimal policies with respect to the underlying
MDP parameters (Nikishin et al., 2022; Chen et al., 2022). These approaches differentiate
Bellman optimality equations and therefore assume policies derived from value functions via
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Figure 1: (Left) standard sim-to-real RL, (right) the proposed bi-level RL framework.

DP, typically represented as softmax (Boltzmann) distributions over Q-values (Nikishin et al.,
2022; Chen et al., 2022). For example, Nikishin et al. (2022) applies implicit differentiation to
the Bellman fixed-point equations of the optimal Q-function, while Chen et al. (2022) derives
sensitivities of entropy-regularized optimal policies using the softmax structure induced
by KL regularization. Consequently, these formulations assume policies are expressed as
softmax transformations of value functions and do not directly cover policies with arbitrary
parameterizations, such as Neural Network (NN) policies optimized via direct policy search.
In contrast, our work derives sensitivities of policies obtained through SPG learning by
implicitly differentiating the stationary condition of the policy gradient objective. This allows
the analysis to apply directly to general parametric NN policies.

Objective mismatch is a well-recognized problem in MBRL (Lambert et al., 2020; Eysenbach
et al., 2022; Janner et al., 2019), underscored by theoretical and empirical evidence (Hansen
et al.; 2022; Farahmand et al., 2017; Schrittwieser et al., 2020; Wan et al., 2024; Voelcker
et al., 2023). Decision-aware approaches address this by incorporating value- or policy-
level objectives into model learning (Wei et al., 2024). Value-based methods aim to learn
simulation models that capture value functions instead of transition dynamics, following
the Proper Value Equivalence Principle (Grimm et al., 2020; 2021). Policy-based methods
instead use policy-gradient updates to adapt the simulation model, for example, by matching
real-world and simulated policy gradients or minimizing gradient discrepancies (Jia et al.,
2024; D’Oro et al., 2020; Abachi et al., 2021). Similarly, most sim-to-real RL methods
are robustness-oriented rather than performance-oriented, optimizing proxy objectives such
as simulator accuracy or variability instead of real-world performance directly (Da et al.,
2025; Tobin et al., 2017; Duan et al., 2024); see Appendix E. We provide a complementary
perspective by explicitly analyzing the sensitivity of the policy to the simulation model.
Rather than heuristically modifying the model-learning objective, the sensitivity analysis is
used to directly optimize model parameters to improve policy performance. Our approach
falls within Differentiable Planning, where policy optimization is embedded in a differentiable
program to jointly optimize the policy and simulator toward a common objective.

3 Preliminaries

Reinforcement Learning and Optimal Decision-Making

Formally, an RL problem is defined as a MDP, (S, A, P,r,v), where S is the state space,
A is the action space, P(s’|s,a) is the real-world transition model defining the proba-
bility of transitioning to state s’ given s,a (Sutton and Barto, 2018). r : S x A — R
is the scalar reward function provided by the environment, and v € [0,1] is the dis-
count factor. A policy 7w(als) defines the agent’s behavior, mapping states to a dis-
tribution over actions. The objective of RL is to find the optimal policy n* that
maximizes the expected return J(m) =E; x> o7 7(st,ar)]. The state-value func-
tion and action-value function are defined as V7 (s) = E; [> ;o v'r(ss, ar) | so = s] and
Q™ (s,a) =Er Do v'7(se,at) | so = s,a0 = al, respectively. An advantage function is
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defined as A™(s,a) = Q™(s,a) — V™(s). The optimal value- V*(s) and Q-functions
Q*(s,a) satisfy the Bellman optimality conditions: V*(s) = max, Q*(s,a), Q*(s,a) =
r(s,a) + vEg~p [V*(s')]. The optimal policy satisfies 7*(s) = arg max, @*(s, a).

In-sim Reinforcement Learning

We consider a simulation model as an abstract function Py, approximating the real-world
distribution P, used to generate the next state given a current state-action pair s’ ~ Py(- | s,a)
and to generate simulation-based trajectories mimicking the real system. The parameters 6
may include the parameters of the functions defining the simulation dynamics. We consider
a reward function Ry(s,a) in the simulation as a model of the real-world reward r. The
parameters of Ry and Py together constitute what we refer to as simulation parameters 6.
The in-sim policy 7y is an implicit function of simulation parameters 6, derived by solving:

(o)
¢ = arg max Ernr,,Pe [Z v ' Ro(st, ay) (1)

t=0

The objects Vp, Qp, and 7, are implicitly defined by Py and Ry. The optimal policy mg-
can be derived using the Bellman equations: V7 (s) = max, Q}(s,a), Q5(s,a) = Re(s,a) +
VEonpo [V5'(s')], mo+ (s) = argmax, Q5(s, a).

Notation: Throughout the paper, quantities indexed by € denote in-simulation quantities,
whereas quantities without a 6 subscript denote the corresponding real-world quantities.

4 Sim-to-Real Optimality

In this section, we establish the notion of sim-to-real optimality. Assuming the real-world
and in-sim MDPs defined in Section 3 share the same state-space S and have a unique
optimal policy, the in-sim MDP achieves sim-to-real optimality if the optimal policy obtained
in simulation is also optimal for the real-world environment, i.e., my» = 7*. This can be
expressed as the necessary and sufficient optimality condition:

argmax Qp(s,a) = argmax Q*(s,a), Vs. (2)

Sim-to-real optimality is critical in applications where real-world performance is the priority.
Conventionally, the performance objective is pursued indirectly by constructing accurate
simulation models of real-world dynamics via supervised learning and then training policies
on these models. However, for stochastic systems, predictive accuracy of the simulation
model does not necessarily correlate with the real-world performance of the resulting in-sim
policy (Anand et al., 2025). This issue can persist even under good data coverage, because
prediction-oriented model training is not informed by which aspects of the true stochastic
dynamics matter for decision-making. It is particularly important in problems with economic
or non-smooth objectives, where optimal decisions may depend on features of the transition
distribution that prediction-based identification need not preserve (Anand et al., 2025).

However, it has been shown that even an in-sim policy under an imperfect simulation model
Py can achieve sim-to-real optimality under specific conditions on the model or on the in-sim
reward function (Anand et al., 2025; Gros and Zanon, 2019). Following this observation, we
propose framing the identification of the optimal simulation parameters * satisfying the
necessary condition for sim-to-real optimality in (2) as a policy gradient RL problem:

o
0* € arg mgmx D lz ,ytr(st,at)]
t=0

(o]
st. ¢ e arg max Ermmy Po lz vth(st,at)] )
Py
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The RL formulations in (1) and (3) together form a bi-level RL problem. The inner level
constitutes the in-sim RL problem to derive my«, which is implicitly defined by Py and Ry
(1). Upon deployment in the real-world environment, the policy generates real transition
data (s,a,s4,r). The outer-level RL then adapts the simulator dynamics Py and reward
function Ry to optimize real-world policy performance using the real-world transition data.
The outer-level RL does not fit the simulation parameters to mimic real-world dynamics,
but instead optimizes them to maximize the performance of the policy.

Additionally, the solution 6* to (3) is in general not unique. This allows selecting, among
the simulation parameters that yield the same optimal policy performance, those that are
also consistent with the real-world dynamics according to a user-specified loss L(-), i.e.,
0* = argming L(Py, P; Ro,7) s.t. (3) holds for all s, a. Here, predictive accuracy is not
introduced as a competing objective, but only as a selection or regularization criterion
within the set of optimal models defined by 6*. The existence of such optimal models within
the support of prediction-oriented models is justified in Proposition 1 of (Anand et al.,
2025). Common choices of £(-) include Maximum Likelihood Estimation (MLE), Bayesian
estimation, or expected-value losses such as MSE. In practice, this can be implemented by
regularizing the policy-gradient step induced by (3) with VL.

5 Bi-level RL

In this section, we derive the mathematical tools to solve the bi-level RL problem (3). We
begin by stating the regularity conditions required in the following assumption.

Assumption 1. The policy my(als), simulation model Py(s'|s,a), and reward function
Ro(s,a) are continuously differentiable with respect to their respective parameters ¢ and 6.

For generality across continuous and discrete state-action domains and stochastic simulation
models, we consider that the in-sim and real-world RL agents are trained using SPG,
satisfying:

P(¢,0) =B, o[V logms(als)Qp” (s, a)], (4)

where Qg¢ is the critic of policy 7y as seen by the simulations, and ﬁg¢ is the simulated
discounted Markov chain density associated with policy 7y under the model Py.

Assumption 2. We assume that the in-sim SPG iterates have locally converged to a
stationary policy parameter ¢ satisfying $(¢p,0) = 0. We further assume that $(¢,0) is
continuously differentiable in (¢, 0), that the stationary solution ¢ is locally isolated, and that
the Jacobian V4¢(,0) is nonsingular.

Under Assumption 2, SPG yields a locally optimal policy 7y for the simulation model, and
the bi-level RL problem can be written as

o0
0* = argmngTNM”p [Z ’ytr(st,at)] st. $(6,0)=0. (5)
t=0

The local regularity assumption is reasonable in practice, since SPG methods typically
converge to locally stable stationary policies with non-degenerate curvature (Agarwal et al.,
2021). The constraint ¢(¢,8) = 0 therefore locally defines ¢ as a unique differentiable
function of 6. Consequently, the sensitivity of the in-sim policy parameters ¢ with respect to
simulation parameters § can be obtained via the Implicit Function Theorem (IFT) (Krantz
and Parks, 2002),

A -1 ~
Voo = —(Vep(4.0))  Vep(9,0). (6)
Note that there exist iterative methods and their approximations to invert the Jacobian

V¢¢7(q§, 9) (Liesen and Strakos, 2013; Yang et al., 2024). Using V¢, we can then formulate
a solution to (5) as the outer-level SPG using the real-world transition data:

2(6,0) = Eryro [Vologma(a | 5) Q" (s,0)], (72)
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Vologmg(a | s) = Veg Vglogms(a|s), (7b)

where Q"¢ is the critic of the in-sim policy w4 as seen by the real world, p™# is the discounted
Markov chain density resulting from using in-sim policy 74 in the real world, and (7b) is the
result of the chain-rule with the IFT condition. To update the simulation parameters via
(7a), we must compute the sensitivity of the in-sim RL solution with respect to simulation
parameters, given by the gradient Vg¢. Computing V¢ is the only additional component
of (7a) compared to the classic SPG.

5.1 Sensitivity Analysis of Stochastic Policy Gradient

We now introduce two lemmas that will help us compute Vy¢ and derive the full expression
for the real-world SPG in (7a). Note that the 0 in Lemma 1 and Lemma 2 denotes a partial
derivative with respect to either ¢ or 6.

Lemma 1 (Sensitivity of a Markov Chain). Let mg(a | s) be a differentiable stochastic policy
parameterized by ¢, let Py(s' | s,a) be a differentiable transition model parameterized by
6, and let p° denote the initial state distribution. For convenience, define the closed-loop
one-step transition density 73;4’ (siv1,0i | 85) = wy(a; | 8i) Po(siv1 | sira;). The policy and
transition model induce a Markov chain with discounted state distribution ﬁg";c at time step
k. Then, for any bounded measurable function n(sg,ay), the sensitivity of z'ts’expected value
with respect to a parameter (denoted by 0) can be written as
k—1
OE, o [n(sk,ar)] =E [n(sk,ak) (810g7r¢,(a;.C |sk) + Z Dlog Py? (sit1] si, ai))} . (8

Py k -
0 ks 1=
S0P, i~ Tg,Si41~Py @

Here, we assume that the policy and transition densities are strictly positive on the support
of trajectories induced by the Markov chain, ensuring that log-likelihood derivatives in (8)
remain finite. The proof of Lemma 1 is provided in Appendix A.1.

Lemma 2 (Sensitivities of Q™). Let (s¢,a:)i>0 be samples from the in-simulation dynamics
Po(- | st,ar) and the policy mg(- | s¢), with (so,a0) = (s,a). Then the sensitivity of the
stmulation-based critic with respect to the reward and model parameters 6 under a fixed policy
Ty is given by

VoQy’(s,a) =E 5. [Zﬂ’t VoRo(st,at)

e, S
anT ¢ =
. 9)
+ Z’Ytﬂ Volog Po(ser1 | st,ar) Qp” (ser1,ae41) | S0 =5, ap = a} ;
t=0

and with respect to the policy parameters ¢ under fized reward Ry and model Py is given by

oo
V¢Q§¢ (s,a) = Es~ﬁ§¢ [Z 7t+1 Ve logmy(arsr | se41) Q?(stﬂ,am)

Sop = S, Qo :a] .
t=0

an~yT g

(10)

The proof of Lemma 2 is provided in Appendix A.2. Note that score-terms in the critic
sensitivities (9) and (10) can induce high variance, so variance reduction methods such as a
baseline or the reparameterization trick should be used. A reparameterization version of the
critic sensitivity terms (9) and (10) is provided in Appendix A.2.

There exists an alternative method to estimate the critic sensitivities, which is provided in
Lemma 4 in Appendix A.3. This avoids unrolling entire trajectories as required in Lemma 2
by directly differentiating the Bellman equations. However, this approach is computationally
less efficient than the method in Lemma 2, as it requires iteratively estimating sensitivities
for both the Q and V functions. For completeness, we provide a proof of equivalence between
these two sensitivity estimation approaches in Appendix A .4.
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Using these two lemmas, we now present the main result on the sensitivity analysis of SPG
in the following theorem.

Theorem 1 (Sensitivity of in-sim SPG). Consider a simulation model Py, reward function
Ry, and the resulting in-sim policy 7y obtained by solving the in-simulation RL problem
using SPG (4) in an actor-critic setting. Assume that the policy parameters ¢ correspond to
a locally stationary solution of the SPG update, i.e., $(¢p,0) = 0. Then the sensitivity of the
in-sim policy parameters ¢ with respect to the simulation model and reward parameters 0 is
given by

Voo =~ (B, o [Voslog s Q5 + Vo logmy VoQ5?] + VoE, o [Vslogmy Q5°] )

Gradient of g w.r.t. ¢ Gradient of dist. ﬁgd’ w.r.t. ¢
uy uy
(Es~ﬁ2¢’ [V¢ log 7y V9Q9¢] + Vg]ESNﬁ;w) [Vqs log g Q9¢]), (11)
Gradient of g w.r.t. 0 Gradient of dist. p, ? w.r.t. 0

Here, v«ﬁEsNﬁW [[] is the effect of changing ¢ on the simulation-based distribution ﬁg¢7 and
o
the influence of that change on the expected value under a fixed cost and model. VO]ESN,;”¢ [']
6

is the effect of changing 6 on the simulation-based distribution [)gd), and the influence of
that change on the expected value under a fized policy. The terms in the second line of (11)
describe how perturbations to the simulation parameters modify both the value estimates
and the distribution of simulated trajectories, which alters the policy gradient. The inverse
Jacobian term in the first line of (11) maps these changes in the policy gradient to the
resulting shift in the locally optimal policy parameters. A detailed and intuitive explanation
of each of the terms in (11) is provided in the first part of Appendix A.

In practice, all components in Theorem 1 will be estimated from the in-sim transition data
(8,a,84, R) generated from model sampling. Let (s}, a), R}, ..., s, @k, R)) be the sampled
trajectory j € {1,...,n} of length N that should be long enough for Lemma 2 to apply. The
expected value approximation of the Markov Chain sensitivity of the in-sim policy gradient
with respect to 6 and ¢ is given by:

VE,_ 5l [V¢ log 74 Qe R — ZZV¢ log 7y (ak‘ sk) 0’ (si,ai)

k 05=1
(W¢ o+ Vologmy (af|s]))  (12)
where: ® represents the outer product and W = 0 W¢,k = Wi,k_l +
Vg logmy (ak 1‘% 1) Similarly,

VOE, o [Vologms Q5¢] ~ NZZV¢1ogW¢(ak‘ ) s (si,ai)eawg,k (13)

k=0 j=1
where W(g,o = (0 and Wg’k = Waj,kq + Vg log Py (s{c’ 3;}1’ aifl).

A high-level algorithmic description of the bi-level RL approach is provided in Algorithm 1.

5.2 Convergence Analysis and Efficient Implementation of Bi-level RL

Convergence Analysis. A detailed convergence analysis for the bi-level RL approach is
provided in Appendix B. The analysis establishes almost-sure convergence of the proposed
bi-level SPG scheme under a three-timescale stochastic-approximation scheme: the critic
and its sensitivities evolve on the fastest timescale, the in-sim policy on an intermediate
timescale, and the outer-level update of simulation parameters on the slowest timescale. An
important practical implication of this analysis for Algorithm 1 is that the in-sim policy does
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Algorithm 1 Bi-Level SPG Framework

Given: initialized Py (s | s,a), Ro(s,a), my(a|s), V™ (s), and Q™ (s,a).
for each bi-level RL iteration do
Train in-sim policy w4 via SPG for N steps (Eq. (4)).
Roll out 7, over Py, Ry to collect in-sim transitions (s, a, s+, R).
Compute V¢ from these in-sim transitions (Eq. (11)).
Roll out 7, on the real world P to collect transitions (s, a, s4, 7).
Update 6 according to Eq. (7a).
end for

not need to be fully optimized before each update to the simulation parameters. Instead, it
is enough that the in-sim policy is updated on a faster timescale than the outer level, so that
it remains sufficiently close to the local optimum corresponding to the current simulation
parameters. This provides formal justification for taking outer-level steps with partially
updated in-sim policies, provided that the critic and sensitivity errors remain controlled.

Efficient Implementation. The inverse of a Jacobian operator in the policy parameter
space (V4¢) in (11) can often be high-dimensional in deep RL settings. Although Theorem 1
yields the full sensitivity matrix Vo¢ € R% >4 a practical implementation of the outer
update in (7a) does not require forming this matrix explicitly. Since the outer objective
(the real-world return) (5) is scalar, the required quantity is the vector-Jacobian product
(Vo) "V4L, where £ denotes the outer objective in (5). Using an adjoint variable, this
product can be computed by (i) solving a single linear system involving (V4¢)" and
(ii) evaluating one additional vector—Jacobian product through the residual @¢(¢,#). This
approach avoids constructing any dense dy X dg objects, and fits naturally with reverse-mode
automatic differentiation. The details of this approach and a comparison of the computational
efficiency are provided in Appendix C.

5.3 Bi-level PPO

Using the sensitivity analysis in Theorem 1, we now formulate a bi-level version of the PPO
algorithm (Schulman et al., 2017) that updates the simulation parameters toward achieving
sim-to-real optimality. Consider the in-sim PPO objective given by:

£u(0) =B, e, | T AT ) + 519 (14)

where ¢ and ¢ denote the policy parameters before and after the current update step, and Ag¢
denotes the in-sim advantage, and H is the policy entropy with 3 as the entropy coefficient.
In (14), the practical components in a typical PPO implementation, such as generalized
advantage estimation, clipping the importance sampling ratio, and policy divergence, are
omitted for clarity. The in-sim policy is updated according to: ¢ <— ¢ — aV4Lg(¢), which
yields the approximate fixed point ¢(6) once converged sufficiently. The corresponding
outer-level PPO objective for updating 6 is given by:

cwﬁw=&w9,2ﬁﬂ3AM@@+6Hwaw@>, (15)

where A™¢ denotes the outer-level advantage function. The outer-level parameter update is
0 < 0 —aVoL(p,0), with the outer-level gradient VoL(¢,0) = (0L($,0)/0p) Vod(0), where
Vo¢(0) is obtained from (11) by replacing Q4 with Ap®. A pseudo-code of the bi-level PPO
algorithm is provided in Algorithm 2.

In practice, PPO performs stochastic updates that approach a neighborhood of a local
stationary point of the surrogate objective (14). The derived sensitivity therefore describes
how small perturbations in simulator parameters change the PPO policy in this neighborhood.
Learning can further be accelerated by performing multiple simulator updates per outer
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Algorithm 2 Bi-Level PPO Algorithm

Initialize simulation parameters 6, policy parameters ¢, inner critic Vjp, outer critic V.
for k=1,..., Nouter do > Outer-level update of simulation parameters
for j =1,..., Nipner do > In-sim PPO training
Roll out 7, in the simulation Py, Ry to collect (s, a, si, R).
Estimate returns and in-sim advantages Ay; update Vjy.
Update ¢.
end for
Roll out 7y in simulator Py, Ry to collect (s,a, sy, R).
Compute Voo (6) from in-sim (Eq. (11)).
Roll out 7, on the real system P to collect (s,a, s, 7).
Estimate returns and real-world advantages A; update V.
Update 0 < 0 — aVgL(9,0).
end for

iteration, similar to standard PPO. This would require additionally updating the policy
parameters at the outer level based on real-world data, allowing the outer-level policy updates
to serve as a proxy for the fully optimized in-sim policy, while also providing better policy
initializations for the inner level. This strategy is effective when small simulator perturbations
induce smooth, local changes in policy parameters.

6 Illustrative Examples

We present three illustrative realizations of the bi-level RL approach: (i) stochastic control
in a discrete state-action space, (ii) stochastic continuous control with linear dynamics, and
(iii) a quadcopter stabilization task. The first two examples validate the sensitivity analysis
in (11) by evaluating the outer-level SPG updates, while the third demonstrates the bi-level
PPO algorithm. In each case, we initialize five simulation models with parameters randomly
sampled around the real-world environment parameters. These experiments are intended
solely to illustrate the proposed framework rather than serve as a performance benchmark.
Additional experimental details are provided in Appendix D.

Discrete MDP. We consider a stochastic discrete

MDP with state and action sets S = {so,s1,82} 0
and A = {0,1}, where each action may yield dif-
ferent successor states. The state-transition model in- e

cludes the parameters: 9{:@ = (Gf’a’o,ﬂg’a’l,ﬂiaz) €R? via \
Po(s' | 5,a) = softmax(0],)s. Rewards use % € R3*2 via 0 @ e 0
Ry(s,a) = 0F,. In this example, we use DP to compute 1

exact solutions of a discrete in-sim policy and its value func-
tion. This discrete policy is converted to a stochastic policy
that uses action preferences (logits) hg(s,a) = ¢7 ,, i.e., the
learnable score for action a in state s, with 7 € R3*2. The policy selects actions by
mo(a | s) = softmax(hg(s,-)),. Then we estimate the critic sensitivity (9) and (10) in a
tabular form iteratively until convergence using on-policy in-sim data. We use the same
in-sim on-policy data to estimate the Markov chain sensitivities (12) and (13).

Figure 2: Discrete MDP.

Continuous MDP. We consider a linear system with additive Gaussian
noise; sy =60s5+0,a+¢, e~N(0,0%) and a parameterized exponential reward
function Rg(s,a) = exp (—A(0, % + 6,a?)). The real system parameters are:
0s=1,0,=1,0,=1, 6, =1. The simulation model and reward parameters are
chosen randomly between 0 and 1. We solve the in-sim policy and value function exactly
using Linear Quadratic Regulator (LQR), and then use NNs to approximate them. By
approximating them with NNs, we can validate the robustness of the sensitivity estimates
with regard to the noisy NN predictions. Then we estimate the critic sensitivity (9) and (10)
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Figure 3: Normalized return of 5 randomized trials for (left) discrete and (right) continuous MDP examples.

for each sample iteratively until convergence using in-sim data under the NN policy, and the
same data to estimate the Markov chain sensitivities (12) and (13).

During the bi-level RL training, the simulation parameters are iteratively updated as described
in Algorithm 1, until convergence. Since these two problems are solved using exact methods,
their resulting policies naturally satisfy the convergence condition for the SPG: ¢(¢,0) = 0.
The training progress of the outer-level RL is shown in Fig. 3. Its convergence serves as a
validation of the sensitivity estimation in Theorem 1.

Quadcopter Control Task. We consider a 2D quadrotor stabilization task implemented
in safe-control-gym(Yuan et al., 2022), where the goal is to stabilize the quadrotor at an
arbitrary reference point from random initial positions. Both the real-world and simulation
environments are realized as separate instances of the same simulator. The simulation
dynamics are parameterized through the quadrotor mass and length. The ground-truth
parameters are mg = 0.033 kg and Iy = 0.039m. In the simulator, the mass is initialized as
m = 0,,mo with 6, = 0.5, while the length is initialized at [y since it has little influence
on performance. During bi-level PPO training using Algorithm 2, both mass and length
parameters are adapted. The policy and critic are implemented using NNs. Further
experimental details are provided in Appendix D.3.

Fig. 4 shows that the in-sim policy stabilizes at a different location than the desired one when
deployed on the real-world environment, whereas the policy trained with bi-level PPO closes
the sim-to-real gap. We did not tune hyperparameters, as this experiment only demonstrates
the convergence behavior of bi-level PPO on a simple task (see Appendix D.3). Since the
objective is stabilization to a reference, a small adjustment to the mass parameter is sufficient
to achieve near-optimal performance. As a result, the estimated mass parameter converges
to a value that differs from the ground truth while still yielding optimal performance.

7 Discussions

Although Theorem 1 assumes that the in-sim policy needs to fully converge to a local optimum
for applying the IFT, in practice, a partially converged in-sim policy only introduces an
additional perturbation to the already noisy real-world gradient driving the outer-level RL.
The three-time-scale analysis in Appendix B formally justifies this; bi-level RL convergence
does not require the in-sim policy to fully converge for each update to the simulation
parameters, but rather requires timescale separation: the critic and its sensitivities must
stabilize on the fastest timescale, the in-sim policy must evolve on a faster timescale than
the simulation parameters, and the outer simulator updates must be sufficiently slow. This
is empirically validated in the quadcopter control task. Importantly, the regime in which
in-sim convergence matters most is when the outer-level approaches a local optimum and
the true gradient norm becomes small; however, in that same regime the outer updates are
naturally small, which makes the moving target ¢*(0) change slowly and allows the in-sim
policy to track it with relatively few inner updates (see Appendix B).

The bi-level RL approach is applicable to any in-sim policy optimization scheme, provided
one can estimate the sensitivity of the in-sim policy with respect to simulation parameters.
Notable examples include bi-level RL schemes for Model Predictive Control (MPC) (Reiter
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Figure 4: Quadcopter example. (Left) The gap between the optimal return and the performance of the in-sim

policy illustrates the sim-to-real gap. Bi-level PPO and direct policy fine-tuning in the real world reduce this

gap compared to training the policy purely in simulation. (Middle) Trajectory tracking performance of the
different policies. (Right) Evolution of the simulation parameters during bi-level PPO training.

et al., 2025; Kordabad et al., 2023), and Cross Entropy Method (CEM) (Amos and Yarats,
2020; Wan et al., 2024). Consequently, the key contribution of the framework presented in
this paper is the sensitivity analysis of the SPG-based RL used to train the in-sim policy.
This extends the previous work of (Nikishin et al., 2022) that assumed that the policy
is derived from a Q-function via a softmax, allowing the derivation of a model gradient
by implicit differentiation of the Bellman equations. The bi-level RL approach is directly
applicable to Dyna-style MBRL settings, where the dynamics model and reward functions,
which are typically learned for prediction accuracy, can be adapted by an outer-level RL
loop to improve the real-world performance.

As demonstrated with PPO, the sensitivity analysis in Theorem 1 could be incorporated
into most standard RL algorithms, such as Soft Actor Critic (SAC) (Haarnoja et al., 2018),
by differentiating a few extra terms in their policy gradient equations without significant
additional complexity. One could also deploy separate RL algorithms in the inner and outer
levels. Additionally, both approaches for estimating the critic sensitivities, in Lemma 2 and
Lemma 4, are equally applicable, as we show their equivalence in Appendix A.4. However,
we favor the unrolled formulation in Lemma 2 due to its lower computational complexity and
its better suitability for parallelization, making it the more practical choice in our setting.

In sim-to-real RL, an alternative to adapting the simulator is to fine-tune an in-sim policy
directly on real-world data. While this can be effective in some cases, fine-tuning the
simulator with bi-level RL offers a more general and flexible approach. By fine-tuning the
simulation parameters for sim-to-real optimality, we can exploit a full suite of RL techniques
in simulation, including domain randomization. Moreover, learning an optimal simulation
model provides valuable insights into which scenarios drive decision-making in practice,
thereby enhancing explainability. Additionally, the simulator parameter space can often
be kept low-dimensional, as practitioners typically adjust only a small subset of physically
meaningful parameters. Fine-tuning this small set of parameters can be computationally
more efficient and stable than fine-tuning very large policy networks. Moreover, fine-tuning
the in-sim reward parameters provides extra flexibility, considering that sim-to-real optimality
can be achieved by adapting only the reward parameters while keeping the simulation model
parameters fixed (Gros and Zanon, 2019). Since the simulation model parameters, typically
obtained via classical model-fitting approaches (Ljung, 1995), approximate the real-world
dynamics with reasonable accuracy, the optimal simulation parameters likely lie within
a neighborhood of those estimates. Consequently, in practice, the outer-level RL can be
implemented as a local search on the simulation parameter space (Grudic and Ungar, 2000)
similar to (Jia et al., 2024).

Limitations

The practical deployment of the bi-level RL framework requires the development of scalable
bi-level RL algorithms based on the results of Section 5. Given the challenges inherent in
real-world online learning, offline-RL is a suitable framework for the outer-level RL, which
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is not addressed in this work. The proposed bi-level RL framework only provides local,
not global, sim-to-real optimality, as is typical of gradient-based methods in contrast to
global optimization approaches such as Bayesian optimization or evolutionary algorithms.
Additionally, sim-to-real optimality is limited by model specification: if the simulator class is
not sufficiently expressive, the desired optimality may not be achievable.

Moreover, the proposed bi-level RL approach can be computationally heavy, due to the
estimation of the critic sensitivities (9). While the VJP formulation of the outer-level gradient
described in Section 5.2 avoids the computational complexity of explicitly forming Vg,
parallelization is still required to make the framework scalable to larger problems.

While bi-level RL accounts for the aleatoric uncertainties in the real-world environment,
it does not account for epistemic uncertainties. However, in real-world decision-making
problems, epistemic uncertainty can significantly impact the value function estimates, leading
to issues such as overestimation. To address this, epistemic uncertainties must be managed
using probabilistic models of dynamics, or by penalizing the in-sim selection of out-of-
distribution state-action pairs (Kidambi et al., 2020).

One key assumption in our framework is that the simulator and the real system share the same
state representation. While this assumption simplifies the analysis, real-world environments
often provide only partial or noisy observations (e.g., images or sensor readings). Therefore,
extending the bi-level RL to work directly with the observation space is an interesting
direction.

The bi-level RL framework requires regularity conditions on the dynamics model and reward
functions (Assumption 1). Although this may seem limiting, differentiable simulators are
rapidly becoming standard, including domains with discrete state or action spaces and
applications such as contact robotics, where dynamics are inherently discontinuous (New-
bury et al., 2024). In the case of MBRL, when both dynamics and reward functions are
parameterized by NNs, they are inherently differentiable.

A limitation of the proposed sensitivity analysis is the local regularity assumption (As-
sumption 2) that V4¢(¢, 6) is nonsingular. In deep RL, this Jacobian may become nearly
singular due to overparameterization, redundant parameterizations, saturated policies, flat
local objectives, or inaccurate critic estimates, even when the in-sim policy has locally
converged. In such cases, the sensitivity Vy¢ can become poorly conditioned, leading to large
and numerically unstable outer-level updates. Practical implementations should therefore
regularize or damp the linear solve, use conservative step sizes or trust-region updates, and
monitor the conditioning of V4¢(¢, 6).

8 Conclusions

We derived the sensitivity of locally converged RL policies trained with SPG methods in an
actor—critic setting with respect to simulation parameters. Based on this sensitivity analysis,
we formulated a bi-level RL approach that addresses the objective mismatch problem by
adapting simulation parameters using gradients of real-world policy performance, thereby
directly coupling the simulation model adaptation objective with the policy performance
objective. We further provided a thorough convergence analysis of the proposed bi-level RL
approach, along with a proof-of-concept bi-level PPO algorithm. We also discussed practical
considerations for implementing this approach, including jointly updating simulation and
policy parameters and using VJP for computational efficiency. While this paper establishes
the theoretical foundations and mathematical tools for bi-level RL, further algorithmic
developments are necessary to scale the approach to large-scale RL problems. Although
motivated by achieving sim-to-real optimality in RL, this work may be useful wherever
sensitivity properties of SPG methods are of interest.
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A Proof of Theorem 1, Lemma 1, and Lemma 2

Here we provide the proof for lemma 1, lemma 2, and theorem 1. We consider the stochastic
policy gradient:

95 ((b, 9) = EsNﬁgd’ [v¢ log 7T¢Q76T¢] (16)
where ¢ are the policy parameters, 6 are the parameters attached to the model and cost in
the simulation-based training environment, and ng’ is the critic of policy 7y as seen by the
simulations. Distribution ﬁg(’) is the simulated “discounted Markov chain density" associated
to policy mg. Assuming that the in-sim policy training sets the policy parameters ¢ such
that (16) is zero, ¢ becomes an implicit function of 6.

The real-world (outer-level) policy gradient reads as:

¥ (¢> 9) = Es~p”¢ [VG log 7T¢Qﬂ¢] (17)
where Q™ is the critic of policy w4 as seen by the real world, and p™ is the “discounted
Markov chain density” resulting from using policy 74 in the real world. Here, 6 implicitly
affects log 7y, as any changes in # would change the local optima for the inner-level resulting
in a different policy 7y, hence, we have,

@ (¢,0) =E, o [VadVy log mpQ™] (18)

The key element to compute the world policy gradient is to find the sensitivity Vy¢ using
& (¢,0) = 0. The IFT readily applies (under some conditions), and

VpVod +Vop =0 (19)
Vod = —V4p ™' Vo (20)

Sensitivities Vg, V4@ can be computed as:
Vop =E,_ s [V logmeVeQp’] + VoE, s [V logmy Qy°] (21a)
Vop =B, s [VoologmeQy” + Vo logmyVsQy®] + V4E o [V logms Qp°]  (21D)

where:

e Vg logmy is an explicit expression from the policy function

. VgQg"’ is the influence of changing the cost and model on the simulation-based critic
under a fixed policy.

. V¢Q2¢ is the influence of changing the policy parameters on the simulation-based critic
under a fixed cost and model.

. V¢E5Nﬁg¢ [[] is the effect of changing ¢ on the simulation-based distribution ﬁg“’, and the
influence of that change on the expected value under a fixed cost and model.

. VQESNﬁ:¢ [] is the effect of changing 6 on the simulation-based distribution p,?, and the

influence of that change on the expected value under a fixed policy.
From (19):
Voo =~ (B, o Voo log s Q5 + Vo logmy VoQ5?] + VoE, o [Vslogmy Q5°] )
Gradient of w.r.t. ¢ Gradient of dist. g, ? w.r.t. ¢

(Es~ﬁg‘b [V¢ log T VSQ;%] + V9E5~ﬁ2¢ [V¢ log T Qgﬂ ) . (22)

-1

Gradient of g w.r.t. ¢ Gradient of dist. ﬁg¢ w.r.t. 0

Explanation of Theorem 1

The Theorem 1 defines how small perturbations in the simulator parameters 6 propagate
through the RL process to affect the resulting policy parameters ¢. The inverse term in the
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first line of (11) captures how changes in the policy gradient translate into changes in the
stationary policy parameters. This term corresponds to the Jacobian of the policy gradient
with respect to the policy parameters. The first expectation inside this term represents the
local curvature of the policy objective: the term Vg4 log g Qg¢ captures the direct curvature
of the policy log-likelihood weighted by the critic, while the term V4 log mg V¢Q2¢ accounts
for how changes in the policy parameters modify the critic estimates. The second component
of this line, V¢]E3Nﬁ;r¢ [-], captures the additional effect that changing the policy parameters

alters the state distribution induced by the policy in the simulator, which in turn modifies
the policy gradient.

The second line of (11) describes how perturbations in the simulator parameters change the
policy gradient itself. The first expectation term captures the effect of simulator parameters
on the critic Qg"’ through the simulator dynamics and reward model. The second term,
V@Eswﬁ;‘qs [[], captures how changes in simulator parameters modify the state distribution

generated by the simulator, which indirectly alters the policy gradient.

The four components together describe how perturbations in simulator parameters influence
the learned policy. Perturbations in the simulator modify both the value estimates and the
distribution of simulated trajectories, which alters the policy gradient. The inverse Jacobian
then maps these changes in the policy gradient to the resulting shift in the locally optimal
policy parameters.

With this, we next unpack the effect of changing ¢, 6 on the simulation-based distribution
ﬁg¢, and the influence of that change on the expected value. In order to develop that aspect,
let us develop the notion of sensitivity over Markov Chains.

A.1 Proof of Lemma 1: Sensitivity over Markov Chains

For compactness, let us consider a generic function 7 (s,a) of the state and action, and its
expected value at a specific time stage k:
k-1

E, o [n(sk ar)] = /U(Sk,ak)//?o (s0) mo(arlse) [] Po? (sit1, 50 a5) dsidasdsy,  (23)
’ 1=0
where
Po? (sit1,5i5ai) = Po (siy1]si, i) mg (ailsi) (24)

where Py is the simulation model (assumed stochastic here), and p° the initial condition
distribution, assumed fixed here. Differentiating this expected value w.r.t. ¢,6 (assuming
Leibniz rule) then reads as (arguments omitted for simplicity):

OE_ =y [n(sk,ar)] (25)

Po 1

k-1
= /n/p08 <7r¢ (ak|sk) H 77;¢> ds;da;dsg
i=0
k—1 k—1
— /n/poalog <7r¢ (ak|sk) H Pg¢> Ty (ak|sk) H P;stidaidsk
i=0

i=0
k—1 k—1
- /n/po (8 log 7y (ak|sk) + Z@logP?) g (ak|sk) H Py’ ds;da;dsy,
i=0 i=0
Which has the expected value form:
k—1
aEswﬁgi [n(sk, ar)] = Eoomp®, aimmy, {n(sk,ak) (8 log my (ar | sx) + Z amwﬁ)] . (26)

™ .
Si+1~P, ¢ =0
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Computational aspect

In practice, (26) will be evaluated from a model sampling. Let us label
sg,aé,...,sgv,agv (27)
the sampled trajectory j € {1,...,n} of length N. The expected value approximation would

then read:
n

1 o
B, o [0 (se.a)) ~ = > (s, af) (28)

j=1
Its sensitivities would then read as:

~ 1S (shad) o (W4 ologm, (] 1)) (29)

j=1

SM—‘

OE e [0 (s, ar)]

s~pg

where
k—1

W,g = Zalogpg“’ ( 5744
i=0

57, al ) (30)
Note that W,ﬁ can be carried forward as a dynamic alongside the model trajectory, i.e.

W) =W/_, +0dlogP,* (s?ﬂ‘ si_l,ai_l) . Wl=0 (31)
Expected value over full Markov Chain
For policy gradient methods, we need to compute objects in the form

e’} N n
E an,ak)] ~ 3> (shal) (32)
k=0

k=0 j=1

and process their sensitivities. There is no significant difference from Sec. A.1l, i.e. the
sensitivities read as:

Zn (51, ag ] ~ —ZZﬂ(sk,ak) (Wj + dlogmy (ak‘sk)) (33)

Efforts can be put in computing (33) in the most efficient way in terms of flops and memory
requirements, but that may be best left for other people to figure out.

JE

Sensitivity for the policy gradient

We can then provide computational expressions for the policy gradient. We observe that

V¢E3~p;¢ [V¢10gw¢ Qgﬂ ~ sz¢log7r¢ (sk) QQ <3k7ak)

Nz 0j=1
® (Wi, +dlogmy (o] 51)) (34)
where W(';_O =0and
Wi = Wiy + Valog P (s iy, aly) (35)
= Wg,kq + Vylogmy (aiq‘ 5?}1)
Similarly

N n
V9E5~ﬁ3¢ [V¢ log 7y Qgﬂ ~ niN sz¢log T (si) Qp° (s{&ai)

k=0 j=1

® (Wg,k + 0logmy (ai’ si)) (36)
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where Wg;0 =0 and
Wej,k = Wej,kfl + Vg log 7);% (S?w Sifl’ aiq) (37)
= Wej,k—l + Vg log Py (Si‘ 5?%—17“?%—1)

These terms ought to be added to (21b), (21a) respectively. In implementations, these terms
would simply weigh the contributions in forming the policy gradient sensitivities.

A.2 Proof of Lemma 2: Sensitivities of Policy Evaluation
A.2.1 Operator-theoretic preliminaries

We work on the state—action space S x A. For the in-sim fast layer, write the transition kernel
and reward as Py(ds’ | s,a) and Ry(s,a). Let my(da | s) be the policy. The discount factor
is given by v € (0,1). Let Bo be the Banach space of bounded measurable f : S x A — R
with sup-norm || f[|ec = sup(, q) [f(s,a)|-

To interpret likelihood-ratio / score terms such as Vg logmg(a | s) and Vylog Py(s’ | s,a), we
assume there exist fixed reference measures A4 on A and As on S such that w4 (- | s) < Aa
for all s and Py(- | s,a) < As for all (s,a). We denote the corresponding densities by
my(a | s) and Py(s’ | s,a), so the above log/score expressions are well-defined.

Markov and Bellman operators. Given any bounded function f : S x A — R, the
policy—induced Markov operator P; ¢ 1 Bs — B (is the “one-step look-ahead” operator for
the Markov chain over state—action pairs), maps f to a new function as

(Py? f)(s,a) = /S/A f(s' ") my(da’ | ") Py(ds' | s,a) = E[f(s',a’) | so=s, ap=a]. (38)

Then ||P;? flloc < ||f]ls- The (discounted) Bellman operator for action values is

(To,5Qs) = Ro+7(Py*Qq).

Th. is a y-contraction on (B, || - [|oe), hence the inverse of (I —yP,*) exists and admits a
unique fixed point Q,° € Bo solving (I — vP;?)Q,° = Ry. (Puterman, 2014).

Poisson equations for sensitivities Under the policy m = my ), the critic di’m) solves
the Bellman fixed point equation:

2" = Ro + 7P, Qp°. (39)

For a parameter 7 € {¢,0}, V,Qp° can be derived by differentiating the Bellman fixed
point (39) with respect to n

V,,di’ = VyRy ""V(VWP;%) g¢ + ’Ypewvn gd)' (40)

Rearranging terms gives the linear system

(I =7Pg*)VaQy” = by, (41)
where
by == V,Ro+v(V,P;%)Qp°. (42)

With Neumann series (I —yP, *)~! = 3,5, (7P, *)! which converges because v < 1, applying
it to (41) yields B
i e\ —1 = 0
V@t = (I =7P5%) by =Y (vF5")' by (43)
t=0
Now, the following Lemma provides the sensitivity of the Markov operator.
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Lemma 3. For any bounded f, the sensitivity of the Markov operator w.r.t. 6 and ¢ are
given by:
V¢P;r¢ f(S, a’) = ES/N'PQ(- | s,a) a’~me(-| s')[v¢ 10g 7‘—(15(0“/'8/) f(slv a/) | S, a} y
VG‘P;% f(S, a) = ES/N'PQ(- | s,a) a'~7r¢(- | s')[vé’ IOg P9(8/|Sa a) f(sla a/) | S, (Z} 5
respectively.

(44)

Proof. For any bounded f and fixed (s, a),
(P f)(s,a) = // f(s',a Ymg(a' | s") Po(s' | s,a)da’ ds’
SJA

=: / 9s(s") Po(s' | s,a)ds’, gs(s") ::/ f(s',ad Ymg(a" | s')da’.  (45)
S A

Only g4(s") depends on ¢ in (45). Differentiate under the inner integral (over a’):

Vi g0(s) = /A F(s',0) Vool | 5') da’

= /Af(sﬂa’) mp(a | 8') Vylogmy(a' | s')da

=Ea/nr,(|s) [f(s'7 a')Vylogmy(a'| s’)]. (46)
Now differentiate (45) and use that Py does not depend on ¢:

Vo (Py?f)(s,a) = | Vogs(s') Pols' | s,a)ds’
S

= /SEG/N%(‘W)[f(s',a’) Velogmg(a' | s')] Po(s' | s,a)ds’
=E[Vylogme(a' | ') f(s',a’) | s,a]. (47)
In (45), only Py(- | s,a) depends on 6 as we keep the policy fixed:
Vo (F* N(sa) = [ 06(s) Vo Pols' | )05 (48)

Assuming Py(s’ | s,a) > 0 (a.e.) and differentiable in 6,
Vo Po(s' | s,a) =Po(s' | 5,a) VologPy(s' | s,a).
Therefore

Vo (P’ f)(s,a) = / 9s(s") Po(s' | s,a) VologPy(s' | s,a)ds’
s

=Eqpy(fs,a) [ 95(5) Volog Po(s' | 5,a) ]
= ]E[vf) IOg P9(5/|55 a) f(slv a’,) | S a} ) (49)

A.2.2 Critic Sensitivities based on fixed point

(i) Derivative of Q w.r.t. ¢: Combining (41) and (47) yields,
(I =7P;*)VyQp” = VRy + YEgpy(.|s.a) a'mrmo(-|s) [ Vo logms(d'[s") Qg (s',a") | 5,a]

(50)

I
M8

VoQit = Y (P (VaRo+71 VP Q). (51)

~
I
o

V¢Qg¢ (s,a) E

o0
Z’Yt—H Ve logme(arii| se+1) Q?(Stﬂ, att1)
t=0

SOZS,GOZG] .

(52)
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(ii) Derivative w.r.t. §: Combining (41) and (49)

(I — f}/P;r‘i’) angd) = VQRG —+ ’YE[V@ log'Pg(S/|S, A) ‘/07%(5/) | S0=3S, aoza] ’ (53)
(oo}
VoQyt = S (B;*) (VoRo + v VoPy* Q5), (54)
t=0
oo
V@di’(s,a) = ElZVt V@Rg(st,at) + (55)
t=0
’YtH Vo log Po(se41 | ¢, at) Q?(Stﬂ, ai11) | So = s,a0 = a] .
t=0

(56)

If the simulator is differentiable, we can use the corresponding Reparameterization Gradient
(RP) term instead of the Likelihood-ratio Gradient (LR) terms. Assume independent noise
sources €; ~ p(e) and 41 ~ p(€), which do not depend on (6, ¢). Then the simulator
dynamics Py and the policy 7y admit the following reparameterized representations:
st+1 = Po(st, ar, €r), (57)
att1 = mp(St+1, 41, (58)

where Py and g4 are deterministic, differentiable mappings. In this form, sampling from
Pg or Ty is expressed as pushing forward a parameter-free noise distribution through a
parameterized transformation.

oo

VoQy”(s,a) =E| > ' VoRy(ss,ar)

t=0

4 Zr}/t+1 VsHngd)(SH_l, at+1) VHPG(Sta Qt, et) S0 =8, o = a] ’
=0 (59)
Where,
Vi Qp” (8111, a041) = VsQg? (41, a041) + VaQg® (8141, a041) Vi,p T (st41,E41). (60)

VeQp’(s,a) =E ZVHI Vs Qo (5t41, at1) Vorg(sit1, Eig1)

t=0

50 = 8, aoza] . (61)

A.3 Alternative Sensitivity estimation for the policy evaluation

Lemma 4 (Sensitivities of Q™ and V™). Given the Bellman conditions,
Q"(5,a) = R(s,a) + 1By, s [V ()], and V() = Eaur[Q" (5, 0)],
the sensitivity of Q™ and V™ are given by:
Q™ (s,a) = OR(s,a) + 7E5+~f [0V (s4) + V7 (s4)0log f(s4]s,a)], (62a)
V™ (5) = Eaqmr ["(s,a) + Q" (5,0)log n(als)]. (62b)

Proof. The simulation-based critic ideally satisfies the following equations:
;¢ (Sa a) = Ry (57 a) + ’YE3+~P9 [‘/07% (S+) | Sy a] (633“)
Vg ? (8) = Eanr, Q4 (s,0)] (63b)

To compute the sensitivities “safely", we observe that (63) in full reads as:

7 (s,0) = Ra(s.0) £ [ Vi (52) Po (s, ) s (64a)
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Vi) = [ Q5 (s.0) o (als) da (64b)

Their sensitivities are then given by:

Q" (s,a) =0Ry (s,a) +7 / OV, (s1) Py (s4|s,a)dsy
47 [ V7 (540 Pa(s415,0) D10g Py (415, a) s, (65)

oV, (s) = /8@79% (s,a) 7y (a|s) da + /Qg"’ (s,a) my (als) Dlogmy (als)da  (65b)

In the compact “expected value" format, they then read as:
and) (57 G,) = 8R0 (57 a) + ’YES+NP9(S,U«) [8‘/07T¢ (S+) + ‘/67% (S+) alog Peo (8+|S> a’)] (663‘)
8‘/07% (S) = IEa~7r¢(a|s) [and) (57 a) + Q;% (Sa a) 810g T (a|8)] (66b)
O

Note that this “format" of sensitivity (Q and V split) is possibly best for a critic that has
function approximators dedicated to V and @ separately (or rather V and A).

Sensitivity of the Policy Evaluation w.r.t. § and ¢

We want to derive separately the two sensitivities
VQQ? and V¢Qg¢,

starting from the general (“compact”) policy-evaluation equations (66): Here, each of the
two sensitivity questions below assumes that the other parameter is held fixed.

1. Sensitivity w.r.t. 6, keeping ¢ fixed

We want
VoQy”(s,a) and VoV, (s).
Starting from (66):
V@Q;rd) (S, a) = V@RQ(S, CL) + ’Y]E5+~739(.|5)a) {V@Vg% (S+) + ‘/0”d>(5+) Vo log Py (S+ ‘ S, a) .
(67)

Since, 7y is fixed w.r.t. 6, hence: Vylogmg(a|s) = 0. We get

VoV (8) = Barrmy(1s) [VoQp" (5, 0)] . (68)

These two coupled equations show how to backpropagate the effect of changing 6 (the model
or cost parameters) under a fized policy 4.

2. Sensitivity w.r.t. ¢, keeping 0 fixed

Now we want
VeQp’(s,a) and VV,*(s),
with 6 fixed. That means
VlogPy(sy | s,a) = 0, (69)
and the reward sensitivity is
V¢R9(s,a) = 0. (70)

From (66) again:
VoQp"(5,0) =7YEs, py(ls,a) {Vqug%(SH ] ; (71)
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VoV (5) = Bary1o[VoQF* (s:0) + Q5 (5,0) Vologmolals)]. (72

Here, we iteratively compute the required gradients, VoQy*, VoV, *, VsQy”, VQp?, similar
to temporal difference learning in value-based methods. For the illustrative examples, we
calculate these values till convergence, but they can be approximated using a generic function
approximator for bigger problems.

A.4 Equivalency between the two critic sensitivity approximations

We first treat the two partial derivatives with the other parameter held fixed.

Sensitivity w.r.t. § (policy 7, fixed). Differentiating the “compact” policy-evaluation
equations yields

VoQy” (s,a) = VoRg(s,a) +7Egupy(]s,a) {Veng (s") + V5 (s") Vo log Po(s" | 5,a) |, (73)

VoVy?(s) = Eanry(15)[VoQp” (5,0)]. (74)
Substitute (74) into (73) and recognize the operator P;* and the score identity:

VoQ5* = Yoo+ PyVoVy® +4(VoP;* ) Qp (75)

= Vol +7P;¢V0Qg¢+V(V0P9%) e (76)

The equality P, *VeV,* = P, *VQ,” is proved in Lemma 5 below. By rearranging, we get
the Bellman fixed point equation,

(I=+P;*)VoQ* = VoRy + 7(VoP* ) Q5. (77)
Sensitivity w.r.t. ¢ (dynamics Py fixed). Similarly, with V4,Ry = 0 and V4 log Py =
0,
V@5 (5,0) = Y By o [V Vi ()], (78)
VAV (5) = B 1) [Vo @5 (5.0) + @ (5.0) Vo logmgla [ 5)]. (70

Substitute (79) into (78) we get the Bellman fixed point equation:
Ve = PRV (VB Qe = (LB Ve = (V) @y
(80)

Proving P,’V,V,” = P;*VyQ,"

Lemma 5. Let Qy* : S x A — R be bounded and define Vy *(s) := Eqror,(15)[@y° (s,a)].
Then
(PyVy %) (s a) = (Py°Qp°)(s,a) V(s,a) € S x A.

Proof. By the definition (38) of P,?,
PPV s = [V Pas [sia) = [ ([ Q) maldal [) Palas’ | s,0)
S S A
— [ ] Qs ma(da’ | ) Palas’ | s,0) = (P Q) (sva).
SJA

P; ? already does both “go to the next state” and “sample the next action under my”;
irrespective of if the average is taken over o’ inside Veﬂ‘i’ first, or let Pg ¢ average over a’
directly, the result is the same. O
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Coupled (Q/V) critic sensitivity recursions and the Poisson/operator sensitivity equation
describe the same linear system. Lemma 5 explains why we can eliminate VV and obtain
the compact operator form (I —vP,*)V,Qp* = by.

B Convergence Analysis of Bi-Level SPG via Three Timescales

In this section, we establish almost-sure convergence of the full three-timescale scheme where
(i) the critic and its sensitivities are estimated on the fastest timescale, (ii) the inner (in-sim)
policy parameter ¢ on a medium timescale, and (iii) the outer simulation parameter € on the
slowest timescale. The two-timescale and nested/single-level cases are immediate corollaries.

Lemma 6 (Affine contraction for sensitivities). Fiz (¢,6) and define, on the Banach space
(Boo: || lloo) of bounded measurable functions on S x A, the affine map

Co: Vy@Qp® — by + vPy* V,Qp°, by == VyRe + v(VyPy?)Qp°,
where n € {¢,0} and v € (0,1). Then C, is a y-contraction in || - ||, hence admits a unique
fized point V,Q,° € Boo satisfying

V,Qp° = (I—~Py*)" b, = Z(’yP;¢)t by
t=0
Proof. Contraction in || « |- Let G1,G2 € By be two candidate sensitivity functions for

V,]di). Since b,, does not depend on the input function, we have
Cn(Gl) — CU(GQ) = ’}/P97r¢ (G1 — GQ)

The policy—-induced Markov operator P; ¢ is an averaging operator, hence non-expansive in
the sup-norm, i.e. [P, fllooc < ||f]ls for all f € Boo. Therefore

1Ch(G1) = Cp(G2)lloo = 7 |1Py?(G1 — G2)|lse < 7]IG1 — G2l

Since v € (0,1), C, is a contraction with modulus ~.

Because (B, || - [|oo) is complete, Banach’s fixed—point theorem implies that C, has a unique
fixed point G* € Bo, and G*+1) = C,(G®) converges to G* for any start G(©) (Granas
et al., 2003). By construction, G* = Van¢, the fixed—point identity is:

oo
Va5t = (1= F) oy = () by,
t=0
where the Neumann series converges because ||[vP,*|| < v < 1. O

Fast-layer mean field from three Bellman residuals. Let us represent the variables
in the fast layer estimating critic and its sensitivities by z = (w, u,v), where w estimates
Qp’ and u, v estimate V4Qy”, VoQp®. Their residuals with respect to the fixed points can

be written as: o .
Hw(w§¢a 9) =Ry “F'YPgd)Qed) - 9¢a

H,(u,w; ¢,0) = by(w; ¢,0) + ’yP;“’u —u,

H,(v,w;¢,0) := bg(w; ¢,0) + Py v — v,
and the stacked mean field

H(z6,0) == (Hy(w;$,0), Hy(u,w;9,0), Hy(v,w;¢,0)).
Lemma 7 (Existence, stability, and Lipschitz dependence of z*). For each (¢,0), consider
the fast-layer ODE
z = H(z;9,0), z = (w,u,v),
with the stacked drift
H(z;¢,0) := (Re + Py w — w, by(w; ¢,0) +YPy u — u, bp(w;d,0) +vP, v — v).

=:H, (w) =:H, (u,w) =:Hy, (v,w)
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Here v € (0,1), Pg"’ is the policy-induced Markov operator, Ry the reward function, and
bn(w;¢7 0) = vnRe + ,y(vnpg%)w’ 77 € {¢70}

Assume: (i) P, is a contraction in the chosen norm (|P,° f|l < |fll), (ii) V,P,° and
Vi, Ry are locally Lipschitz in (¢,0), and (iii) all iterates/limits are restricted to a compact
set. Then:

1. Ezistence and uniqueness of z*: for each ($,0) there is a unique equilibrium z*(¢,8) with
H(2*(¢,0);,0) = 0.

2. Dissipativity and stability: there exists p > 0 (independent of z on compacts) such that
for all z,

<H(Z;(]5, 9) - H(Z*(¢79)a ?, 9)7 Z - Z*(¢7 9)> S - ||Z - Z*((b? 6‘)”27 (81)

where (-,-) and || - || are the inner product and norm induced by the chosen (Hilbert)
metric.

3. Lipschitz dependence: there exists a constant L« < 0o such that for all (¢,0), ((5,9) in a
compact set,

12°(6,6) = 2*(6,0)]| < Lz (ll¢ — oIl + 116 — 4]]).

Proof. For fixed (¢,0), the maps
T(w) := Ry +vP,*w, Co(usw) := by (w3 ¢,0) + P, *u
are y-contractions in w and w respectively (Lemma 6), with contraction modulus v € (0, 1)

and bounded affine terms on compacts.

(1) Existence and uniqueness of z*. The stacked system is upper triangular in (w,u,v):

e Since T is a y-contraction, the Banach fixed-point theorem gives a unique w* (¢, ) such
that w* = T'(w*).

o Given w*, the u-block satisfies H, (u,w*) = 0 <= u = Cy(u;w*), and Cy(-;w*) is a
y-contraction in u. Thus there is a unique u*(¢,0) = (I —vP, )~ bs(w*; ¢, 0).

o Similarly, v*(¢,0) = (I —yP, ")~ tbg(w*; ¢,6) is unique.
Hence z*(¢,0) := (w*,u*,v*) is the unique solution of H(z; 0, 9) =0.
(2) Dissipativity and stability. Let e, := w — w*, e, := u — u*, e, := v — v*, and

e := (ew, ey, €y). We work in a Hilbert norm so that (-,-) is the associated inner product
and Cauchy—Schwarz holds.

Since T is a y-contraction,
(Hy(w) — Hy(w"), ew) = (T(w) — T(w*) — (w — w"), ey)
< |1 T(w) = T(w)|l lewll = lewll* < (v = Dllew |
Thus (Hy(w) — Hu(w*), ew) < —(1—7)llew|*.
Using Hy, (u, w) = by(w) +vP; *u — u and H, (u*, w*) =0,
Hy(u,w) — Hy(u*, w*) = (bg(w) — bg(w*)) +7P, ey — €.

depends on e,
Now taking the inner product with e, and using the non-expansiveness of P(;T 2
(Hu(u,w) = Hy(w w*), eu) < (v = Dllea]] + [bg(w) — by (w*)]| lewll-

By local Lipschitzness of by (+; ¢, 6) in w on compacts: ||by(w) —bg(w*)|| < Lgllew|. Applying
Young’s inequality with any €4 > 0 yields:

€ L?
166 (w) — b (w*)|[ llewll < “Llewl|® + 52 lew]-
2 2643
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Hence )

R L
(Hu (s w) = (', w), ea) S =(L=7 = F)lleall® + 55 llewll®

The same argument gives, for some Ly and g9 > 0,
2

N L
<HU9(U’w) - HUB(U ’w*)v €U> < _(1 - = E79)”61)”2 + 27{_:09 ||6w||2.

Summing the bounds for H,,, H, and H, gives:
(H(z:0,0)=H(z":6,0), €) < —(1=l|ew = (1=9=% ) lleul*= (1=9=% ) leu]*+Cu lew®.

2
with Cy, = i—i + % Choose €4,g9 > 0 small enough and use compactness to ensure
Cy < (1 —7)/2. Then there exists p € (0,1 — ) such that

(H(2¢,0) = H(z%0,0), 2 — z*) < = p(Jlew] + lleul® + lleu]|*) = — pullz — 2*|*.
This is (81). In particular, the ODE 2 = H(z;¢,0) is globally (on the compact set)
asymptotically stable at z*.

(3) Lipschitz dependence (¢, 0) — 2*(¢,0). We use a fixed-point perturbation argument.
Critic w*. For (¢,0) and (¢,0), let T := Ry +~P,*(-) and T := R + ’yPgé(-). Both are
~v-contractions. A standard bound for fixed points of contractions gives
* ~ % 1 ~ % o~k 1 X S ~ %

ot =@l < o 70 = @) < = (I — Rsll+ 7 1B = 2] 1))
On a compact parameter set, ||@*|| is bounded and (¢, 0) — (R, P;?) is locally Lipschitz;
hence [Jw* —@*|| < Ly ([|¢ — oIl + [0 - 0]))-
Sensitivities (u*,v*). With u* = (I —vP;*)"1by(w*; ¢, 0), we have
=) < [ (T=vPF*) | oo 0" 6, 0)—b (s 8, D[+ [ (T4 F5) 1 =Ty Pr) | Io(ir*s 6, D).

The resolvent is uniformly bounded by (1 — )71, and (4,0, w) — by(w;¢,0) is locally
Lipschitz. The resolvent difference is locally Lipschitz in P on compacts. Using the bound for
[|[w* —@*|| and Lipschitzness of (¢, 0) — P, *, we conclude |[u* —a@*|| < Ly (||¢— ||+ |0 —8]|).
An identical argument applies to v*.

Combining the three blocks yields the stated Lipschitz bound for z*. O

Smoothness and projected smoothness. On a compact O, if F is C' with L-Lipschitz
gradient, then for any z,y € ©, F(y) > F(z)+ VF(2)" (y—2) — %||y — z||* (Nesterov, 2013).
If Tg is the metric projection, then F(Ilg(z + u)) > F(z) + VF(z) u — £ |lul®.

Robbins—Siegmund. We use the standard almost-supermartingale theorem: if Vj 11 <
(1 = ar)Vi + b, — &, with ag, € [0,1], D" ar = 00, Y by, < 00, Vj; > 0, then V}, converges and
> arVi < 0o (Borkar and Borkar, 2008).

B.1 ODE Approach

Stochastic-approximation (SA) viewpoint FEach update in Algorithm 1 is a noisy
Euler step for a mean-field drift; with projections keeping iterates bounded. Concretely, with
stepsizes () for the fast layer z = (w,u,v), (Bx) for the medium layer ¢, and (ay) for the
slow layer 6, the projected recursions implement

(fast) zi41 = Mz + el H(zk; ok, Or) + M,Ei)l Dk (82)
(medium)  ¢p1q = H@(cbk + Br P(Pr, Ok; 21) + Mlgﬁ)l ])’ (83)
(slow) Orr1 = Te(0k + ol @(br, s 22) + ML 1) (84)
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Outer-level gradient. Define
F() := rea](ﬂ'(z,*(g)), VoF(0) = <p(¢*(€),0; z(qﬁ*(@)ﬁ)). (85)

Assumptions (Three Timescales). Let Z,®, 0 be compact convex; all norms are
Euclidean/operator.

1. Regularity/IFT for inner best response. ¢*() is locally unique with nonsingular
Vo2 (#*(6), 0); thus ¢* € C.

2. Smoothness / finite moments. Rewards are bounded; log 74, Py, Ry are C* (or C? as used),
locally Lipschitz on ® x ©. On-policy Markov chains (sim and real) are geometrically
ergodic; all MC estimators have bounded second moments.

3. Fast-layer contraction & Lipschitz. Lemma 6 and Lemma 7 hold (for critic and sensitivities,
with projection if using linear FA).

4. Inner-layer stability. For each fixed 6, there exists m > 0 s.t. for ¢ near ¢*(0), (¢(¢,0) —
P(¢%.0), ¢ — ¢*) < —mll¢ — ¢*|*.

5. Stepsizes and separation. Let «, 8 and «) represents the step sizes for fast, medium and

slow ODEs. >, vk = D) Bk = 2 Ok = 00, E;{Y}%azk ﬁﬁ,zk a? < oo, and By /vr — 0,
Ozk/ﬁk — 0.

6. Noise. M,gz),M,i¢),M,£6) are square-integrable martingale differences with uniformly
bounded conditional second moments.

7. Projection. Updates are projected onto Z, ®, ©; projections are nonexpansive.

Under A1-A7 (regularity, bounded moments, contraction/stability, stepsize separation,
projections), the corresponding mean-field ODEs are

Steps that follows To establish this three timestep convergence, we need to establish:

1. Fast equilibrium is well-posed, stable, and smooth in (¢, ). This is provided by Lemma 7
using affine v-contraction of Bellman/Poisson operators for the critic and its sensitivities.

2. Fast tracking with a moving target. Despite the slow motion of (¢, 68k), the error e
contracts up to a small moving-target term A} | := 2*(¢r+1,0k+1) — 2*(ék, Or), which
is square-summable because [|A7, || = O(Bk) + O(ay) and Y, (87 + o) < oo. This is
provided by Lemma 8.

3. Medium tracking with a moving target and a fast-layer perturbation. Define the re-
duced inner drift A* and note @(Px, Ox; zx) = h*(Pk, k) + 0F with 07 := G(og, Ok; 21) —
&(or, Or; 2*(dr, 0x)). The perturbation obeys ||07|| < L|lef| by Lipschitzness, while
the moving target AZ_H = ¢*(Op41) — ¢*(0k) is O(ay). A Lyapunov (quadratic) drift
argument with Young’s inequality and A4 (local strong stability) proves Lemma 9.

4. Slow layer as SGD with summable bias. Write the slow estimator as
G = @(6n, Ors zi) + M), = g(6y) + by + M,

where g(0) = ¢(¢*(6),6; 2(¢*(0),0)) and the bias by, satisfies ||by|| < C’(||6Z|| + llezlD.
Timescale separation gives Y, ay||bx|[? < co (Lemma 10). The standard smooth-SGD
inequality with projection and Robbins—Siegmund then yield convergence to the stationary
set {VgF = 0}.

Error notations used in the lemmas. We introduce the tracking errors and the “moving-
target” increments for the fast and medium layers:

ez =2 — Z;:, AZ+1 = Z]:+1 - 227 (86)
ep = — " (Oh), AL, =" (Oks1) — ¢ (0n). (87)
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The * notation represents the target at an iterate k. The lemmas quantify how e} and ei

contract up to the small (square-summable) perturbations A7 |, Af 41 and the martingale
noises, and how this yields a summable bias for the slow layer.

B.2 Lemmas and Main Theorem

Lemma 8 (Fast tracking of critic and sensitivities). Work in the D, —Hilbert norm || f HQDM =
Y sa (s, a)f(s,a)? (or its block product for z = (w, u,v)), with inner product (-,-)p, . Under
A2-A7 and Lemma 7, for the fast recursion

2yl = HZ(Zk + i [ H(2k; S, Ok) + Mé%]» €f 1= 2k — 2k,

we have e} — 0 almost surely. In particular, Y oo o Vk IE||eZH2Du < o0 and |lej|p, — 0 a.s.

Proof. Fix k and abbreviate zj := 2(¢g,0k), Hr = H(zx; ¢x,0%), Dy = Hy — H} =
H (zk; ¢r, Ok) — H (25 Ok, 1), and A7 = 254, — 2

From Lemma 7 (proved via Bellman/Poisson contractions):

(dissipativity)  (Dx, €i)p, < —nlleillD,, (88)

(Lipschitz in z) I|Dxllp, < Lulleilp,, (89)

for some p > 0 and Ly < oo, uniform on the compact set where iterates live.

By nonexpansiveness of Iz, adding and subtracting H;; and using H} = 0 we can write,
lesallp, = 1Mz (zi +ye(Hi + M30) = [,
< 2 + W (Hy + ML) = 2|,

= Hei + Dy + 7le£?1 - i+1||DH' (90)

Now by the martingale-difference property (Assumption A6),

E(cj +Dx — Afyr, My [ Fudp, =0, E|MEL B, | Fi < o?.
Using this to take the conditional expectation E[- | Fi] of the square of (90) gives:
E[llei 1, | Fi] < lleg +wDx = A pallh, + ko2 (91)

According to Young’s inequality, for any 7 > 0 and any vectors z,y, ||z —y||*> < (1+n)|z|*+
(14 1/n)|lyl|*. Apply with x = e} + v, Dy and y = Aj ., then take E[- [ Fp]:

Eleiallh, | Fe] < (1 +n) e +wDild, + (1+3)E[1A5alb, | F] + 2202 (92)

Now let us consider only the term ||ef + v Dgl?

z as shown in (88) and (89), we get:
llek +wDrlD, = lleillb, + 2m{ei, Dr)p, +%lIDklD,
< (U2 + LE7) leilp, < (120 +C%) leillb, . (93)

. By dissipativity and Lipschitzness of H in

By the Lipschitz dependence of z(-,-) (Lemma 7) and projected bounded steps (Assumptions
A2, A7),

1A% 1 llp, = 12" (@ks1, Ors1) = 2 (0, O6) I Dy < Lav ([ dn1 = dicll + 10041 — Okl)-
Taking E[- | Fx] and using E||¢p+1 — ¢x||*> < CB2 and E||0k1 — 0> < Ca,

B[z, | 7] < C(82+ad). (94)
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Plug (93) and (94) into (92), and choose n = py; (small for large k):

E|lleilb, | Fe] < (14 pm) (1= 29+ C93) lleilp, + (1422 ) C(B8E +a}) + 4202

2 2
= (1= pw+C) lleill}, + CBF +af) + SEE% 4 4252,

where we expanded (1 + pvi)(1 — 2uyg + C72) and absorbed higher-order terms into C7.
(L4 pm) (L =20 +C) =1 — pye + (C =267 + Cpri < 1 — pye + O,

for a (possibly larger) constant C' < oo (since 'y,z;’ < 7,3 for all k large enough and we can
absorb finitely many initial indices into C). Thus there exists ¢ € (0, u] such that

(14 py) (1= 20k + Cf) < 1— e+ Crj. (95)

Keep the squared step-size term as is and bound the factor:
C B2 +a?
(144 )c@B+ad) < CBE+ad) + E%'
k

Yk
Under the timescale separation By /v — 0 and ay /v, — 0, we have (82 + a3)/vk = o(Vk);
hence, for all sufficiently large k,

2 2
+ «
% < Ciw < 02'713 + 03(513"_@%)7

where the last inequality holds after (i) possibly enlarging constants to account for a finite
prefix of indices, and (ii) using that 87 + a; = O(v#) under separation. Absorbing constants,
we obtain the per—step bound

(1 T L) CBE+a}) < CHE + C(BE+al). (96)

HYEk

Now combining (91), (94), and the Young bound, and taking ¢ > 0 small so that 1 — 2uy, —
1 — ¢y, for some ¢ > 0 (absorbing constants), we obtain

Elleilp, < (1—cm+C)Elleillh, + Cvi + C(B + af). (97)

To apply Robbins—Siegmund to (97) we set
Vi i= JE||eZ||%)“, ap == cy, — CE, by = Cvi+C(BE +a}),
so that
Virr < (1 —ag)Vi + by
Assumption A5 (namely, >, v, = co and >, (v + af + 87) < o) implies Y, ay = oo and
>k b < 00, with ay, € [0,1] for large k. Robbins-Siegmund then yields that Vj converges
and ), apVi < oo.
Since
ak = e —C = o (1 - %%),
and by Assumption A5 we have v, — 0, there exists K such that v, < 55 for all £ > K.
Thus, for k> K,

1 :
1-Sy > 1, S0 ag > 5Vk-

Since ap > 57 for all sufficiently large k and > heo Yk = 00, it follows that

Suppose, for contradiction, that limg_,o, Vi = L > 0. Then there exists K such that V; > %
for all £ > K. Hence
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which contradicts the Robbins—Siegmund conclusion that > i 0k Vi < 0o. Therefore L =0,
i.e. Vi — 0. Finally, the standard martingale argument (Doob + Borel-Cantelli) implies
lleillp, — 0 almost surely (Duflo, 2013).

O

Lemma 9 (Medium tracking of the inner-level (in-sim)). Under A1, A2, A4-A7, and
Lemma 8, we get:

oo
ZﬁkIE||efH2<oo = ef—>0 a.s.
k=0

Proof. Work in the Euclidean norm on ®. Let
¢ = ¢ — ¢"(6),  h(9,0) = p(0,6;2(9,0)).
Define
DY = h(éx, 0x)—h* (9" (Bk), 01), 0f := Dbk, O 2k) —P(Drs Ok 21 A= ¢ (Org1)— 0" (1)

From A4 (inner-layer stability), there exists m > 0 such that, for k large enough (iterates in
a compact neighborhood by projection A7),

(0, DYy < —m|ell?,  |IDY|| < Lullel]l (local Lipschitzness from A2).  (98)
By Lipschitzness of ¢ in z on compacts (A2),
1071l < Lallze — 2ill = Lallek]l- (99)
By A1l (IFT) ¢* € C', thus Lipschitz on compact ©:
1A 1 < Los 16a41 = O]l (100)

Using nonexpansiveness of IIg and ¢*(0;4+1) € P,
e 1]l = |[TLo (66 + Brl(@n: 003 ) + M) = 6" (6|
< H¢k + Br (W (dk, Ok) + 0f + M,gﬁ)l) - ¢*(9k+1)H
= Hef + BuDY + Brdi + ﬁkM,Eﬁ)l - AfHH. (101)

Squaring (101) and taking E[- | F%], the martingale-difference property (A6) gives
B{efl + BDY + St = Alyrs My | F) =0, BIM | Fie < o3
Hence
E[lef I | 7] < llef + BeDf = AL, 12 + BREISE® + BEo3. (102)

Expanding and applying (98):

leg + BDYI” = lleg 1> + 26k (ef, DR) + BRIDL N < (1= 2mBy + L B7) llexll®.  (103)
Using Young’s inequality as in the fast-layer proof (Step 4 there), for any € € (0, 1),

1
=2(ef + BeDy, AL < elled + ADLIP + AT

By (100) and the projected slow step (A7) with bounded second moments (A2),

ElIAL 12 < L2 El0s1 — 64 < C . (104)
By (99) and boundedness of ||ef| on Z (projection),
E||5E]I* < CE[e;* < C. (105)

Plugging (103) and the Young bound into (102), and choosing € > 0 small, we obtain
Elefall? | 7] < (1—eBe+CBY NI + CHEIGI + CEIAL,I? + C B2,
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for some ¢ € (0,1) and finite C' (uniform on the compact set). Now apply (105) and (104):
Elefyll” < (1=cB+CB)EILI® + CBF + Caf + CBLE|ei|*.

Let Vi = Elleg||?, ax := cBy, — CBZ, and by, := CB2(1 +E|e;|?) + Cai. By A5, 3", aj, = 0o
and Y, by < oo (since > 87,5 ai < oo and ||ef| is bounded by projection). Robbins-
Siegmund implies V}, converges and ), aiVj < co. As aj, > 5Bk for large k and >k B =00,
we get limy_, o, Vi = 0.

Finally, the assumption ), S EHeﬁ |2 < oo together with the boundedness of {ef} standardly

yields eﬁ — 0 almost surely (see the same martingale/Borel-Cantelli argument used after
Lemma 8). O

Lemma 10 (Convergence of outer-level with slow timescale). Define the drift term of the
slow ODE

9(0) == ©(¢*(0),0; 2(¢*(0),0)) = VoF(0),
and the actual estimator

G = (00O z) + MO, = g(6r) + b + MY,

with the bias
b = P(0n:Oni 21) — (9" (0), O0s 2(6" (01), B0).
Under A1-A7 and Lemmas 8-9:
1. ||be|| < C(HeiH + llezll) and hence ZakkuHQ < 00 a.8.;
k
2. the projected slow update 01 = llg (Qk + ak’g\k) satisfies

F(0r) converges a.s., Zak IVoF(01)|* < o0 a.s.,
k=0
and every limit point of {0y} lies in € := {0 : VoF(0) = 0}.

Proof. We work in the Euclidean norm on ©. On compact ©, VF is L-Lipschitz (by A1-A2).
Mk(:j-)l is a martingale difference with ]E[||M,ij_)1||2 | Fi] < o (A6).

Local Lipschitzness of ¢ in (¢, z) on the compact ® x © x Z (A2) gives

el < Zo(l6x — 6 @01 + 2% — 26" @).801) < Cllefl + ll).
Therefore ||b||> < C(|lef]® + [le7]1?)-
From Lemma 9: ), Bk IEH@‘,?H2 < o0 a.s. From Lemma 8: >, 7, E[|ef]|?> < oo a.s. Since

ag/Br — 0 and ag /v, — 0 (A5), there exist ¢4, ¢, and K s.t. for all k > K, ay < ¢4 and
ag < ¢,7yk. Therefore, it proves (i).

S arEbp]? < €Y an(Ellefl® +Elleil*) < oo as.
k=0 k

By projected smoothness (same inequality as used in Lemma 9):
F(Or1) > F(Or) +ar (VEOr), gr) — 5 aillgel*.

Take E[- | F] and use E[M,Sj_)l | Fi] = 0:
E[F (k1) | Fi] = F(O)+ar (VE(OL), 9(0k))+ax (VF(0r), b)—Lad Ellg(0x)+bx+M5, |12

But g(0x) = VF(0), hence the main progress term is oy ||VF (0;)]|?. Also
Ellg(0x) + bx + M4 < CIVFOI® + [1ox]]* + 05)
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By Young’s inequality (same as in the medium-layer proof), for n = %,

«
ak(VEOk).b) > =5 [VEO)I® — o [[be]*.

Absorb Ca?||[VF(6;)||? into the main term for large k (since oy, — 0). Thus there exist ko
and ¢ € (0,1) such that for all k > ko,

E[F(0x11) | Fi] > F(0) + can [VFOR)* — aillbxl]* — Caf.
Define the almost-supermartingale
k—
Xk = F(@k) — Z (OQHbZH2 + COJZQ)
i=0
Since Y, ag||bg||* < 0o a.s., and Y, ai < co (A5), so >, (ak||bk||* + Ca?) < co a.s. Hence

E[Xpt1 | Fr] = Xk + cou |VE(O)|>

Ju

Robbins-Siegmund implies: (i) Xj converges a.s., so F(0;) converges a.s.; (ii)
Yrakl|[VF(Or)||*> < oo as. Therefore liminfy [VF(0y)|| = 0, and any limit point 6*
satisfies VF(6*) = 0 by continuity of VF. This proves (ii). O

Theorem 2 (Three-timescale bi-level SPG: direct almost-sure convergence). Assume A1-A7
and let the iterates (zx, o, 0%) be generated by the three—timescale recursions in (82)—(84).
Define the fast- and medium-layer errors

¢, = a2 =2 0), el = =" (0h),
and the slow-layer stationary set
E:={0€0: VyF(0) =0},  F(8) = JrcalTs-(0))-

Then, almost surely,

e —0, ef—0,  dist(dy,E) — 0.

Equivalently, every limit point of the triple (zy, ¢r, Ox) belongs to
{(6*0).0), 6*(0), 0) : oe&}).

Proof. By Lemma 7, the fast ODE has a unique, globally asymptotically stable equilibrium
2*(¢,0); Lemma 8 implies e — 0 a.s. Using this and the inner-layer stability in A4,
Lemma 9 yields ef — 0 a.s. Finally, with zp ~ 2*(¢k, 0x) and ¢ =~ ¢*(0%), the slow drift
equals Vo F(0)) up to a summable bias, and Lemma 10 gives dist(fx, &) — 0 a.s. O

Corollary 1 (Two timescales (critic exact or faster)). If zx = 2z} (exact) or the fast layer
is strictly faster so that e — 0 with summable bias, Lemma 8 is obvious and Theorem 2
follows from Lemmas 9-10.

Corollary 2 (Nested (inner exact at each outer step)). If z, = 2(¢*(0), 0%) and ¢, = ¢*(0),

then Oxy1 = Mo (0 + ar[VoF(0r) + M,Ei_)l]), and the standard single-level SPG convergence
to € follows from Lemma 10.

C Efficient Adjoint Computation of the Outer Gradient

This appendix provides an equivalent but more computationally efficient way to compute the
outer gradient in the bi-level RL formulation of Section 5 (cf. Eq. (5)-Eq. (7a)). The key
idea is to avoid forming the full Jacobian Vy¢(0) (or any dense dg x dg object) and instead
compute the required scalar outer gradient via a single adjoint linear solve. This adjoint
form is mathematically equivalent to the Implicit Function Theorem (IFT)-based sensitivity
expression in (6).
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Recall the in-sim SPG convergence (Eq. (4))
2(9,0) == E, o [Vslogmslals) Q° (s,0)],  ¢(6,0) =0. (106)

Under the local regularity assumptions stated in Section 5 (local isolation and nonsingularity
of V4¢), the stationarity condition implicitly defines a locally unique differentiable solution

branch ¢ = ¢(0).

Let the outer objective be the real-world return (5), written abstractly as a scalar function

LO) = Byrn,y, » [Z At (se, at)] (107)
t=0

This outer objective may, in general, have both (i) émplicit dependence through ¢(6) and (ii)
explicit dependence on 6 (e.g., if additional regularizers are added to the outer level). We
keep both possibilities in the derivation.

Avoiding forming Vy¢ for scalar objectives

Differentiate £(6) using the chain rule:

VoL (0) = 0L(,0) + (Vo)) VuL(d,0). (108)
-
<(0) (Vo) Tg
Let’s define the following objects evaluated at (¢, 6):
A(9.0) = Vyp(¢,0) € R™X U B(9,0) := Vop(6,0) € R, (109)
9(0,0) := VyL(6,0) €ERY,  ¢(¢,0) := pL(9,0) € R%. (110)
From the Implicit Function Theorem (IFT) (6), we have
Vop(0) = —A(¢,0)" B(¢,0). (111)
Substituting (111) into (108) yields
VoL(0) = c(¢,0) — B(,0) T A(¢,6)" " g(9,0). (112)

Therefore, to compute the scalar outer gradient, we do not need the full matrix Vyp(0); we
only need the vector A~ "g.

Adjoint formulation

Introduce the adjoint variable A € R% defined as the solution of the linear system

A(¢,0)"A = g(6,0). (113)
Then (112) becomes

VoL(8) = c(9,6) — B(6,6)T\. (114)
In the common case where the outer objective depends on 6 only through the deployed policy
Tg(9) (so that c(¢,0) ~ 0 by construction), we obtain the simplified expression

VoL(0) = —B(¢,0)" N, A(¢,0)" A= g(¢,0). (115)

(114) is the most efficient reverse-mode form of the bi-level gradient for scalar outer objectives:
it avoids constructing any dense dy X dg sensitivity matrix and requires only (i) one linear
solve in dg dimensions and (ii) one vector—Jacobian product to obtain BT \.

Obtaining A"v and B"v without forming A or B

The adjoint system (113) and the gradient formula (114) only require the ability to apply
the linear operators
v A0, 0) v, v B(¢,0) v.
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These can be computed without forming A or B explicitly using reverse-mode automatic
differentiation as vector—-Jacobian products (V.JPs) applied to the residual ¢(¢, ) in (106).

Given a vector v € R%:
A(0,0)T0=Vo((2(6.0),0),  B(.6) v="o((p(6,0),1)).  (116)
Thus, iterative Krylov solvers (e.g., GMRES/BiCGSTAB) can be used to solve (113) using

only the operator v+ ATv.

Additionally the operator A = V4@ need not be symmetric or positive definite. Therefore,
a nonsymmetric Krylov method (e.g., GMRES or BiCGSTAB) is generally appropriate.
Damping can be used for numerical stability by solving

(A(8,0)" + M)A =g(8,0), A>0. (117)

The adjoint form in (114) is fully consistent with Theorem 1 while avoiding the computational
burden of forming Vy¢ explicitly. In particular,

T
B(6,6)"\ = (Vop(6,0)) A

can be estimated using the same trajectory-based estimators used for Theorem 1 (e.g.,

Lemma 1 and Lemma 2).
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Figure 5: Comparison of computational time between the proposed VJP-based method and explicit Jacobian
computation. The left panel shows results for low-dimensional problems (a 3-state discrete MDP and a
1-dimensional continuous MDP), while the right panel reports results for a higher-dimensional NN policy.

Evaluation

A comparison between the VJP approach and explicitly forming the Jacobian Vg¢ using a
PyTorch implementation is shown in Fig. 5. For the low-dimensional discrete task and the
continuous MDP with a NN policy containing six parameters used in Section 6, the difference
in computational time is not substantial due to the simplicity of the policies. However, as
the size of the policy network increases, the computational advantage becomes significant.
For NN policies with more than 20 parameters, the VJP-based method is more than two
orders of magnitude faster than explicitly computing the Jacobian. The reported timings
focus only on the outer-gradient computation after trajectory batches have already been
generated. Since the rollout data are shared between both methods, excluding rollout time
isolates the computational cost of the gradient backend and highlights the efficiency gain
from avoiding explicit Jacobian construction.
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D Details on Illustrative Examples

D.1 Example 1: Discrete MDP

We considered a finite MDP with state space S = {0, 1,2} and action space A = {0,1}. The
real and model MDP parameters have the following form:

Transition logits
Oprans[s,a] = [Otrans[s, @, 0], Ourans[s, a, 1], Oirans[s, a, 2]]
so that
P(s'| s,a) = softmax (fsrans!s, a])s,.
The real-MDP transition logits are
91{;&1 = { [0.5,2.0,0.5], [1.0,1.5,0.5], [1.0,1.0,1.0], [1.5,1.0,0.5], [0.5,1.0,0.1], [1.0,0.5,1.0] }

s=0 s=1 s=2
R(s,a) = 6%[s,a),
with
1.0 0.5
oF =100 3.0
0.01 2.0

A similar structure holds for the simulation MDP, where the simulation model and reward
parameters for the trials shown in Fig. 3 were initialized at random in [0, 5].

The in-sim policy is solved using DP with a convergence threshold of 1 x 10~2, which provides
a deterministic policy, which is then converted into a stochastic policy. After solving the
discrete MDP by soft value iteration, we obtain a state—action value table

Q*(s,a) = R(s,a) + v ZP(S' | s,a) V*(s'),
s/

where P(s'| s,a) and R(s,a) come from the MDP parameters. A greedy policy would be

Taet(8) = argmax Q* (s, a),
but this is non-differentiable. Instead, we define a soft (stochastic) policy

exp(Q*(s,a)/7)
w(al]s) = .
>, exp(Q*(s,b)/7)

where 7 > 0 is a temperature parameter controlling exploration, which we set as 2.0. Because
every entry of 7(- | s) is a smooth function of the underlying @*, and Q* itself depends

differentiably on the simulation parameters 6, this construction makes the whole inner-level
fully differentiable.

Once Q* is computed, we set the policy logits as:

logits(s,a) = log(m(a|s)) = m(a|s)=softmax(logits(s,")).

Using an on-policy, in-sim trajectory of length 1000 drawn from the DP solution, we compute
the Markov-chain sensitivities (Eq. 12 and 13) and the critic sensitivities (Eq. 9 and 10).
Each sensitivity table is represented in tabular form and updated iteratively until convergence
with a threshold of 1 x 1072. For each outer-level iteration, we use a trajectory of length
1000 generated by applying the in-sim policy to the real MDP to update the model and
reward parameters using SPG steps according to Eq. (7a) with a learning rate of 0.1.

D.2 Example 2: Continuous MDP

We use a one-dimensional linear system with additive Gaussian noise and an exponential
reward:

Sir1 =058 + Ogar + €, € ~N(0,07), (118)



Bi-level RL for Sim-to-Real Optimality

Ry(s¢,ar) = exp(—A[0g s7 + 0, a7 ]). (119)
The true system uses §;, = 6, = 6, = 6, = 1, while all five simulation parameters
{0s,0.,0,,0,} are initialized uniformly at random in [0, 1].

By taking logarithms of the stage reward, we obtain an equivalent quadratic stage cost
c(s,a) = A(gs? +ra?), with ¢ = 0,, r = 0,. In the infinite-horizon, y-discounted setting,
the optimal control law is linear,

ay = —K sy,
where the gain K and value-function curvature P solve the discrete Algebraic Riccati
Equation (DARE)
0, PO
Once P is found, the optimal value function is V*(s) = Ps? and the greedy policy is
a=—Ks.

P=X+~v(0, —0,K)*P, K=

To test the robustness of our sensitivity estimates, we fit two small feed-forward NN of one
hidden layer of size 6 for the policy and 64 for the value function:

Vi(s) = V*(s), fp(a]s)=d(a+ K s),
where 7y is trained to match the exact linear feedback as a stochastic Gaussian policy.

The learned V' and 7 are then used in place of the true LQR quantities in the sensitivity
computations inner level.

Using an on-policy, in-sim trajectory of length 1000 drawn from the approximated NN policy,
we compute the Markov-chain sensitivities (Eq. 12 and 13) and the critic sensitivities (Eq. 9
and 10). Sensitivities are computed for each sample until convergence of 1 x 10~2. For each
outer-level iteration, we use 20 trajectories of length 200 generated by applying the in-sim
NN approximated policy to the real MDP to update the model and reward parameters using
SPG steps according to Eq. (7a) with a learning rate of 0.1.

D.3 Example 3: Quadrotor

To evaluate the proposed bi-level PPO scheme in a nonlinear continuous-control setting, we
consider the planar quadrotor (Quad2D) environment implemented in safe-control-gym
(Yuan et al., 2022). The objective is to stabilize the quadrotor at a desired reference position
as quickly as possible while minimizing control effort.

The system state is defined as

s=x,i,2 % 0,07,
where (z, z) denote the planar position of the vehicle and ¢ is the pitch angle. The control
inputs correspond to the thrusts generated by the two rotors, a = [u, ug]T.

The simplified dynamics of the system are given by

mZ = (u; + ug) cos ¢ — mg, (120)
mi = —(uy + uz) sin ¢, (121)
Iyy@5 = l(uz — uy), (122)

where m denotes the quadrotor mass, [ the arm length, and I, the moment of inertia around
the pitch axis. These dynamics capture the key nonlinear coupling between translational
motion and attitude.

The reward function follows an exponential quadratic form similar to Example 2:

Ty = exp(—(st - Sref}t)TWs(St - Sref,t) - (at - arefi)TWa(at - areﬁt)) > (123)
where s,..5,; denotes the desired reference state, a,s is the hover thrust, and W, W, are
the cost weights. This formulation encourages accurate tracking while penalizing excessive
control effort.
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For the outer task, the quadrotor mass and arm length are my = 0.033 kg, o = 0.039 m and
the cost weights are W, = diag(][5,0.1,5,0.1,0.1,0.001]), W, = diag([0.1,0.1]). For the in-sim
task, the tunable simulation parameter is 6 = [0,,, 0, 0.5, Gwa}T such that quadrotor mass
m = 6,,mg, the arm length | = 0,1y, and the cost weights W = diag(0.s), Wa = diag(wa)-
The in-sim parameter 6 is initialized as # = [0.5,1.0,5,0.1,5,0.1,0.1,0.001,0.1, 0.1].

Bi-level PPO details

Since no closed-form optimal policy exists for this nonlinear system, both the policy and
value function are approximated using NNs trained with PPO. The actor is implemented as
a multi-layer perceptron with two hidden layers of 64 units each, while the critic uses two
hidden layers of 128 units. Both networks use Tanh activations.

The in-sim RL performs standard PPO updates in simulation to improve the policy under
the current simulator parameter §. Each PPO update uses 10 optimization epochs with a
learning rate of 3 x 10~%. Additional hyperparameters include a discount factor v = 0.99,
GAE parameter A = 0.95, and entropy coeflicient 0.01.

To estimate the Markov-chain sensitivities required for the outer-level updates, 40 trajectories
are sampled from the simulator using the current policy. These samples are used to compute
the sensitivities according to Eq. 11, Eq. 12, and Eq. 13. Note that a first-order approximation
of Eq. 11 is used in the quadrotor example, wherein the Hessian term is neglected for
computational reasons.

For each outer-level iteration, n in-sim PPO updates are carried out before applying a
simulator-parameter update using the stochastic policy-gradient step in Eq. (7a). Results
are reported for n = 20. The outer-loop learning rate is set to 1073,

E Related Works

Sim-to-real gap

The problem of the sim-to-real gap has been commonly addressed by either enriching the
simulator fidelity or exposing agents to diverse simulated scenarios. Domain randomization
is a common approach that perturbs the simulation parameters during training to improve
robustness, such that the resulting in-sim policy generalizes better to the real-world (Tobin
et al., 2017; Duan et al., 2024). Domain adaptation approaches instead aligns feature or
parameter distributions between the simulator and real world, commonly via adversarial
training on observations (Chen et al., 2020; Long et al., 2018; Pei et al., 2018; Hofer et al., 2021;
Eysenbach et al., 2020). In meta RL, the agent is trained on a distribution of environments
with the goal that the agent can then quickly adapt to the real world (Finn et al., 2017).
Other approaches include grounded action methods to adjust simulator dynamics to match
observed real trajectories (Hanna and Stone, 2017; Desai et al., 2020), and distributionally
robust RL formulates the problem as maximizing worst-case returns under bounded transition
shifts (Liu and Xu, 2024). Most of these approaches are robustness-focused rather than
performance-oriented; they seek to reduce the sim-to-real gap by optimizing for proxy
objectives (e.g., simulator accuracy, variability) rather than the real-world performance
directly (Da et al., 2025). As a result, they can improve stability under distribution shift but
do not offer a guarantee on optimal performance. Few works have explored embedding task
performance in domain adaptation. For example, RL-CycleGAN fine-tunes scene parameters
by minimizing an RL-consistency loss on a learned Q-function (Rao et al., 2020), yet this is an
indirect surrogate for real-world performance. In contrast, the sensitivity analysis provided
in this paper enables the simulation adaptation directly with the real-world performance of
the in-sim policy.



