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Summary

The interquartile mean (IQM) is increasingly used for evaluating reinforcement learning
(RL) algorithms and is typically reported with confidence intervals. Despite its widespread use
in RL, the IQM is still generally discussed as a sample statistic (like the sample mean), rather
than as a parameter of a distribution (like the mean). We present a definition of the IQM as
a parameter of a distribution and justify this definition. In RL, researchers typically use the
percentile bootstrap method to obtain confidence intervals for the IQM. However, percentile
bootstrap confidence intervals lack guaranteed coverage, meaning that these intervals may fail
to contain the IQM more often than expected. As our primary contribution, we derive confi-
dence intervals for the IQM that have guaranteed coverage, which, to our knowledge, is not
provided by previous methods.

Contribution(s)
1. This paper derives confidence intervals (high-confidence lower and upper bounds) for the

IQM that provide guaranteed coverage, assuming the distribution is bounded from be-
low (for the high-confidence lower bound) and from above (for the high-confidence upper
bound), and that the samples are independent and identically distributed. No additional as-
sumptions are made about the distribution, which can be discrete, continuous, or hybrid.
Context: The high-level approach is due to Anderson (1969).

2. This paper presents a definition of the IQM as a parameter of the distribution of a random
variable by expressing it in terms of the cumulative distribution function and justifies this
definition by proving that, for random variables with distributions bounded from above and
below, the IQM derived from samples converges almost surely to the IQM derived from the
distribution.
Context: The IQM is typically discussed as a sample statistic, and we have not found a ref-
erence that explicitly defines it as a parameter. There is another statistic, the trimmed mean,
which is related to the IQM, that is also generally treated as a sample statistic. However, we
found that some sources define it as a parameter in their analysis (for example, the work of
Stigler (1973)). We found that the definition we present corresponds to the definition of the
trimmed mean given by Stigler (1973) with the percentile parameters α = 1/4 and β = 3/4.
However, that definition is not an explicit definition of the IQM and also takes a different
form. We show that the definition of the IQM we present defines the parameter intended by
RL researchers when they report confidence intervals for the IQM.

3. This paper provides basic empirical comparisons of the proposed confidence intervals with
the confidence intervals constructed using the percentile bootstrap method. Initial results
suggest that there exist scenarios in which percentile bootstrap confidence intervals fail to
provide coverage guarantees, while the proposed confidence intervals consistently achieve
the guaranteed coverage probability.
Context: The empirical analysis is not the focus of this paper, and the primary contribu-
tions do not depend on experimental results. We evaluate the confidence intervals on sam-
ples from known distributions, mainly Beta distributions, rather than on samples obtained
by running RL algorithms. Since each distribution is known, the IQM of each distribution is
also known, which allows us to verify whether the intervals cover it. Varying the parameters
of the Beta distribution allows us to evaluate the intervals on a range of shapes and tails.
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Abstract

The interquartile mean (IQM) is increasingly used for evaluating reinforcement learn-
ing (RL) algorithms and is typically reported with confidence intervals. Despite its
widespread use in RL, the IQM is still generally discussed as a sample statistic (like the
sample mean), rather than as a parameter of a distribution (like the mean). We present a
definition of the IQM as a parameter of a distribution and justify this definition. In RL,
researchers typically use the percentile bootstrap method to obtain confidence intervals
for the IQM. However, percentile bootstrap confidence intervals lack guaranteed cover-
age, meaning that these intervals may fail to contain the IQM more often than expected.
As our primary contribution, we derive confidence intervals for the IQM that have guar-
anteed coverage, which, to our knowledge, is not provided by previous methods.

1 Introduction

A common problem when estimating parameters of a distribution (such as the mean) from samples is
obtaining valid confidence intervals for such parameters. In reinforcement learning (RL) confidence
intervals are used extensively, for example, in off-policy evaluation (Hanna et al., 2017; Chandak
et al., 2021) or as part of algorithms in high-confidence methods to provide performance guarantees
(Thomas et al., 2015). Most commonly, confidence intervals are used in RL for reporting empirical
results (Patterson et al., 2024), such as when comparing the performance of two algorithms. These
intervals provide high-confidence lower and upper bounds on parameters of the performance distri-
bution (such as the expected return), indicating how much uncertainty remains when the estimates
are based on a limited number of samples (for example, trajectories or runs). Recent RL work em-
phasizes the importance of reporting confidence intervals for making valid conclusions (Patterson
et al., 2024; Agarwal et al., 2021).

Following the work of Agarwal et al. (2021), RL papers have increasingly reported empirical results
using the interquartile mean (IQM) paired with percentile bootstrap confidence intervals (see, for
example, the works of McLean et al. (2025); Alonso et al. (2024); Schwarzer et al. (2023); Yu
et al. (2022), among many others). The IQM is typically estimated by sorting the samples in non-
decreasing order, discarding the first 25% and last 25% of the samples, and taking the arithmetic
average of the remaining samples (Patterson et al., 2024; Agarwal et al., 2021). However, there are
two concerns regarding the use of the IQM with confidence intervals.

First, percentile bootstrap confidence intervals do not provide guaranteed coverage.1 These confi-
dence intervals are asymptotic and thus only provide coverage guarantees in the limit. This means
that in practice, reported intervals may be too narrow and fail to contain the parameter of interest
(such as the actual IQM) more often than expected, and a large number of samples may be needed
to obtain reliable intervals. This may result in inaccurate conclusions, for example, claiming that
one policy (or algorithm) is better than another when it is not the case. Such conclusions can lead to

1A confidence interval has guaranteed coverage if it contains the parameter of interest with at least the specified probability
(for example, 0.95), even when the number of samples used to construct it is small. See Section 2 for the full definition.
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wrong decisions in high-stakes applications such as healthcare. We show empirically in Section 6
that the percentile bootstrap can fail to achieve the required coverage.

While methods with guaranteed coverage exist, they are derived for a specific parameter (for ex-
ample, the mean or variance), and we have not found a confidence interval method that provides
guaranteed coverage for the IQM. For example, well-known methods such as those of Hoeffding
(1963), Maurer & Pontil (2009), and Anderson (1969) are used to obtain valid confidence intervals
for the mean, but they do not apply to the IQM. Confidence intervals with guaranteed coverage have
also been derived for other parameters such as variance (Romano & Wolf, 2002; Maurer & Pon-
til, 2009), conditional value at risk (Thomas & Learned-Miller, 2019; Brown, 2007), and entropy
(Learned-Miller & DeStefano, 2008), but, to our knowledge, none have been derived for the IQM.
We discuss existing confidence interval methods in more detail in Section 3.

Second, reported confidence intervals are ambiguous: confidence intervals are meant to cover a
specific parameter of a distribution (with some specified probability), but it is not fully clear what
parameter the IQM estimate is approximating. The IQM is commonly understood as the mean of
the middle 50% of the distribution. However, it is typically discussed as a sample statistic, focusing
on how to obtain it from samples, as, for example, in the work of Agarwal et al. (2021), rather than
defining it as a parameter. This practice is not limited to RL papers, and statistical references also
describe the IQM as a sample statistic (Salkind, 2010). While some descriptions mention concepts
like quartiles, percentiles, or the interquartile range (which can apply to distributions), we have not
found an explicit formal definition (an expression) of the IQM as a parameter.2

We derive confidence intervals for the IQM that, unlike percentile bootstrap, provide guaranteed
coverage. This requires identifying the parameter the intervals reported in RL papers intend to cover
and confirming that we use the correct definition of the IQM as a parameter, and are not showing the
percentile bootstrap fails for this definition when it might hold for a different (intended) definition.

Summary of contributions (in order of presentation).3 (Contribution 2) We extend the standard
interpretation of the IQM from samples to distributions and present a formal definition of the IQM
as a parameter of a distribution by expressing it as a function of the cumulative distribution function.
To provide supporting evidence for this definition, we show that, for random variables with distribu-
tions bounded from above and below, the IQM derived from samples converges almost surely to the
IQM derived from the distribution. (Contribution 1) Based on this definition, we derive confidence
intervals for the IQM that have guaranteed coverage, addressing the limitations of commonly used
methods such as the percentile bootstrap. (Contribution 3) We provide initial empirical compar-
isons suggesting that the proposed confidence intervals consistently achieve the guaranteed coverage
probability in scenarios where the percentile bootstrap fails to do so.

The code used for the empirical comparisons is available on Zenodo: 10.5281/zenodo.21438160.

2 Background and Notation

This section covers the general background and notation we use for describing the IQM as a param-
eter of a distribution and for deriving confidence intervals for the IQM. For clarity, some additional
notation, definitions, and properties will be introduced in relevant sections as they become necessary.

Distribution functions and random variable bounds. In this paper we assume all random vari-
ables are real-valued, and unless otherwise specified, we make no assumptions about whether their
distributions are discrete, continuous, or hybrid (both discrete and continuous). When discussing
the distribution of a random variable X , we characterize it using its cumulative distribution function
(CDF). The CDF of X is a function F : R → [0, 1] such that for all x ∈ R, F (x) := Pr(X ≤ x).
Later on, it will be important to distinguish the distributions of random variables based on the bounds

2The IQM is often characterized as a form of the trimmed mean (Salkind, 2010), which is also generally treated as a
sample statistic. However, some sources define the trimmed mean as a parameter in their analysis (see, for example, the work
of Stigler (1973)). In Section 4.2 we connect the definition of the IQM we present to the one given for the trimmed mean.

3A more detailed description of contributions (in order of importance) is provided on the cover page.

https://doi.org/10.5281/zenodo.21438160
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on their support. Let supp(X) denote the support of X and let a ∈ R, b ∈ R represent the lower and
upper bounds on supp(X), respectively, when applicable. We define F to be the set of all CDFs,
which includes the CDFs of random variables with bounded and unbounded support (bounded and
unbounded random variables). For random variables bounded from below, we define F[a,∞) ⊂ F to
be the set of all CDFs of X with supp(X) ⊆ [a,∞). Similarly, for random variables bounded from
above, we define F(−∞,b] ⊂ F to be the set of all CDFs of X with supp(X) ⊆ (−∞, b]. Finally,
for random variables bounded from above and below, we define F[a,b] ⊂ F to be the set of all CDFs
of X with supp(X) ⊆ [a, b].

Sequences of random variables and empirical distribution functions. All sequences are indexed
by i ∈ {1, 2, . . .} unless otherwise specified. When we use the term samples, we refer to a sequence
of n ∈ N+ independent and identically distributed (i.i.d.) random variables X1, X2, . . . , Xn. Each
sample, Xi, in this sequence is a random variable that has the same distribution as a random variable
X . We denote the corresponding order statistics (X1, X2, . . . , Xn sorted in non-decreasing order)
by Z1, Z2, . . . , Zn. We refer to Fn as the empirical CDF based on the samples X1, X2, . . . , Xn,
where the subscript n in Fn indicates the number of samples. Let 1{·} denote an indicator function
that evaluates to 1 if the condition in {·} is satisfied and evaluates to 0 otherwise. Then Fn ∈ F
is a function Fn : R → [0, 1] such that for all x ∈ R, Fn(x) := 1/n

∑n
i=1 1{Xi≤x}. Fn can be

equivalently expressed using the order statistics Z1, Z2, . . . , Zn.

Limiting behavior of sequences of random variables. We say that a sequence of real numbers
x1, x2, . . . has the limit θ ∈ R, or that it converges to θ as n goes to infinity, n → ∞, denoted by
limn→∞ xn = θ, if and only if for all real numbers ϵ > 0, there exists n0 ∈ N+ such that for all
n ≥ n0, |xn − θ| < ϵ. When we say that a sequence of random variables X1, X2, . . . converges
almost surely to θ, denoted by Xn

a.s.−−→ θ, it means that, with probability 1, X1, X2, . . . has the limit
θ, that is, Pr

(
limn→∞ Xn = θ

)
= 1. If X1, X2, . . . is a sequence of estimators of a parameter θ

and Xn
a.s.−−→ θ, we say that the estimator Xn is strongly consistent. In this context, we sometimes

refer to θ as the limiting behavior of the sequence.

Confidence intervals that have guaranteed coverage. We use the phrase confidence interval that
has guaranteed coverage to describe intervals derived from samples that, given δ ∈ (0, 0.5], contain
a value of interest (for example, a parameter θ) with probability at least 1 − δ, where 1 − δ is also
called the confidence level. Throughout this paper, we often refer to these intervals as confidence
intervals or valid confidence intervals. The restriction of δ to the range (0, 0.5] is necessary be-
cause our derivations are based on a variant of the Dvoretzky–Kiefer–Wolfowitz inequality (DKW)
(Dvoretzky et al., 1956; Massart, 1990) (discussed later in Section 5.2 and Supplementary Sec-
tion 10), which requires this range when rewriting the probability bound in terms of δ. Although
this range excludes very low-confidence levels, it covers all practically relevant high-confidence lev-
els where the probability 1 − δ is in the range [0.5, 1). Thus, we refer to the bounds forming these
intervals as high-confidence bounds. We primarily discuss one-sided intervals, the high-confidence
lower bound L1−δ and the high-confidence upper bound U1−δ , and define L1−δ and U1−δ to be
random variables that satisfy Pr

(
θ ≥ L1−δ

)
≥ 1− δ and Pr

(
θ ≤ U1−δ

)
≥ 1− δ, respectively.

3 Related Work

The primary contribution of this paper is confidence intervals that (i) are for the IQM, (ii) have
guaranteed coverage, (iii) are constructed with a distribution-free method (also called nonparamet-
ric, meaning it does not assume that samples come from a specific distribution such as the normal
distribution, although we do assume the random variable is bounded), and (iv) require i.i.d. samples.
In this section we briefly discuss existing confidence intervals to clarify how the confidence intervals
proposed in this paper relate to prior work.

Distribution-free confidence intervals for the mean (not for the IQM). There are many
distribution-free confidence intervals for the mean that have guaranteed coverage. Hoeffding’s in-
equality (Hoeffding, 1963) can be used to obtain a confidence interval for the mean based on the
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sample mean. However, these confidence intervals can be very loose, especially when the number
of samples is small, and subsequent research has produced tighter confidence intervals. For exam-
ple, Maurer & Pontil (2009) derived empirical Bernstein bounds, which are based on the sample
mean and sample variance, and can be tighter. Waudby-Smith & Ramdas (2024) derived an empir-
ically tighter confidence interval for the mean using a martingale-based approach that adapts to the
unknown variance. Anderson (1969) created a confidence interval for the mean that is based on the
empirical CDF and is tighter than or equal to the confidence intervals based on Hoeffding’s inequal-
ity (Learned-Miller & Thomas, 2020). Phan et al. (2021) introduced a confidence interval that is
tighter than or equal to Anderson’s confidence interval. There are many other methods for bounding
the mean. However, these methods provide confidence intervals for the mean, not the IQM.

Distribution-free confidence intervals for other parameters (not for the IQM). There exist valid
confidence intervals for a range of other parameters, not just the mean. For example, Maurer & Pontil
(2009) also provided a confidence interval for the variance, as did Romano & Wolf (2002). Learned-
Miller & DeStefano (2008) provided confidence intervals for entropy, and Thomas & Learned-Miller
(2019) for conditional value at risk. Although these methods provide confidence intervals for a range
of parameters, they do not provide a confidence interval for the IQM. Confidence intervals also exist
for quantiles (see, for example, the work of Thompson (1936)), which may appear related to the
IQM. However, the IQM, as we will discuss later in Section 4, depends on the distribution between
the quartiles (0.25 and 0.75 quantiles), not just the quartile values, so these intervals do not provide
a confidence interval for the IQM.

Confidence intervals that do not require independent samples (not for the IQM). The confi-
dence intervals discussed above assume that samples are independent. There are methods that relax
the independence assumption, for example methods based on martingales, such as Azuma’s inequal-
ity (Azuma, 1967) and the confidence sequences of Howard et al. (2021). However, these methods
do not provide a confidence interval for the IQM.

Confidence intervals that are not distribution-free (not for the IQM). There also exist confidence
intervals that assume the samples come from a specific distribution. As they use additional assump-
tions about the distribution, they tend to provide tighter confidence intervals than distribution-free
methods. Student’s t-test (Student, 1908) provides a confidence interval for the mean that has guar-
anteed coverage when the distribution is normal (although it is often used even when the distribution
is not normal by appealing to the central limit theorem, but the coverage in this case is asymp-
totic rather than guaranteed). Other examples include the tight confidence interval for the mean of
a Bernoulli distribution (Clopper & Pearson, 1934) and the confidence interval for the mean of a
Gamma distribution (with an additional assumption that the shape parameter α ≥ 1), see, for ex-
ample, the book by Barlow & Proschan (1975). These methods do not apply to the distribution-free
setting we consider, and they do not provide a confidence interval for the IQM.

Confidence intervals that do not have guaranteed coverage. Bootstrap methods (Efron & Tibshi-
rani, 1993) can be used to obtain approximate confidence intervals for any parameter, including the
IQM. However, these methods do not provide guaranteed coverage and the coverage converges to
the required confidence level (probability) only asymptotically. The rate of convergence depends on
the variant used. For example, percentile bootstrap (Efron, 1982) has a coverage error of O(n−1/2)
(Hall, 1992; Carpenter & Bithell, 2000), while the bias-corrected and accelerated bootstrap (BCa)
(Efron, 1987) achieves a smaller coverage error of O(n−1) (Hall, 1992; Carpenter & Bithell, 2000).
Confidence intervals for the trimmed mean, which is related to the IQM, also exist (see, for example,
the work of Tsao & Zhou (2002)), but these intervals are also asymptotic.

Confidence intervals based on the DKW inequality. We base our confidence intervals for the
IQM on a general approach that obtains confidence intervals by using a high-confidence bound on
the CDF that follows from the DKW inequality. This approach was pioneered by Anderson (1969)
for the mean, and has since been used to derive confidence intervals for other parameters including
variance (Romano & Wolf, 2002), conditional value at risk (Thomas & Learned-Miller, 2019), and
entropy (Learned-Miller & DeStefano, 2008). While the high-level approach is not new, deriving
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valid bounds requires separate analysis for each parameter. For example, for the mean, the high-
confidence lower bound is derived from the high-confidence upper bound on the CDF, but this does
not hold in general (see, for instance, the bounds for variance (Romano & Wolf, 2002) and entropy
(Learned-Miller & DeStefano, 2008)). For the IQM, it is not immediately obvious what form the
bound should take, due to how changes in the quartiles can affect the IQM (we discuss this later).

4 IQM as a Parameter of a Distribution

Before presenting the method to construct valid confidence intervals for the IQM, we first character-
ize the IQM as a parameter of a distribution. We begin by formally defining the IQM as a function
of samples in Section 4.1, based on the standard interpretation of the IQM as a sample statistic. In
Section 4.2 we propose a definition of the IQM as a function of a distribution and explain how this
definition extends the IQM derived from samples to distributions. In Section 4.3 we further support
the proposed definition by proving that, for random variables bounded from above and below, the
IQM derived from a distribution represents the limiting behavior of the IQM derived from samples.

4.1 IQM as a Function of Samples

We refer to the IQM derived from samples as the sample interquartile mean (sample IQM) and de-
note it by IQMn, where the subscript indicates the number of samples used to derive it. We define the
sample IQM based on the definition presented by Salkind (2010), which provides a straightforward
expression when the number of samples is divisible by 4. Given order statistics Z1, Z2, . . . , Zn,
the sample IQM is the sample mean of the subsequence Z(n/4)+1, . . . , Z3n/4. This subsequence
excludes n/4 samples from each end of the sequence, which is exactly 25% of the samples. Hence,
the sample IQM, denoted by IQMn, is a random variable derived from a sequence of n ∈ {4, 8, . . . }
order statistics Z1, Z2, . . . , Zn as

IQMn :=
1
n
2

3n
4∑

i=n
4 +1

Zi. (1)

For simplicity, we define IQMn only when the number of samples is divisible by 4, n ∈ {4, 8, . . . },
and do not consider alternative definitions that can be applied to any n ∈ N+, such as those involving
interpolation. Our choice to use this restricted definition is reasonable because we will use this
definition to analyze the limiting behavior of the sample IQM: that is, what happens to IQMn as the
number of samples goes to infinity. In Section 4.3 we provide an example of how this definition can
be extended and confirm that this does not affect our results.

4.2 IQM as a Function of a Distribution

We present an expression for the IQM as a parameter of the distribution of a random variable X ,
which we call the IQM, in a form that defines it as a function of the CDF of X . This CDF-based
form of the IQM is useful for two reasons. First, it allows the IQM to be defined for any real-valued
random variable (continuous, discrete, or hybrid). Second, as we demonstrate in later sections, the
CDF-based form of the IQM is useful for deriving confidence intervals for the IQM.

First and third quartiles. To extend the interpretation of the sample IQM, which excludes the
smallest 25% and the largest 25% of samples, to distributions, we note that the cutoff points relate
naturally to the first and third quartiles of the CDF. We define the first quartile to be a function
Q1 : F → R such that for all CDFs F ∈ F , Q1(F ) := min {x ∈ R : F (x) ≥ 1/4}.4 Similarly,
we define the third quartile to be a function Q3 : F → R such that for all F ∈ F , Q3(F ) :=
min {x ∈ R : F (x) ≥ 3/4}. We later use shorthand notation Q1 and Q3 to denote the first and third
quartiles when the CDF from which they are derived is clear from context.

4Since any CDF is right-continuous and non-decreasing, we can use the minimum instead of the infimum.
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Figure 1: The blue curve depicts a CDF for a hybrid random variable. The IQM can be viewed
as the mean of the distribution after cutting the CDF below 1/4 and above 3/4, which captures its
middle 50% (corresponding to the green shaded region), and rescaling this segment to the range
[0, 1] to treat it as a full distribution. Notice that the quartiles Q1 and Q3 do not need to correspond
to exactly 1/4 and 3/4 CDF values. The expression for the IQM is motivated (roughly) by viewing
the mean as the upper bound on the support of a distribution minus the area under its CDF.

Figure 1 provides intuition on how the IQM captures the mean of the middle 50% of a distribution.
Building on the definitions above, we define the IQM as a parameter of a distribution as follows.
Definition 1 (IQM). The interquartile mean (IQM) is a function IQM : F → R, such that for all
F ∈ F ,

IQM(F ) := 2

(
3

4
Q3(F )− 1

4
Q1(F )−

∫ Q3(F )

Q1(F )

F (x) dx

)
.

We wrote this definition in terms of the CDF because our derivation of the high-confidence bounds
on the IQM is based on a result that bounds the CDF. Note that this definition corresponds to the
definition of the trimmed mean as presented by Stigler (1973) with the percentile parameters α = 1/4
and β = 3/4 (however, that definition takes a different form). A significant part of the paper focuses
on supporting Definition 1 to confirm that we use the correct definition of the IQM as a parameter
(the one intended by RL researchers reporting confidence intervals) and that later we are not showing
that the percentile bootstrap fails for this definition when it might hold for a different definition.

Why Definition 1 is the correct definition of the IQM. For F ∈ F[a,b], we support this definition
by demonstrating that the sample IQM given in (1) is a strongly consistent estimator of the IQM
as defined in Definition 1. Specifically, in Section 4.3 we prove that, as the number of samples
goes to infinity, the sample IQM converges almost surely to the IQM, confirming the IQM as the
limiting behavior of the sample IQM. While this proof assumes a bounded random variable, we
expect Definition 1 to be applicable to any real-valued random variable, thereby defining it for all
F ∈ F . We also motivate this general definition with an additional result. Without assumptions
on the real-valued random variable, we show that the sample IQM derived from n ∈ {4, 8, . . . }
samples is equivalent to the IQM derived from an empirical CDF, Fn, based on the same n samples.
Lemma 1. For n ∈ {4, 8, . . . }, IQMn = IQM(Fn).

Proof. Using the definition of Fn, we find that Q1(Fn) = Zn/4 and Q3(Fn) = Z3n/4. By performing
algebraic and calculus manipulations, we show that we can rewrite IQM(Fn) as

IQM(Fn)
(a)
= 2

3

4
Z 3n

4
− 1

4
Zn

4
−

3n
4 −1∑
i=n

4

(Zi+1 − Zi)
i

n

 =
1
n
2

3n
4∑

i=n
4 +1

Zi = IQMn,

where (a) follows because Fn is a step function. The full steps are provided in Supplementary
Section 8.1. □
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4.3 IQM is the Limiting Behavior of Sample IQM

For k, n ∈ {4, 8, . . . }, let IQM4, IQM8, . . . , IQMn be a sequence of sample IQMs, where each
IQMk is derived from a sequence of order statistics Z1, Z2, . . . , Zk. We show that, for random
variables bounded from above and below, the sequence of sample IQMs converges almost surely to
the IQM, that is, IQMn

a.s.−−→ IQM(F ), establishing the IQM as the limiting behavior of the sample
IQM. The proof uses the Glivenko-Cantelli Theorem (Glivenko, 1933; Cantelli, 1933; Stephens,
2006) which shows that the empirical CDF, Fn, converges uniformly almost surely to the CDF, F ,
denoted by Fn

u.a.s.−−→ F . That is, as n → ∞, with probability 1, the distance between Fn and F goes
to 0, using supx∈R |Fn(x)− F (x)| to measure the distance.

Property 1 (Glivenko-Cantelli Theorem). If X1, X2, . . . are i.i.d. random variables, each with
CDF F , and Fn is the empirical CDF based on X1, X2, . . . , Xn, then Fn

u.a.s.−−→ F , that is,
Pr
(
limn→∞ supx∈R |Fn(x)− F (x)| = 0

)
= 1.

Using Property 1, we prove that IQMn
a.s.−−→ IQM(F ).

Theorem 1. If X is a random variable with CDF F ∈ F[a,b], then IQMn
a.s.−−→ IQM(F ).

Proof. By Lemma 1, the sample IQM is equivalent to the IQM derived from the empirical CDF,
that is, IQMn = IQM(Fn). Therefore, to prove this result, it is sufficient to show IQM(Fn)

a.s.−−→
IQM(F ), that is,

Pr
(

lim
n→∞

IQM(Fn) = IQM(F )
)
= 1.

Consider two events, A and B,

A := lim
n→∞

sup
x∈R

|Fn(x)− F (x)| = 0, B := lim
n→∞

IQM(Fn) = IQM(F ).

Below in Lemma 3, we prove that A implies B. So, Pr(B) ≥ Pr(A) and since by Property 1,
Pr(A) = 1, it follows that Pr(B) = 1 as well. That is,

Pr
(
lim
n→∞

IQM(Fn) = IQM(F )
)
≥Pr

(
lim

n→∞
sup
x∈R

|Fn(x)− F (x)| = 0
)
= 1,

and thus IQM(Fn)
a.s.−−→ IQM(F ). □

The next lemma is key to showing that the assumption A =⇒ B used in the proof of Theo-
rem 1 holds. Recall that A =⇒ B stands for

(
limn→∞ supx∈R |Fn(x) − F (x)| = 0

)
=⇒(

limn→∞ IQM(Fn) = IQM(F )
)
. This lemma establishes that if the distance between two CDFs

is upper bounded by some real number ϵ > 0, then the absolute difference between the IQMs de-
rived from these two CDFs is upper bounded by 6(b − a)ϵ. This result may be surprising because
it shows that even though the first and third quartiles can change significantly with a small change
in F , the change in the IQM remains bounded. This bound, through its linear relationship with ϵ,
allows us to directly translate the limit of the sequence of distances between Fn and F to the limit
of the sequence of sample IQMs.

Lemma 2. For any real number ϵ > 0, any a ∈ R, b ∈ R, with a < b, and for all F ∈ F[a,b],
F ′ ∈ F[a,b],

(
supx∈R |F (x)− F ′(x)| < ϵ

)
=⇒

(
| IQM(F )− IQM(F ′)| < 6(b− a)ϵ

)
.

Proof. We rewrite IQM(F )−IQM(F ′) as a sum of three terms based on the differences between the
quartiles and integrals and show that each term is upper bounded by 2(b− a)ϵ.5 See Supplementary
Section 9.2. □

The corollary below follows from Lemma 2 by using a change of variable, ϵ := ϵ′/
(
6(b − a)

).
5There may exist upper bounds that are tighter than 6(b − a)ϵ. However, proving A =⇒ B only requires the upper

bound to be linear in ϵ.
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Corollary 1. For any real number ϵ′ > 0, any a ∈ R, b ∈ R, with a < b, and for all F ∈ F[a,b],
F ′ ∈ F[a,b],

sup
x∈R

|F (x)− F ′(x)| < ϵ
′/
(
6(b − a)

)
=⇒ | IQM(F )− IQM(F ′)| < ϵ′.

Finally, we prove that A =⇒ B, which is the result we used in the proof of Theorem 1.

Lemma 3. If X is a bounded random variable with CDF F ∈ F[a,b] and Fn is the empirical CDF
based on X1, X2, . . . , Xn, each with the same distribution as X , then

(
limn→∞ supx∈R |Fn(x) −

F (x)| = 0
)

=⇒
(
limn→∞ IQM(Fn) = IQM(F )

)
.

Proof. We show that when A holds, B also holds. That is,

lim
n→∞

sup
x∈R

|Fn(x)− F (x)| = 0︸ ︷︷ ︸
A

=⇒ lim
n→∞

IQM(Fn) = IQM(F )︸ ︷︷ ︸
B

.

Let n0 ∈ {4, 8, . . .}.6 By definition, B holds if and only if for any given ϵ′ > 0, we can find
an n0 such that for all n ≥ n0, IQM(Fn) is within ϵ′-distance of IQM(F ), that is, | IQM(Fn) −
IQM(F )| < ϵ′.

Suppose that A holds. Then, by definition, for any ϵ′/
(
6(b − a)

)
> 0, we can always find an n0

such that for all n ≥ n0, supx∈R |Fn(x) − F (x)| is within ϵ′/
(
6(b − a)

)-distance of 0, that is,
supx∈R |Fn(x)− F (x)| < ϵ′/

(
6(b − a)

).
By Corollary 1, if supx∈R |Fn(x)− F (x)| < ϵ′/

(
6(b − a)

), then | IQM(Fn)− IQM(F )| < ϵ′ for all
n ≥ n0.

So, for any ϵ′ > 0, we can take ϵ′/
(
6(b − a)

)
> 0 to obtain the n0 required for A, which is the same

n0 required for B that ensures | IQM(Fn) − IQM(F )| < ϵ′ for all n ≥ n0. Thus, if A holds, B
holds as well. □

Remark 1. We expect the proof of Theorem 1 to hold even if the definition of the sam-
ple IQM is extended to also apply to n that are not divisible by 4. We established
that, with probability 1, the sequence IQM4, IQM8, . . . has the limit IQM(F ), that is,
limn→∞ IQMn = IQM(F ). For example, we redefine IQMn := IQM4⌊n/4⌋ for all n ∈
{4, 5, . . .}, and extend the sequence of sample IQMs by copying each IQMk value four times:
IQM4, IQM4, IQM4, IQM4, IQM8, IQM8, IQM8, IQM8, . . . , IQMn. By construction, each term
in this extended sequence is equal to some term in the original sequence. So, when IQMk from
the original sequence is within some ϵ-distance from the limit IQM(F ), every term in the extended
subsequence that is equal to IQMk is within the same ϵ-distance from IQM(F ). Thus, with proba-
bility 1, the extended sequence has the same limit IQM(F ).

5 Confidence Intervals for the IQM

In Section 5.1 we present an expression for the high-confidence lower bound on the IQM for a
random variable with a CDF F ∈ F[a,∞). In Section 5.2 we show how to derive this expression
using a known result for the high-confidence upper bound on the CDF and prove that this lower
bound on the IQM is guaranteed to hold with at least the specified probability. In Sections 5.3 and 5.4
we explain how to obtain the high-confidence upper bound on the IQM for a random variable with a
CDF F ∈ F(−∞,b], as well as a two-sided confidence interval, with details shown in Supplementary
Sections 12 and 13.

6The assumption that n0 ∈ {4, 8, . . .} follows from the definition of IQMn. However, recall that 4, 8, . . . correspond to
the first, second, and so on elements in the sequences that we analyze here.
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5.1 High-Confidence Lower Bound on IQM

Theorem 2 (High-Confidence Lower Bound on IQM). Let Z1, Z2, ..., Zn be order statistics of
n ∈ N+ i.i.d. samples, each with CDF F ∈ F[a,∞). Let Z0 = a, so that the extended sequence is
Z0, Z1, . . . , Zn, and let δ ∈ (0, 0.5]. Define α, β ∈ {Z0, Z1, . . . , Zn} to be

α :=min

Zj ∈ {Z0, Z1, . . . , Zn} :
1

n

n∑
i=1

1{Zi≤Zj} +

√
ln
(
1
δ

)
2n

≥ 1

4

 ,

β :=min

Zj ∈ {Z0, Z1, . . . , Zn} :
1

n

n∑
i=1

1{Zi≤Zj} +

√
ln
(
1
δ

)
2n

≥ 3

4

 .

Define qα := max
{
i ∈ {0, 1, . . . , n} : Zi = α

}
and qβ := max

{
i ∈ {0, 1, . . . , n} : Zi = β

}
.

Then

Pr

IQM(F ) ≥ 2

3

4
β − 1

4
α−

qβ−1∑
i=qα

(Zi+1 − Zi)min

1,
i

n
+

√
ln
(
1
δ

)
2n


 ≥ 1− δ.

5.2 Proof of Theorem 2

We base our derivation of the high-confidence lower bound on the IQM on a one-sided variant of
the DKW inequality (Dvoretzky et al., 1956; Massart, 1990), rewritten in a form that provides a
high-confidence upper bound on the CDF F (as presented by Thomas & Learned-Miller (2019) for
bounding the conditional value at risk).

Specifically, we state the DKW inequality in terms of the function G+
1−δ that forms a band above

the empirical CDF Fn, such that, with probability at least 1− δ, F lies everywhere below or on this
band.

Property 2. If F ∈ F[a,∞), define a function G+
1−δ : R → [0, 1] such that for any δ ∈ (0, 0.5] and

all x ∈ R,

G+
1−δ(x) :=

0 if x < a

min

{
1, Fn(x) +

√
ln( 1

δ )
2n

}
otherwise.

Then for all F ∈ F[a,∞) and any δ ∈ (0, 0.5], Pr
(
∀x ∈ R, F (x) ≤ G+

1−δ(x)
)
≥ 1− δ.

Proof. See Supplementary Section 10.1. □

Remark 2. It is straightforward to check that G+
1−δ ∈ F[a,∞) and thus Q1(G

+
1−δ), Q3(G

+
1−δ), and

IQM(G+
1−δ) are defined.

Main idea: Let G be the set of all CDFs that lie everywhere below or on the band formed by G+
1−δ

and note that F ∈ G with probability at least 1 − δ by Property 2. The main step of the proof is to
show that IQM(G+

1−δ) is the smallest possible IQM among all IQMs derived from the CDFs G ∈ G,
that is, for all G ∈ G, IQM(G+

1−δ) ≤ IQM(G). Then, since F ∈ G with probability at least 1 − δ,
it follows that IQM(G+

1−δ) ≤ IQM(F ) with probability at least 1− δ as well.

Lemma 4. If for all CDFs G ∈ G and all x ∈ R, G(x) ≤ G+
1−δ(x), then for all G ∈ G,

IQM(G+
1−δ) ≤ IQM(G).

Proof. We prove that IQM(G+
1−δ) ≤ IQM(G) holds for all G ∈ G by showing that the difference

between the two IQMs is non-negative, IQM(G) − IQM(G+
1−δ) ≥ 0. This is challenging to show

because even a small change in G can significantly change the quartiles, and it is not immediately



Reinforcement Learning Journal 2026

clear whether the resulting differences in quartiles outweigh the differences in areas between the
quartiles or if the areas dominate instead (recall that the expression for the IQM involves the first
and third quartiles and the area under the CDF between the quartiles). Thus, we first rewrite the
difference IQM(G)− IQM(G+

1−δ) in a form that simplifies this proof.

Let Q1, Q3 denote Q1(G), Q3(G) and let Q+
1 , Q+

3 denote Q1(G
+
1−δ), Q3(G

+
1−δ), respectively. We

express IQM(G) − IQM(G+
1−δ) as a sum of three terms and use functions H and H+ instead of

G and G+, where H(x) := G(x) when x ∈ [Q1, Q3] and 0 elsewhere and H+(x) := G+
1−δ(x)

when x ∈ [Q+
1 , Q

+
3 ] and 0 elsewhere. For brevity, let ∆Q3 := Q3 − Q+

3 , ∆Q1 := Q+
1 − Q1, and

∆H := H+(x)−H(x) in the expression below. Then,

IQM(G)− IQM(G+
1−δ) =2

(
3

4
∆Q3 +

∫ Q3

Q+
3

∆H dx︸ ︷︷ ︸
first term

+
1

4
∆Q1 +

∫ Q1

Q+
1

∆H dx︸ ︷︷ ︸
second term

+

∫ Q+
3

Q1

∆H dx︸ ︷︷ ︸
third term

)
.

We describe how to derive the general expression for writing the difference between IQMs for two
CDFs in this form in Supplementary Section 9.1.

The rest of the proof involves showing that these three terms are non-negative (separately or in
combination with other terms), and then it immediately follows that their sum, multiplied by 2,
which is equivalent to IQM(G)− IQM(G+

1−δ), is also non-negative. This is where the functions H
and H+ become useful, as they allow us, for example, to compare the differences in areas with the
differences in quartiles. For instance, in the first term, since H+(x) is 0 for all x larger than Q+

3 ,∫ Q3

Q+
3

(
H+(x)−H(x)

)
dx simplifies to −

∫ Q3

Q+
3
H(x) dx, and because H(x) must be less than 3/4 for

all x smaller than Q3, the integral (area) is upper bounded by 3/4(Q3 − Q+
3 ). Thus, the entire first

term is lower bounded by 3/4(Q3 −Q+
3 )− 3/4(Q3 −Q+

3 ) = 0. The proof that other terms are also
non-negative follows similar steps, which we describe in detail in Supplementary Section 11. □

Thus, IQM(G+
1−δ) produces a high-confidence lower bound on IQM(F ), that is, Pr

(
IQM(F ) ≥

IQM
(
G+

1−δ

))
≥ 1− δ.

Expression for the high-confidence lower bound on the IQM. As a final step, we provide a con-
venient expression to derive IQM(G+

1−δ) using order statistics Z1, Z2, . . . , Zn of n ∈ N+ i.i.d. sam-
ples. Figure 2 below helps to illustrate how this expression is derived.

0
0

1

1
4

3
4

⍺ β

𝐺!"#$

𝐹%

𝑍& 𝑍! 𝑍' 𝑍( 𝑍) 𝑍* 𝑍+

Figure 2: This visualization depicts a possible (not to scale) Fn (blue curve) and G+
1−δ (orange

curve) using n = 6. If Z1, Z2, . . . , Z6 are viewed as random variables and Z0 = a, then, with prob-
ability at least 1−δ, F lies inside the shaded region. The darker orange subregion corresponds to the
area between the two quartiles, α and β, associated with G+

1−δ , that is used to derive IQM(G+
1−δ).
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Let α = Q1(G
+
1−δ) and β = Q3(G

+
1−δ). Since G+

1−δ is a step function, α and β map to a value in
{Z0, Z1, ..., Zn}, where Z0 = a, the lower bound on supp(X).7 Thus, α and β are given by the
minimum values in {Z0, Z1, ..., Zn} for which the empirical CDF, Fn, plus the term

√
ln(1/δ)/(2n)

are at least 1/4 and 3/4, respectively. Define the indices for the two quartiles, qα := max
{
i ∈

{0, 1, . . . , n} : Zi = α
}

and qβ := max
{
i ∈ {0, 1, . . . , n} : Zi = β

}
.8 Then, recalling that

IQM(G+
1−δ) = 2

(
3/4β − 1/4α−

∫ β

α
G+

1−δ(x) dx
)

and again using the fact that G+
1−δ is a step

function,

IQM(G+
1−δ) = 2

3

4
β − 1

4
α−

qβ−1∑
i=qα

(Zi+1 − Zi)︸ ︷︷ ︸
step width

min

{
1,

i

n
+

√
ln
(
1
δ

)
2n

}
︸ ︷︷ ︸

step height

 .

5.3 High-Confidence Upper Bound on IQM

For a random variable with a CDF F ∈ F(−∞,b], the high-confidence upper bound on the IQM can
be obtained by noticing that it corresponds to the negated high-confidence lower bound on the IQM
of the negated random variable. Thus, Theorem 2 can be applied directly when using negated and
reordered order statistics and setting the lower bound of the support a = −b (see Supplementary
Section 12.1).

Alternatively, the same high-confidence upper bound can be derived by following the same approach
as shown in Section 5.2, except that we use an alternate form of the DKW inequality that produces a
high-confidence lower bound on the CDF, G−

1−δ , and show that IQM(G−
1−δ) is the largest possible

IQM among all IQMs derived from the CDFs that lie everywhere above or on G−
1−δ . This proof and

the expression to derive this upper bound on the IQM are provided in Supplementary Section 12.2.

5.4 Two-Sided Confidence Interval for IQM

A two-sided confidence interval for IQM(F ) can also be useful. If X is bounded from both sides,
that is, its CDF F ∈ F[a,b], the two-sided confidence interval for a desired confidence level 1 − δ
(high-confidence lower and upper bounds holding jointly) can be obtained by using δ/2 for each of
the high-confidence lower and upper bounds (see Supplementary Section 13 for details). Specifi-
cally, for any δ ∈ (0, 1],9 we have Pr

(
L1−δ/2 ≤ IQM(F ) ≤ U1−δ/2

)
≥ 1− δ.

6 Empirical Comparisons

The empirical analysis is not the focus of this paper and the primary contributions do not depend on
experimental results. We provide a brief summary in this section, with a more detailed overview in
Supplementary Section 14. We evaluate the confidence intervals by addressing two key questions.

Questions. 1. Do the proposed confidence intervals and the percentile bootstrap confidence intervals
achieve the required coverage for different distributions, different numbers of samples, and different
confidence levels? 2. How do the widths of the proposed confidence intervals compare to those of
the percentile bootstrap confidence intervals?

Choice of distributions. We use known distributions rather than collecting samples by running RL
algorithms, for two reasons. First, the IQM of the distributions we use can be obtained analytically,

7To see why we need to include a, notice that G+
1−δ(a) ≥ min

{
1,

√
ln(1/δ)/(2n)

}
and so it can be at least as large as

1/4 for some values of δ and n.
8The maximum here is needed if the samples are not distinct (if the distribution is discrete or hybrid). Using the minimum

results in an equivalent expression for IQM(G+
1−δ), but with extra zero terms in the summation.

9We show why we can relax the requirement on δ and use δ ∈ (0, 1] instead of δ ∈ (0, 0.5] in Supplementary Section 13.
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Figure 3: Comparison of the proposed confidence intervals (solid curves) with the percentile boot-
strap–based intervals (dotted curves) using δ = 0.05 (corresponding to 0.95, or a 95% confidence
level) and a hybrid distribution that samples −1 with probability 0.25, 2 with probability 0.35, and
samples from Beta(α = 1, β = 10) with probability 0.4. The horizontal axis uses a log scale over
{1, 2, . . . , 300} samples. (Left to right) 1. Estimated coverage probability for the lower bound
(LB), relative to the 95% confidence level (green dashed line). 2. Estimated coverage probability
for the upper bound (UB). 3. Average lower bound (LB) values relative to the IQM (purple dash-
dotted line). 4. Average upper bound (UB) values relative to the IQM. Each estimate is computed
from 10,000 independent trials, and each plot includes error bars of width 1.96 times the standard
error (not visible). Each percentile bootstrap trial uses 10,000 bootstrap resamples. The angled step-
like nature of the curves that correspond to the percentile bootstrap is due to the way the samples are
trimmed when the number of samples is not divisible by 4.

which allows us to verify whether the confidence intervals achieve the required coverage probability
and to evaluate their widths against a known reference. Second, since the shape of performance
distributions in RL is generally unknown, we want to evaluate the confidence intervals across a range
of scenarios with different shapes and tails. We use Beta distributions for this purpose, as varying
their α and β parameters produces a range of shapes, for example, right-skewed, left-skewed, bell-
shaped, U-shaped, and uniform. In this section we report results for one hybrid distribution with a
Beta component (described in Figure 3). Additional results for pure Beta distributions and a discrete
distribution are provided in Supplementary Section 14.

Figure 3 shows example results suggesting there exist scenarios in which the percentile bootstrap
confidence intervals fail to achieve the required coverage, with the lowest estimated coverage prob-
ability when the number of samples is small, which is typical in RL evaluation (often fewer than 10
runs), while the proposed method achieves this coverage. Note the red dotted line (bootstrap upper
bound) on the second plot from the left, which stays in the red-shaded region (below the requested
95% coverage). Since performance distributions in RL are generally unknown, they may fall under
such scenarios, motivating the use of confidence intervals with guaranteed coverage.

7 Discussion

The main limitation of our approach is that it requires the random variable to be bounded on at least
one side. However, we expect the proposed confidence intervals to hold in practice for unbounded
(for example, normally distributed) random variables when using a sufficient number of samples.
For instance, for the high-confidence lower bound on the IQM, once the first quartile of the high-
confidence upper bound on the CDF, G+

1−δ , is finite, the situation is analogous to a random variable
bounded from below by a. Alternative approaches for deriving confidence intervals for the IQM of
unbounded random variables could be explored.

Empirically, the proposed confidence intervals appear wider than the percentile bootstrap intervals,
although the difference between their widths appears to shrink with more samples. There may exist
tighter (including non-uniform) confidence intervals that still maintain guaranteed coverage.
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8 Definition of IQM as a Parameter of a Distribution

This section covers additional supporting evidence for Definition 1, which is presented in Section 4.2
of the main text, that defines the IQM as a parameter of a distribution. Specifically, in Supplementary
Section 8.1 we provide an extended proof of Lemma 1 that is referenced in the same section.

8.1 Equivalence of Sample IQM and IQM Derived from Empirical CDF (Lemma 1)

In this subsection we show that the sample IQM derived from n ∈ {4, 8, . . .} samples is equivalent
to the IQM derived from an empirical distribution based on the same n samples.

Lemma 1. For n ∈ {4, 8, . . . }, IQMn = IQM(Fn).

Proof. We will prove this result by showing that we can rewrite the expression for IQM(Fn) in a
form that is equivalent to the expression for IQMn. In this proof, Q1 and Q3 denote the first and
third quartiles, respectively, that are associated with Fn, and recall that both IQMn and Fn can be
derived from a sequence of order statistics Z1, Z2, . . . , Zn. Then, IQM(Fn) is, by definition,

IQM(Fn) =2

(
3

4
Q3 −

1

4
Q1 −

∫ Q3

Q1

Fn(x) dx

)
.

First, note that Q1 = Zn/4 and Q3 = Z3n/4, even if the order statistics are not distinct (and note that
n/4 and 3n/4 are integers). To see this, notice that for any k ∈ {1, 2, . . . , n}, Fn(Zk) is at least k/n:

Fn(Zk) =
1

n

n∑
i=1

1{Zi≤Zk}

≥k

n
.

Then notice that for all x ∈ R such that x < Zk, at most k− 1 of the order statistics are less than or
equal to x, so Fn(x) < k/n. Thus Zk = min{x ∈ R : Fn(x) ≥ k/n}. Then, by using k = n/4, we
obtain

Q1 =min

{
x ∈ R : Fn(x) ≥

1

4

}
=Zn

4
,

and by using k = 3n/4, we obtain

Q3 =min

{
x ∈ R : Fn(x) ≥

3

4

}
=Z 3n

4
.

Next, since Fn is a step function, we can rewrite the expression for IQM(Fn) as

IQM(Fn) =2

3

4
Z 3n

4
− 1

4
Zn

4
−

3n
4 −1∑
i=n

4

(Zi+1 − Zi)︸ ︷︷ ︸
step width

Fn(Zi)︸ ︷︷ ︸
step height


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(a)
=2

3

4
Z 3n

4
− 1

4
Zn

4
−

3n
4 −1∑
i=n

4

(Zi+1 − Zi)
i

n︸ ︷︷ ︸
α

 , (2)

where (a) follows from noticing that each Zi raises Fn to i/n on the interval [Zi, Zi+1), so the i-th
summand equals

∫ Zi+1

Zi
Fn(x) dx. When Zi and Zi+1 are not distinct, this interval has zero width,

so the summand is zero. So, if l ∈ {1, 2, . . . , n} order statistics are identical, they together raise Fn

by l/n.

Next, we focus on the term α. We rewrite α as

α =

3n
4 −1∑
i=n

4

(
Zi+1

i

n
− Zi

i

n

)

=

3n
4 −1∑
i=n

4

Zi+1
i

n
−

3n
4 −1∑
i=n

4

Zi
i

n

(a)
=

( 3n
4 −1)+1∑
i=n

4 +1

Z(i+1)−1
i− 1

n
−

3n
4 −1∑
i=n

4

Zi
i

n

=

3n
4∑

i=n
4 +1

Zi
i− 1

n︸ ︷︷ ︸
first term

−
3n
4 −1∑
i=n

4

Zi
i

n︸ ︷︷ ︸
second term

(b)
=

 3n
4 −1∑

i=n
4 +1

Zi
i− 1

n

+

(
Z 3n

4

3n
4 − 1

n

)
︸ ︷︷ ︸

first term

−

(Zn
4

n
4

n

)
+

 3n
4 −1∑

i=n
4 +1

Zi
i

n


︸ ︷︷ ︸

second term

=

3n
4 −1∑

i=n
4 +1

Zi
i− 1

n
+ Z 3n

4

3n
4 − 1

n
− Zn

4

n
4

n
−

3n
4 −1∑

i=n
4 +1

Zi
i

n

(c)
=

3n
4 −1∑

i=n
4 +1

(
Zi

i− 1

n
− Zi

i

n

)
+ Z 3n

4

(
3

4
− 1

n

)
− Zn

4

1

4

=

3n
4 −1∑

i=n
4 +1

Zi

(
i− 1

n
− i

n

)
+

3

4
Z 3n

4
− 1

n
Z 3n

4
− 1

4
Zn

4

=

3n
4 −1∑

i=n
4 +1

(
Zi

(
− 1

n

))
+

3

4
Z 3n

4
− 1

n
Z 3n

4
− 1

4
Zn

4

=− 1

n

3n
4 −1∑

i=n
4 +1

Zi +
3

4
Z 3n

4
− 1

n
Z 3n

4
− 1

4
Zn

4

=
3

4
Z 3n

4
− 1

4
Zn

4
− 1

n

 3n
4 −1∑

i=n
4 +1

Zi

+ Z 3n
4


=
3

4
Z 3n

4
− 1

4
Zn

4
− 1

n

3n
4∑

i=n
4 +1

Zi, (3)
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where in (a) we reindex the first sum so that it starts at i = n/4+ 1 and sums the Zi terms, in (b) we
isolate the last summand of the first term, corresponding to i = 3n/4, and isolate the first summand
of the second term, corresponding to i = n/4, and in (c) we combine the two sums (the combined
terms are highlighted in red in (c) and in the line above).

By substituting the term α as shown in (3) into the original expression shown in (2), we obtain

IQM(Fn) =2

3

4
Z 3n

4
− 1

4
Zn

4
−

3

4
Z 3n

4
− 1

4
Zn

4
− 1

n

3n
4∑

i=n
4 +1

Zi


=2

3

4
Z 3n

4
−1

4
Zn

4
−3

4
Z 3n

4
+
1

4
Zn

4
+

1

n

3n
4∑

i=n
4 +1

Zi


(a)
=2

 1

n

3n
4∑

i=n
4 +1

Zi


=
2

n

3n
4∑

i=n
4 +1

Zi

=
1
n
2

3n
4∑

i=n
4 +1

Zi

=IQMn,

where (a) follows because most of the terms cancel (the terms that cancel are highlighted in red and
blue in the line above).

Thus, IQMn = IQM(Fn). □

9 Proofs of Lemmas 2 and 5

In this section we show proofs of two results we used in the main text. Specifically, Supplementary
Section 9.1 covers Lemma 5, which provides a useful expression for the difference between IQMs
derived from two CDFs. We relied on this expression in Section 5.2 of the main text when proving
Lemma 4. Supplementary Section 9.2 covers the proof of Lemma 2 that we referenced in Section 4.3
of the main text, which also relies on this expression.

9.1 Difference between IQMs Derived from Two CDFs

In this subsection we show how to write the difference between IQMs for two CDFs, F and F ′, that
is, IQM(F )− IQM(F ′), in a form that is useful in several proofs.

Preliminaries. Before showing this form, we define two functions, H and H ′. Consider the CDFs
F and F ′, with their respective first and third quartiles denoted by Q1, Q3 for F and Q′

1, Q
′
3 for F ′.

We define the function H such that on the interval [Q1, Q3]H is equivalent to F but is 0 outside this
interval. Similarly, we define the function H ′ to be equivalent to F ′ on the interval [Q′

1, Q
′
3] and 0

outside this interval. That is, for all x ∈ R,

H(x) :=


0 if x < Q1

F (x) if Q1 ≤ x ≤ Q3

0 if x > Q3

, H ′(x) :=


0 if x < Q′

1

F ′(x) if Q′
1 ≤ x ≤ Q′

3

0 if x > Q′
3

.

We also introduce the following useful property.
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Property 3 (Additive property of definite integrals). Let a ∈ R, b ∈ R, and c ∈ R and suppose
that a function f is Riemann integrable on the interval [min{a, b, c},max{a, b, c}]. Then, for any c,
regardless of whether or not c ∈ [a, b],∫ b

a

f(x) dx =

∫ c

a

f(x) dx+

∫ b

c

f(x) dx.

For an explanation of this property, see, for example, Theorem 1.2.3 in the CLP-2 Integral Calculus
textbook by Feldman et al. (2024).10

Lemma 5. For all F ∈ F and all F ′ ∈ F ,

IQM(F )− IQM(F ′) =2

(
3

4
(Q3 −Q′

3) +

∫ max{Q′
3,Q3}

min{Q′
3,Q3}

(
H ′(x)−H(x)

)
dx

+
1

4
(Q′

1 −Q1) +

∫ max{Q′
1,Q1}

min{Q′
1,Q1}

(
H ′(x)−H(x)

)
dx

+

∫ min{Q′
3,Q3}

max{Q′
1,Q1}

(
H ′(x)−H(x)

)
dx

)
.

Proof. We begin by rewriting IQM(F )− IQM(F ′) as follows,

IQM(F )− IQM(F ′) =2

(
3

4
Q3 −

1

4
Q1 −

∫ Q3

Q1

F (x) dx

)
− 2

(
3

4
Q′

3 −
1

4
Q′

1 −
∫ Q′

3

Q′
1

F ′(x) dx

)

=2

(
3

4
Q3 −

1

4
Q1 −

∫ Q3

Q1

F (x) dx−

(
3

4
Q′

3 −
1

4
Q′

1 −
∫ Q′

3

Q′
1

F ′(x) dx

))

=2

(
3

4
Q3 −

1

4
Q1 −

∫ Q3

Q1

F (x) dx− 3

4
Q′

3 +
1

4
Q′

1 +

∫ Q′
3

Q′
1

F ′(x) dx

)

=2

(
3

4
(Q3 −Q′

3) +
1

4
(Q′

1 −Q1) +

∫ Q′
3

Q′
1

F ′(x) dx−
∫ Q3

Q1

F (x) dx︸ ︷︷ ︸
A

)
.

(4)

Next, we show that the term A in (4) can be written as

A =

∫ max{Q′
1,Q1}

min{Q′
1,Q1}

(
H ′(x)−H(x)

)
dx+

∫ min{Q′
3,Q3}

max{Q′
1,Q1}

(
H ′(x)−H(x)

)
dx (5)

+

∫ max{Q′
3,Q3}

min{Q′
3,Q3}

(
H ′(x)−H(x)

)
dx.

Recall that H(x) = 0 for all x /∈ [Q1, Q3] and H ′(x) = 0 for all x /∈ [Q′
1, Q

′
3]. We first rewrite A

as

A =

∫ ∞

−∞
H ′(x) dx−

∫ ∞

−∞
H(x) dx

=

∫ ∞

−∞

(
H ′(x)−H(x)

)
dx.

Notice that H ′(x) − H(x) = 0 for all x /∈
[
min{Q′

1, Q
′
3, Q1, Q3},max{Q′

1, Q
′
3, Q1, Q3}

]
.

Since Q′
1 ≤ Q′

3 and Q1 ≤ Q3 by definition, we can say that H ′(x) − H(x) = 0 for all

10See references in the main text.
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x /∈
[
min{Q′

1, Q1},max{Q′
3, Q3}

]
. Thus we can rewrite A as

A =

∫ max{Q′
3,Q3}

min{Q′
1,Q1}

(
H ′(x)−H(x)

)
dx.

By Property 3, using any value c, regardless of whether or not c ∈ [a, b],11 we can split a definite
integral into two terms as ∫ b

a

f(x) dx =

∫ c

a

f(x) dx+

∫ b

c

f(x) dx.

We now repeatedly apply this property to get the desired result shown in (5). Recall that

A =

∫ max{Q′
3,Q3}

min{Q′
1,Q1}

(
H ′(x)−H(x)

)
dx.

We first use c := max{Q′
1, Q1} to split A as

A =

∫ max{Q′
1,Q1}

min{Q′
1,Q1}

(
H ′(x)−H(x)

)
dx︸ ︷︷ ︸

first term

+

∫ max{Q′
3,Q3}

max{Q′
1,Q1}

(
H ′(x)−H(x)

)
dx︸ ︷︷ ︸

second term

.

Finally, we use c′ := min{Q′
3, Q3} to split the second term, obtaining

A =

∫ max{Q′
1,Q1}

min{Q′
1,Q1}

(
H ′(x)−H(x)

)
dx︸ ︷︷ ︸

first term

(6)

+

∫ min{Q′
3,Q3}

max{Q′
1,Q1}

(
H ′(x)−H(x)

)
dx+

∫ max{Q′
3,Q3}

min{Q′
3,Q3}

(
H ′(x)−H(x)

)
dx︸ ︷︷ ︸

second term

,

which matches the form in (5) that we wanted to show.

Finally, substituting the A term as shown in (6) into (4) and rearranging the terms, we obtain the re-
sult shown in the lemma statement (for clarity, in the expressions below the groups of the rearranged
terms are highlighted in different colors):

IQM(F )− IQM(F ′) =2

(
3

4
(Q3 −Q′

3)+
1

4
(Q′

1 −Q1) +

∫ max{Q′
1,Q1}

min{Q′
1,Q1}

(
H ′(x)−H(x)

)
dx

+

∫ min{Q′
3,Q3}

max{Q′
1,Q1}

(
H ′(x)−H(x)

)
dx+

∫ max{Q′
3,Q3}

min{Q′
3,Q3}

(
H ′(x)−H(x)

)
dx

)

=2

(
3

4
(Q3 −Q′

3) +

∫ max{Q′
3,Q3}

min{Q′
3,Q3}

(
H ′(x)−H(x)

)
dx

+
1

4
(Q′

1 −Q1) +

∫ max{Q′
1,Q1}

min{Q′
1,Q1}

(
H ′(x)−H(x)

)
dx

+

∫ min{Q′
3,Q3}

max{Q′
1,Q1}

(
H ′(x)−H(x)

)
dx

)
. □

11Note that a and b here denote integration bounds and not the bounds on the support of a random variable, as, for example,
a and b in supp(X) ⊆ [a, b].
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9.2 Bound on Absolute Difference between IQMs Derived from Two CDFs (Lemma 2)

In this subsection we prove Lemma 2 referenced in Section 4.3 of the main text, which supports the
proof of Theorem 1 presented in the same section.

Lemma 2. For any real number ϵ > 0, any a ∈ R and b ∈ R, with a < b, and for all F ∈ F[a,b] and
F ′ ∈ F[a,b],

(
supx∈R |F (x)− F ′(x)| < ϵ

)
=⇒

(
| IQM(F )− IQM(F ′)| < 6(b− a)ϵ

)
.

Proof. Simplifying assumptions. To simplify the later analysis, we first show that the lemma holds
for any ϵ > 1/6, and thus we can assume ϵ ≤ 1/6 for the remainder of the proof (this assumption will
help to reduce the number of cases we need to consider).

We first state the following claim, which we will prove at the end of the proof of this lemma.
Claim 1. For any F ∈ F[a,b] and F ′ ∈ F[a,b], | IQM(F )− IQM(F ′)| ≤ b− a.

By Claim 1, | IQM(F )− IQM(F ′)| ≤ b− a. Therefore, if ϵ > 1/6, then

6(b− a)ϵ >6(b− a)
1

6
=b− a

≥| IQM(F )− IQM(F ′)|,

which is what we wanted to show in the lemma. Thus, for the remainder of the proof, we assume
ϵ ≤ 1/6.

Under this assumption, the intervals [Q1, Q3] and [Q′
1, Q

′
3] must overlap, that is,

max{Q1, Q
′
1} ≤min{Q3, Q

′
3}. (7)

To see this, recall that F ′(Q′
3) ≥ 3/4 by the definition of Q′

3, and that we assume supx∈R |F (x) −
F ′(x)| < ϵ. Then,

F (Q′
3) >F ′(Q′

3)− ϵ

≥3

4
− 1

6

>
1

4
,

and thus Q1 ≤ Q′
3, since Q1 is the smallest x at which F (x) ≥ 1/4. By the same argument with

F and F ′ reversed, Q′
1 ≤ Q3. Combining these with Q1 ≤ Q3 and Q′

1 ≤ Q′
3, we conclude that

max{Q1, Q
′
1} ≤ min{Q3, Q

′
3}.

In the remainder of the proof, to show that the lemma holds for ϵ ≤ 1/6, we will consider cases
given by the ordering of the quartiles, and in each case we will assume that the intervals [Q1, Q3]
and [Q′

1, Q
′
3] overlap, that is, max{Q1, Q

′
1} ≤ min{Q3, Q

′
3}.

Main proof. We begin by using Lemma 5, which is shown in Supplementary Section 9.1, to write
IQM(F )− IQM(F ′) as

IQM(F )− IQM(F ′) =2

(
3

4
(Q3 −Q′

3) +

∫ max{Q′
3,Q3}

min{Q′
3,Q3}

(
H ′(x)−H(x)

)
dx︸ ︷︷ ︸

β3

+
1

4
(Q′

1 −Q1) +

∫ max{Q′
1,Q1}

min{Q′
1,Q1}

(
H ′(x)−H(x)

)
dx︸ ︷︷ ︸

β1

+

∫ min{Q′
3,Q3}

max{Q′
1,Q1}

(
H ′(x)−H(x)

)
dx︸ ︷︷ ︸

β2

)
.
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For clarity, we label the three terms in the expression above by β3, β1, and β2, where β3 is the term
that includes the difference between the third quartiles, Q3 − Q′

3, β1 is the term that includes the
difference between the first quartiles, Q′

1 −Q1, and β2 is the remaining third term.

We want to find an upper bound on 2(β3 + β1 + β2). Notice that we can obtain a valid upper bound
on 2(β3 + β1 + β2) if we find an upper bound on β3, β1, and β2 separately.

Upper bound on β3. We show that the terms in β3 either cancel or can be upper bounded by a term
that is linear in ϵ. Recall that

β3 =
3

4
(Q3 −Q′

3) +

∫ max{Q′
3,Q3}

min{Q′
3,Q3}

(
H ′(x)−H(x)

)
dx.

There are three cases to consider:

• Case 1: Q3 = Q′
3.

• Case 2: Q3 < Q′
3.

• Case 3: Q′
3 < Q3.

Case 1. If Q3 = Q′
3, both terms in β3 are 0, so β3 = 0.

Case 2. If Q3 < Q′
3, then min{Q′

3, Q3} = Q3 and max{Q′
3, Q3} = Q′

3, and so

β3
(a)
=
3

4
(Q3 −Q′

3) +

∫ Q′
3

Q3

(
H ′(x)−H(x)︸ ︷︷ ︸

=0

)
dx

=
3

4
(Q3 −Q′

3) +

∫ Q′
3

Q3

H ′(x) dx︸ ︷︷ ︸
< 3

4 (Q
′
3−Q3)

(b)
<
3

4
(Q3 −Q′

3) +
3

4
(Q′

3 −Q3)

=
3

4
(Q3 −Q′

3)−
3

4
(Q3 −Q′

3)

=0,

where (a) follows because we integrate over the interval [Q3, Q
′
3] and, by definition, H(x) = 0 for

all x > Q3, and (b) follows by noticing that we can obtain a valid upper bound on the entire term
by using the largest possible value of the integral

∫ Q′
3

Q3
H ′(x) dx for all H ′. Recall that this integral

represents the area under H ′ between Q3 and Q′
3, and notice that this area is upper bounded by

3/4(Q′
3 − Q3). To see this, notice that by definition, Q′

3 is the first x where H ′(x) ≥ 3/4, meaning
that H ′(x) < 3/4 for all x < Q′

3, which forces the height of the area under H ′ on the interval
[Q3, Q

′
3] to be under 3/4.

Thus, if Q3 < Q′
3, then β3 < 0.

Case 3. If Q′
3 < Q3, then min{Q′

3, Q3} = Q′
3 and max{Q′

3, Q3} = Q3. Recall that

β3 =
3

4
(Q3 −Q′

3) +

∫ max{Q′
3,Q3}

min{Q′
3,Q3}

(
H ′(x)−H(x)

)
dx,

and thus

β3
(a)
=
3

4
(Q3 −Q′

3) +

∫ Q3

Q′
3

(
H ′(x)︸ ︷︷ ︸

=0

−H(x)
)
dx

=
3

4
(Q3 −Q′

3) +

∫ Q3

Q′
3

(
−H(x)

)
dx
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=
3

4
(Q3 −Q′

3)−
∫ Q3

Q′
3

H(x) dx︸ ︷︷ ︸
>( 3

4−ϵ)(Q3−Q′
3)

(b)
<
3

4
(Q3 −Q′

3)−
(
3

4
− ϵ

)
(Q3 −Q′

3)

=
3

4
(Q3 −Q′

3)−
3

4
(Q3 −Q′

3) + (Q3 −Q′
3)ϵ

=(Q3 −Q′
3)ϵ,

where (a) follows because we integrate over the interval [Q′
3, Q3] and by definition, H ′(x) = 0 for

all x > Q′
3, and (b) follows by noticing that we can obtain a valid upper bound on the entire term by

using the smallest possible value of the integral
∫ Q3

Q′
3
H(x) dx for all H and noticing that this integral

is lower bounded by (3/4 − ϵ) (Q3 −Q′
3).

To see this, focus on the values of H ′ and H at Q′
3, which is the first value of the interval we integrate

over, [Q′
3, Q3]. Since Q′

3 < Q3, then H ′(Q′
3) > H(Q′

3), and, since Q1 ≤ Q′
3 ≤ Q3 by (7), we have

H(Q′
3) = F (Q′

3) and H ′(Q′
3) = F ′(Q′

3). Then, since supx∈R |F (x) − F ′(x)| < ϵ, we know that
H ′(Q′

3)−H(Q′
3) < ϵ, which can be written as −H(Q′

3) < −H ′(Q′
3)+ϵ, or H(Q′

3) > H ′(Q′
3)−ϵ.

Then, recall that H ′(Q′
3) ≥ 3/4 by definition, and thus, using the smallest possible value H ′(Q′

3) =
3/4, we obtain H(Q′

3) > 3/4− ϵ. Because H(x) is non-decreasing on [Q′
3, Q3], this implies H(x) >

3/4 − ϵ for all x ∈ [Q′
3, Q3) and, therefore, the height of the area under H on the interval [Q′

3, Q3]
is lower bounded by 3/4 − ϵ.

Thus, if Q′
3 < Q3, then β3 < (Q3 −Q′

3)ϵ and note that (Q3 −Q′
3)ϵ > 0.

We found that

• If Q3 = Q′
3, then β3 = 0.

• If Q3 < Q′
3, then β3 < 0.

• If Q′
3 < Q3, then 0 < β3 < (Q3 −Q′

3)ϵ.

Therefore, the worst-case upper bound on β3 is β3 ≤ max
{
0, (Q3 −Q′

3)ϵ
}

.

Upper bound on β1. Similarly, we show that the terms in β1 either cancel or can be upper bounded
by a term that is linear in ϵ. Recall that

β1 =
1

4
(Q′

1 −Q1) +

∫ max{Q′
1,Q1}

min{Q′
1,Q1}

(
H ′(x)−H(x)

)
dx.

There are three cases to consider:

• Case 1: Q1 = Q′
1.

• Case 2: Q1 < Q′
1.

• Case 3: Q′
1 < Q1.

Case 1. If Q1 = Q′
1, both terms in β1 are 0, so β1 = 0.

Case 2. If Q1 < Q′
1, then min{Q′

1, Q1} = Q1 and max{Q′
1, Q1} = Q′

1. Recall that

β1 =
1

4
(Q′

1 −Q1) +

∫ max{Q′
1,Q1}

min{Q′
1,Q1}

(
H ′(x)−H(x)

)
dx,

and thus

β1
(a)
=
1

4
(Q′

1 −Q1) +

∫ Q′
1

Q1

(
H ′(x)︸ ︷︷ ︸

=0

−H(x)
)
dx
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=
1

4
(Q′

1 −Q1) +

∫ Q′
1

Q1

(
−H(x)

)
dx

=
1

4
(Q′

1 −Q1)−
∫ Q′

1

Q1

H(x) dx︸ ︷︷ ︸
≥ 1

4 (Q
′
1−Q1)

(b)
≤1

4
(Q′

1 −Q1)−
1

4
(Q′

1 −Q1)

=0,

where (a) follows because we integrate over the interval [Q1, Q
′
1] and, by definition, H ′(x) = 0 for

all x < Q′
1, and (b) follows by noticing that we can obtain a valid upper bound on the entire term by

using the smallest possible value of the integral
∫ Q′

1

Q1
H(x) dx for all H and noticing that this integral

is at least 1/4(Q′
1 −Q1): since Q′

1 ≤ Q3 by (7), the interval [Q1, Q
′
1] lies entirely within [Q1, Q3],

so the height of the area under H on [Q1, Q
′
1] is at least 1/4.

Thus, if Q1 < Q′
1, then β1 ≤ 0.

Case 3. If Q′
1 < Q1, min{Q′

1, Q1} = Q′
1 and max{Q′

1, Q1} = Q1. Recall that

β1 =
1

4
(Q′

1 −Q1) +

∫ max{Q′
1,Q1}

min{Q′
1,Q1}

(
H ′(x)−H(x)

)
dx,

and thus

β1
(a)
=
1

4
(Q′

1 −Q1) +

∫ Q1

Q′
1

(
H ′(x)−H(x)︸ ︷︷ ︸

=0

)
dx

=
1

4
(Q′

1 −Q1) +

∫ Q1

Q′
1

H ′(x) dx︸ ︷︷ ︸
<( 1

4+ϵ)(Q1−Q′
1)

(b)
<
1

4
(Q′

1 −Q1) +

(
1

4
+ ϵ

)
(Q1 −Q′

1)

=
1

4
(Q′

1 −Q1) +
1

4
(Q1 −Q′

1) + (Q1 −Q′
1)ϵ

=
1

4
(Q′

1 −Q1)−
1

4
(Q′

1 −Q1) + (Q1 −Q′
1)ϵ

=(Q1 −Q′
1)ϵ,

where (a) follows because we integrate over the interval [Q′
1, Q1] and, by definition, H(x) = 0 for

all x < Q1, and (b) follows by noticing that we can obtain a valid upper bound on the entire term
by using the largest possible value of the integral

∫ Q1

Q′
1
H ′(x) dx for all H ′ and noticing that this

integral is upper bounded by (1/4 + ϵ) (Q1 − Q′
1). Since Q1 = min{x ∈ R : F (x) ≥ 1/4}, we

have F (x) < 1/4 for all x < Q1. Moreover, since Q1 ≤ Q′
3 by (7), every x ∈ [Q′

1, Q1) lies in
[Q′

1, Q
′
3], so H ′(x) = F ′(x) on this interval. Since supx∈R |F (x) − F ′(x)| < ϵ, it follows that

H ′(x) = F ′(x) < F (x)+ ϵ < 1/4+ ϵ for all x ∈ [Q′
1, Q1), and therefore the integral

∫ Q1

Q′
1
H ′(x) dx

is upper bounded by (1/4 + ϵ) (Q1 −Q′
1).

Thus, if Q′
1 < Q1, then 0 ≤ β1 < (Q1 −Q′

1)ϵ.

We found that

• If Q1 = Q′
1, then β1 = 0.

• If Q1 < Q′
1, then β1 ≤ 0.



Confidence Intervals for the Interquartile Mean

• If Q′
1 < Q1, then 0 ≤ β1 < (Q1 −Q′

1)ϵ.

Therefore, the worst-case upper bound on β1 is: β1 ≤ max
{
0, (Q1 −Q′

1)ϵ
}

.

Upper bound on β2. Recall that

β2 =

∫ min{Q′
3,Q3}

max{Q′
1,Q1}

(
H ′(x)−H(x)

)
dx.

By (7), max{Q′
1, Q1} ≤ min{Q′

3, Q3}, and on the interval
[
max{Q′

1, Q1},min{Q′
3, Q3}

]
we

have H(x) = F (x) and H ′(x) = F ′(x). Therefore, since supx∈R |F (x) − F ′(x)| < ϵ, the differ-
ence H ′(x)−H(x) is less than ϵ on this interval, and thus

β2 ≤
(
min{Q′

3, Q3} −max{Q′
1, Q1}

)
ϵ.

Upper bound on 2(β3 + β1 + β2). Finally, combining the upper bounds on β3, β1, and β2 and
recalling that F ∈ F[a,b] and F ′ ∈ F[a,b],

IQM(F )− IQM(F ′) =2

(
3

4
(Q3 −Q′

3) +

∫ max{Q′
3,Q3}

min{Q′
3,Q3}

(
H ′(x)−H(x)

)
dx︸ ︷︷ ︸

≤max{0,(Q3−Q′
3)ϵ}

+
1

4
(Q′

1 −Q1) +

∫ max{Q′
1,Q1}

min{Q′
1,Q1}

(
H ′(x)−H(x)

)
dx︸ ︷︷ ︸

≤max
{
0,(Q1−Q′

1)ϵ
}

+

∫ min{Q′
3,Q3}

max{Q′
1,Q1}

(
H ′(x)−H(x)

)
dx︸ ︷︷ ︸

≤(min{Q′
3,Q3}−max{Q′

1,Q1})ϵ

)

≤2

(
max{0, (Q3 −Q′

3)ϵ}︸ ︷︷ ︸
≤(b−a)ϵ

+max{0, (Q1 −Q′
1)ϵ}︸ ︷︷ ︸

≤(b−a)ϵ

+ (min{Q′
3, Q3} −max{Q′

1, Q1}︸ ︷︷ ︸
≤b−a

)ϵ

)

<2
(
(b− a)ϵ+ (b− a)ϵ+ (b− a)ϵ

)
=6(b− a)ϵ,

and thus if supx∈R |F (x)− F ′(x)| < ϵ, then IQM(F )− IQM(F ′) < 6(b− a)ϵ.

Upper bound on |IQM(F ) − IQM(F ′)|. By symmetry, the same upper bound 6(b− a)ϵ holds
for the reverse case, IQM(F ′)− IQM(F ), as we can use F = F ′ and F ′ = F and follow the same
steps to derive the same bound. Therefore, this bound holds for the absolute difference, that is, if(
supx∈R |F (x)− F ′(x)| < ϵ

)
then | IQM(F )− IQM(F ′)| < 6(b− a)ϵ.

Proof of Claim 1. We now prove Claim 1, which argued that | IQM(F )− IQM(F ′)| ≤ b−a. First,
notice that IQM(F ) ∈ [Q1, Q3] for any F ∈ F[a,b]. We can show that IQM(F ) is at least Q1 as
follows:

IQM(F ) =2

3

4
Q3 −

1

4
Q1 −

∫ Q3

Q1

F (x) dx︸ ︷︷ ︸
≤ 3

4 (Q3−Q1)


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(a)
≥2

(
3

4
Q3 −

1

4
Q1 −

3

4
(Q3 −Q1)

)
=2

(
3

4
Q3 −

1

4
Q1 −

3

4
Q3 +

3

4
Q1

)
=2

(
1

2
Q1

)
=Q1,

where (a) follows from using the largest possible value of the integral
∫ Q3

Q1
F (x) dx for all F . Notice

that this area is upper bounded by 3/4(Q3 −Q1), since by definition Q3 is the first x where F (x) ≥
3/4, so F (x) < 3/4 for all x ∈ [Q1, Q3).

Similarly, we can show that IQM(F ) is at most Q3 as follows:

IQM(F ) =2

3

4
Q3 −

1

4
Q1 −

∫ Q3

Q1

F (x) dx︸ ︷︷ ︸
≥ 1

4 (Q3−Q1)


(b)
≤2

(
3

4
Q3 −

1

4
Q1 −

1

4
(Q3 −Q1)

)
=2

(
3

4
Q3 −

1

4
Q1 −

1

4
Q3 +

1

4
Q1

)
=2

(
1

2
Q3

)
=Q3,

where (b) follows from using the smallest possible value of the integral, which is lower bounded by
1/4(Q3 −Q1) since, by definition, F (x) ≥ 1/4 for all x ∈ [Q1, Q3].

Next, since both Q1 ∈ [a, b] and Q3 ∈ [a, b],

| IQM(F )︸ ︷︷ ︸
∈[a,b]

− IQM(F ′)︸ ︷︷ ︸
∈[a,b]

| ≤ b− a. □

10 Bounding CDF with DKW inequality

The DKW inequality (Dvoretzky et al., 1956; Massart, 1990)12 bounds the probability that the em-
pirical CDF, Fn, deviates from the CDF, F , by more than a given value. The distance between the
two CDFs is measured by the Kolmogorov-Smirnov statistic (Kolmogorov, 1933; Smirnov, 1948),
where supx∈R

(
Fn(x) − F (x)

)
and supx∈R

(
F (x) − Fn(x)

)
are two variants of this statistic that

we use.

We begin with the one-sided form of the DKW inequality with the tight constants proved by Massart
(1990). For any λ such that e−2λ2 ≤ 1/2,

Pr

(√
n sup

x∈R

(
Fn(x)− F (x)

)
> λ

)
≤ e−2λ2

. (8)

We show how to rewrite the inequality in (8) in a form that we will use later. Let λ′ := λ/
√
n, so that

λ =
√
nλ′. Then the inequality in (8) can be written as

Pr

(√
n sup

x∈R

(
Fn(x)− F (x)

)
>

√
nλ′
)

≤e−2(
√
nλ′)

2

.

12See references in the main text.
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Dividing by
√
n and simplifying, we obtain

Pr

(
sup
x∈R

(
Fn(x)− F (x)

)
> λ′

)
≤e−2nλ′2

.

By renaming λ′ as λ, we obtain the form we will use,

Pr

(
sup
x∈R

(
Fn(x)− F (x)

)
> λ

)
≤ e−2nλ2

, (9)

and note that the requirement e−2nλ2 ≤ 1/2 can be rewritten to show the requirement on λ as follows,

e−2nλ2

≤1

2

−2nλ2 ≤ ln

(
1

2

)
−2nλ2 ≤− ln(2)

2nλ2 ≥ ln(2)

λ ≥
√

ln(2)

2n
.

In later sections we will use two alternate forms of the DKW inequality: one form matches the
inequality stated in (9), and the second form uses an alternate variant of the Kolmogorov-Smirnov
statistic. For clarity, we include the properties that state the DKW inequality in the necessary form
in the sections where they become relevant.

10.1 High-Confidence Upper Bound on CDF

In this section we show how to rewrite the DKW inequality in a form shown in Property 2, which
is referenced in Section 5.2 of the main text. A similar derivation is also provided by Thomas &
Learned-Miller (2019).13 This form states the inequality in terms of a function G+

1−δ that produces
a high-confidence upper bound on the CDF F . Since later we will use this form to derive a high-
confidence lower bound on the IQM, we assume that F is bounded from below, that is, F ∈ F[a,∞).

We begin with the following form of the DKW inequality.

Property 4. For any λ ≥
√

ln(2)/(2n),Pr
(
supx∈R

(
F (x)− Fn(x)

)
> λ

)
≤ e−2nλ2

.

Let δ := e−2nλ2

. Then,

e−2nλ2

=δ

−2nλ2 = ln(δ)

λ2 =− ln(δ)

2n

λ2 =
ln
(
1
δ

)
2n

λ =

√
ln
(
1
δ

)
2n

.

Thus, instead of λ ≥
√

ln(2)/(2n), we can write this requirement as
√

ln(1/δ)
(2n) ≥

√
ln(2)/(2n). Then,

solving for δ, we obtain

ln

(
1

δ

)
≥ ln(2)

13See references in the main text.
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1

δ
≥2

δ ≤1

2
.

Since we also have δ > 0 (the natural logarithm is defined for positive real numbers), it follows that
δ ∈ (0, 0.5].

Thus, we can rewrite the inequality in Property 4 as follows. For any δ ∈ (0, 0.5],

Pr

sup
x∈R

(
F (x)− Fn(x)

)
>

√
ln
(
1
δ

)
2n︸ ︷︷ ︸

=λ

 ≤ δ︸︷︷︸
=e−2nλ2

.

By the complement rule of probability, we obtain

Pr

sup
x∈R

(
F (x)− Fn(x)

)
≤

√
ln
(
1
δ

)
2n

 ≥1− δ.

Notice that
(
supx∈R

(
F (x)− Fn(x)

)
≤
√

ln( 1
δ )

2n

)
=⇒

(
∀x ∈ R, F (x)− Fn(x) ≤

√
ln( 1

δ )
2n

)
,

and thus we write

Pr

∀x ∈ R, F (x)− Fn(x) ≤

√
ln
(
1
δ

)
2n

 ≥1− δ.

By rearranging the terms, we obtain

Pr

∀x ∈ R, F (x) ≤ Fn(x) +

√
ln
(
1
δ

)
2n

 ≥1− δ, (10)

where Fn(x) +
√

ln
(
1
δ

)
/2n produces a high-confidence upper bound on the CDF F .

Finally, notice that F (x) ≤ 1 for all x ∈ R. Also, since we assumed F ∈ F[a,∞), then F (x) = 0
for all x < a. Thus, we can further tighten the high-confidence upper bound on F shown in (10) by
defining a function G+

1−δ : R → [0, 1], such that for all δ ∈ (0, 0.5] and all x ∈ R,

G+
1−δ(x) :=

0 if x < a

min

{
1, Fn(x) +

√
ln( 1

δ )
2n

}
otherwise.

Thus, for all F ∈ F[a,∞) and any δ ∈ (0, 0.5],

Pr
(
∀x ∈ R, F (x) ≤ G+

1−δ(x)
)
≥1− δ,

and notice that this high-confidence upper bound on F holds simultaneously for all x ∈ R.

10.2 High-Confidence Lower Bound on CDF

In this section we show how to write the DKW inequality in terms of a function that produces a high-
confidence lower bound on the CDF. Since later we will use this form to derive a high-confidence
upper bound on the IQM, we assume that F is bounded from above, that is, F ∈ F(−∞,b].

We begin with the following form of the DKW inequality.
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Property 5. For any λ ≥
√

ln(2)/(2n),Pr
(
supx∈R

(
Fn(x)− F (x)

)
> λ

)
≤ e−2nλ2

.

By following the same steps as shown in Supplementary Section 10.1, we can write the inequality
in Property 5 as

Pr

∀x ∈ R, F (x) ≥ Fn(x)−

√
ln
(
1
δ

)
2n

 ≥1− δ. (11)

Then, notice that F (x) ≥ 0 for all x ∈ R. Also, since we assumed F ∈ F(−∞,b], then F (x) = 1
for all x ≥ b. Thus, we can further tighten the high-confidence lower bound on F shown in (11) as
follows.

Property 6. If F ∈ F(−∞,b], define a function G−
1−δ : R → [0, 1], such that for all δ ∈ (0, 0.5] and

all x ∈ R,

G−
1−δ(x) :=

1 if x ≥ b

max

{
0, Fn(x)−

√
ln( 1

δ )
2n

}
otherwise.

Then for all F ∈ F(−∞,b] and any δ ∈ (0, 0.5],

Pr
(
∀x ∈ R, F (x) ≥ G−

1−δ(x)
)
≥1− δ.

11 The High-Confidence Lower Bound on IQM (Proof of Lemma 4)

In this section we provide an extended proof of Lemma 4 presented in Section 5.2 of the main text,
where we show that the IQM derived from G+

1−δ , which is a high-confidence upper bound on the
CDF, is the smallest possible IQM for all CDFs that lie below G+

1−δ . Let G be the set of CDFs such
that for all CDFs G ∈ G and all x ∈ R, G(x) ≤ G+

1−δ(x).

Lemma 4. For all G ∈ G, IQM(G+
1−δ) ≤ IQM(G).

Proof. We prove that IQM(G+
1−δ) ≤ IQM(G) holds for all G ∈ G by showing that the difference

between the two IQMs is non-negative, that is, IQM(G) − IQM(G+
1−δ) ≥ 0. The first step is

using Lemma 5, which is shown in Supplementary Section 9.1, to rewrite the difference IQM(G)−
IQM(G+

1−δ) in a form that will simplify this proof.

Rewriting the difference between the two IQMs. Lemma 5 provides a useful expression for
IQM(G) − IQM(G+

1−δ) in terms of two functions that are equivalent to the CDFs G and G+
1−δ

except that they evaluate to 0 for all values that lie outside the ranges between the first and third
quartiles associated with G and G+

1−δ , respectively.

For brevity, let Q1, Q3 denote Q1(G), Q3(G) and Q+
1 , Q

+
3 denote Q1(G

+
1−δ), Q3(G

+
1−δ), respec-

tively. We define two functions, H and H+, such that for all x ∈ R,

H(x) :=


0 if x < Q1

G(x) if Q1 ≤ x ≤ Q3

0 if x > Q3

, H+(x) :=


0 if x < Q+

1

G+
1−δ(x) if Q+

1 ≤ x ≤ Q+
3

0 if x > Q+
3

.

Using H and H+, we apply Lemma 5 to rewrite IQM(G) − IQM(G+
1−δ) as a sum of three terms,

noting that Q+
1 ≤ Q1 and Q+

3 ≤ Q3 by the assumption that G(x) ≤ G+
1−δ(x) for all x ∈ R, and

thus we can use

• min{Q+
3 , Q3} = Q+

3 .

• max{Q+
3 , Q3} = Q3.
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• min{Q+
1 , Q1} = Q+

1 .

• max{Q+
1 , Q1} = Q1.

So, we can write

IQM(G)− IQM(G+
1−δ) =2

(
3

4
(Q3 −Q+

3 ) +

∫ Q3

Q+
3

(
H+(x)−H(x)

)
dx︸ ︷︷ ︸

first term

(12)

+
1

4
(Q+

1 −Q1) +

∫ Q1

Q+
1

(
H+(x)−H(x)

)
dx︸ ︷︷ ︸

second term

+

∫ Q+
3

Q1

(
H+(x)−H(x)

)
dx︸ ︷︷ ︸

third term

)
.

The second and final step in the proof involves showing that the sum of the three terms is non-
negative, by showing, for each term, that it is non-negative, or, if it may be negative, that its sum with
another term is still non-negative. Since this sum, multiplied by 2, equals IQM(G)− IQM(G+

1−δ),
it immediately follows that IQM(G)− IQM(G+

1−δ) is non-negative as well.

First term. Recall that Q+
3 ≤ Q3. There are two cases to consider:

• Case 1: Q+
3 = Q3.

• Case 2: Q+
3 < Q3.

Case 1. If Q+
3 = Q3, then the first term evaluates to 0.

Case 2. Now consider what happens to the first term if Q+
3 < Q3. Notice that, by definition,

H+(x) = 0 for all x ∈ (Q+
3 , Q3]. Thus,

first term =
3

4
(Q3 −Q+

3 ) +

∫ Q3

Q+
3

(
H+(x)︸ ︷︷ ︸

=0

−H(x)
)
dx

=
3

4
(Q3 −Q+

3 )︸ ︷︷ ︸
A

−
∫ Q3

Q+
3

H(x) dx︸ ︷︷ ︸
B

.

Now notice that we can obtain a valid lower bound on A − B if we consider the worst case: we
maximize B, that is, we use the largest possible value of the integral (area)

∫ Q3

Q+
3
H(x) dx. Notice

that for all x ∈ [Q+
3 , Q3), H(x) < 3/4. Then,

=
3

4
(Q3 −Q+

3 )−
∫ Q3

Q+
3

H(x) dx︸ ︷︷ ︸
< 3

4 (Q3−Q+
3 )

>
3

4
(Q3 −Q+

3 )−
3

4
(Q3 −Q+

3 )

=0.

Thus, the first term is non-negative.

Second term. Recall that Q+
1 ≤ Q1. There are two cases to consider:

• Case 1: Q+
1 = Q1.
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• Case 2: Q+
1 < Q1.

Case 1. If Q+
1 = Q1, then the second term evaluates to 0.

Case 2. Now consider what happens to the second term if Q+
1 < Q1: we will first show that the

second term can be negative.

Notice that H(x) = 0 for all x ∈ [Q+
1 , Q1). Thus,

second term =
1

4
(Q+

1 −Q1) +

∫ Q1

Q+
1

(
H+(x)−H(x)︸ ︷︷ ︸

=0

)
dx

=

∫ Q1

Q+
1

H+(x) dx︸ ︷︷ ︸
C

− 1

4
(Q1 −Q+

1 )︸ ︷︷ ︸
D

.

The worst case happens when Q+
3 < Q1, which can cause C < D, making the second term negative

(both C and D are positive). To see this, apply Property 3 to split the integral and recall that
1/4 ≤ H+(x) < 3/4 for all x ∈ [Q+

1 , Q
+
3 ), and H+(x) = 0 for all x > Q+

3 :

=

∫ Q+
3

Q+
1

H+(x) dx︸ ︷︷ ︸
≥ 1

4 (Q
+
3 −Q+

1 )

+

∫ Q1

Q+
3

H+(x) dx︸ ︷︷ ︸
=0

−1

4
(Q1 −Q+

1 )

≥1

4
(Q+

3 −Q+
1 )−

1

4
(Q1 −Q+

1 )

=
1

4
(Q+

3 −Q1)

=− 1

4
(Q1 −Q+

3 ),

which is negative if Q+
3 < Q1. However, if Q+

3 < Q1, it means that Q+
1 ≤ Q+

3 < Q1 ≤ Q3, and
we will show that, in this case, the first term can offset the second term, that is, the sum of the first
and the second terms is non-negative.

Recall that we showed

first term =
3

4
(Q3 −Q+

3 )−
∫ Q3

Q+
3

H(x) dx.

By applying Property 3 and following similar steps as before, we obtain

=
3

4
(Q3 −Q+

3 )−
∫ Q1

Q+
3

H(x) dx︸ ︷︷ ︸
=0

−
∫ Q3

Q1

H(x) dx

=
3

4
(Q3 −Q+

3 )−
∫ Q3

Q1

H(x) dx,

≥3

4
(Q3 −Q+

3 )−
3

4
(Q3 −Q1)

=
3

4
(Q1 −Q+

3 ).

That is, if Q+
3 < Q1, the first term is lower bounded by 3/4(Q1 −Q+

3 ). Now, by combining it with
the worst-case (negative) lower bound on the second term, −1/4(Q1 −Q+

3 ), we obtain

first term + second term ≥3

4
(Q1 −Q+

3 )−
1

4
(Q1 −Q+

3 )
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=
1

2
(Q1 −Q+

3 )

>0,

where the last step follows because Q+
3 < Q1. Thus, in the worst case, the sum of the first and

second terms is non-negative.

For completeness, notice that in the opposite case when Q1 ≤ Q+
3 , the second term is, by itself,

non-negative, because H+(x) ≥ 1/4 for all x ∈ [Q+
1 , Q1]:

second term =

∫ Q1

Q+
1

H+(x) dx︸ ︷︷ ︸
≥ 1

4 (Q1−Q+
1 )

−1

4
(Q1 −Q+

1 )

≥1

4
(Q1 −Q+

1 )−
1

4
(Q1 −Q+

1 )

=0.

Third term. There are two cases to consider:

• Case 1: Q1 ≤ Q+
3 .

• Case 2: Q+
3 < Q1.

Case 1. If Q1 ≤ Q+
3 , then Q+

1 ≤ Q1 ≤ Q+
3 ≤ Q3. Notice that for all x ∈ [Q1, Q

+
3 ], H

+(x) ≥ 0
and H(x) ≥ 0, with H+(x) ≥ H(x), and thus

third term =

∫ Q+
3

Q1

(
H+(x)−H(x)

)
dx

≥0.

Case 2. If Q+
3 < Q1, then Q+

1 ≤ Q+
3 < Q1 ≤ Q3. Notice that for all x ∈ (Q+

3 , Q1) both
H+(x) = 0 and H(x) = 0, and thus the third term evaluates to 0:

third term =

∫ Q+
3

Q1

(
H+(x)−H(x)

)
dx

=−
∫ Q1

Q+
3

(
H+(x)︸ ︷︷ ︸

=0

−H(x)︸ ︷︷ ︸
=0

)
dx

=0.

Thus, when accounting for both cases, the third term is non-negative.

Since the sum of the first and second terms is non-negative and the third term is non-negative, it
immediately follows that IQM(G)− IQM(G+

1−δ) ≥ 0. □

12 The High-Confidence Upper Bound on IQM

In this section we show two equivalent ways to derive a high-confidence upper bound on the IQM
that were mentioned in Section 5.3 of the main text.

12.1 Negated Lower Bound on IQM of a Negated Random Variable

In this section we show that the high-confidence upper bound on the IQM of a random variable with
a CDF F ∈ F(−∞,b] can be obtained as follows (see the next page).
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Theorem 3 (High-Confidence Upper Bound on IQM). Let Z1, Z2, ..., Zn be order statistics of
n ∈ N+ i.i.d. samples, each with the CDF F ∈ F(−∞,b]. Define Z ′

i = −Zn−i+1 to obtain a
reordered sequence Z ′

1, Z
′
2, . . . , Z

′
n that is equivalent to −Zn,−Zn−1, . . . ,−Z1. Let Z ′

0 = −b such
that the extended sequence is Z ′

0, Z
′
1, . . . , Z

′
n, and let δ ∈ (0, 0.5]. Define α, β ∈ {Z ′

0, Z
′
1, . . . , Z

′
n}

such that

α :=min

Z ′
j ∈ {Z ′

0, Z
′
1, . . . , Z

′
n} :

1

n

n∑
i=1

1{Z′
i≤Z′

j} +

√
ln
(
1
δ

)
2n

≥ 1

4

 ,

β :=min

Z ′
j ∈ {Z ′

0, Z
′
1, . . . , Z

′
n} :

1

n

n∑
i=1

1{Z′
i≤Z′

j} +

√
ln
(
1
δ

)
2n

≥ 3

4

 .

Define qα := max
{
i ∈ {0, 1, . . . , n} : Z ′

i = α
}

and qβ := max
{
i ∈ {0, 1, . . . , n} : Z ′

i = β
}

.
Then

Pr

IQM(F ) ≤ −2

3

4
β − 1

4
α−

qβ−1∑
i=qα

(Z ′
i+1 − Z ′

i)min

1,
i

n
+

√
ln
(
1
δ

)
2n


 ≥ 1− δ.

12.1.1 Proof of Theorem 3

For clarity, we will refer to the CDF of X by FX , and note that FX ∈ F(−∞,b]. Let −X be a negated
random variable with the CDF F−X ∈ F[a,∞) with a = −b.

The next lemma is key to deriving the high-confidence upper bound on IQM(FX).

Lemma 6. For all F−X ∈F[a,∞) and all respective FX ∈F(−∞,b],− IQM(F−X) = IQM(FX).

Proof. Recall the definitions of the first and third quartiles, Q1 := min
{
x ∈ R : F (x) ≥ 1/4

}
and

Q3 := min
{
x ∈ R : F (x) ≥ 3/4

}
. Q1 and Q3 are the smallest values of x at which the CDF is at

least 1/4 or 3/4, respectively. Now let Q̄1 := sup
{
x ∈ R : F (x) ≤ 1/4

}
and Q̄3 := sup

{
x ∈ R :

F (x) ≤ 3/4
}

. Q̄1 and Q̄3 are the largest values of x such that the CDF does not exceed 1/4 or 3/4 at
any values smaller than x, respectively.

We introduce Q̄1 and Q̄3 because, as we will show next, the quartiles of the CDF of a negated
random variable, F−X , correspond to Q̄3 and Q̄1 of FX rather than to Q3 and Q1, although Q̄3 and
Q̄1 are equal to Q3 and Q1 in many cases. Notice that Q̄1 = Q1 and Q̄3 = Q3 unless the CDF is
flat at 1/4 or 3/4. On a flat segment where the CDF equals 1/4, Q1 is the smallest x in the segment,
while Q̄1 is the value at which the CDF jumps above 1/4 (and similarly for Q̄3).

First, we establish that Q1(F−X) = −Q̄3(FX) and Q3(F−X) = −Q̄1(FX). We begin by writing
F−X in terms of FX . For all x ∈ R,

F−X(x) =Pr(−X ≤ x)

=Pr(X ≥ −x)

=1− Pr(X < −x)

=1− Pr(X ≤ −x) + Pr(X = −x)

=1− FX(−x) + Pr(X = −x).

We will use the form F−X(x) = 1− Pr(X < −x) to find Q1(F−X). By definition, Q1(F−X) is

Q1(F−X) =min

{
x ∈ R : F−X(x) ≥ 1

4

}
=min

{
x ∈ R : 1− Pr(X < −x) ≥ 1

4

}
.
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We then rewrite the expression above in terms of Pr(X < x) to be closer to an expression that uses
FX(x) = Pr(X ≤ x). Thus,

Q1(F−X) =min

{
x ∈ R : −Pr(X < −x) ≥ 1

4
− 1

}
=min

{
x ∈ R : −Pr(X < −x) ≥ −3

4

}
=min

{
x ∈ R : Pr(X < −x) ≤ 3

4

}
=min

{
−x ∈ R : Pr(X < x) ≤ 3

4

}
.

Notice that finding a minimum value −x ∈ R such that Pr(X < x) ≤ 3
4 is the same as finding the

maximum x ∈ R such that Pr(X < x) ≤ 3
4 and negating that value. Thus, we can write

Q1(F−X) =−max

{
x ∈ R : Pr(X < x) ≤ 3

4

}
︸ ︷︷ ︸

y

.

Focus on the term y. This term evaluates to the maximum x ∈ R such that Pr(X < x) does not
exceed 3/4. Notice that this maximum is Q̄3(FX) = sup

{
x ∈ R : FX(x) ≤ 3/4

}
, as Pr(X < x) is

the value FX approaches as x is approached from the left. Thus,

Q1(F−X) =− Q̄3(FX).

We find Q3(F−X) in a similar way:

Q3(F−X) =min

{
x ∈ R : F−X(x) ≥ 3

4

}
=min

{
x ∈ R : 1− Pr(X < −x) ≥ 3

4

}
=min

{
x ∈ R : −Pr(X < −x) ≥ 3

4
− 1

}
=min

{
x ∈ R : −Pr(X < −x) ≥ −1

4

}
=min

{
x ∈ R : Pr(X < −x) ≤ 1

4

}
=min

{
−x ∈ R : Pr(X < x) ≤ 1

4

}
=−max

{
x ∈ R : Pr(X < x) ≤ 1

4

}
=− sup

{
x ∈ R : FX(x) ≤ 1

4

}
=− Q̄1(FX).

Thus, we established:

• Q1(F−X) = −Q̄3(FX).

• Q3(F−X) = −Q̄1(FX).

Next, before showing the equivalence of − IQM(F−X) and IQM(FX), we will establish that we
can replace Q1 and Q3 with Q̄1 and Q̄3 in the expression for the IQM. That is, we will show that
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for all q1 ∈ [Q1, Q̄1] and all q3 ∈ [Q3, Q̄3],

IQM(F ) = 2

(
3

4
Q3 −

1

4
Q1 −

∫ Q3

Q1

F (x) dx

)
︸ ︷︷ ︸

A

=2

(
3

4
q3 −

1

4
q1 −

∫ q3

q1

F (x) dx

)
︸ ︷︷ ︸

B

. (13)

We will show this by showing that A−B = 0.

A−B =2

(
3

4
Q3 −

1

4
Q1 −

∫ Q3

Q1

F (x) dx

)
− 2

(
3

4
q3 −

1

4
q1 −

∫ q3

q1

F (x) dx

)

=2

(
3

4
Q3 −

3

4
q3 +

1

4
q1 −

1

4
Q1 +

∫ q3

q1

F (x) dx−
∫ Q3

Q1

F (x) dx

)
.

Notice that Q1 ≤ q1 ≤ Q̄1 ≤ Q3 ≤ q3 ≤ Q̄3. Then, using Property 3 to split the integrals, we
obtain

=2

(
3

4
(Q3 − q3) +

1

4
(q1 −Q1) +

∫ q3

Q3

F (x) dx−
∫ q1

Q1

F (x) dx

)
.

Case 1. If Q̄1 = Q1 and Q̄3 = Q3, then q1 = Q1 and q3 = Q3, so
∫ q1
Q1

F (x) dx = 0,
∫ q3
Q3

F (x) dx =

0, 1/4(q1 −Q1) = 0, and 3/4(Q3 − q3) = 0. Every term cancels, and thus A−B = 0.

Case 2. If Q̄1 > Q1 or Q̄3 > Q3, then F (x) = 1/4 for all x ∈ [Q1, Q̄1) and F (x) = 3/4 for all
x ∈ [Q3, Q̄3). Recall that Q1 is the first value where F reaches 1/4, and Q̄1 is the value where F
jumps above 1/4. Between them F has already reached 1/4 but has not yet jumped past it, so it stays
at exactly 1/4 (and similarly at 3/4). Thus

∫ q1
Q1

F (x) dx = 1/4(q1 − Q1) and, by the same argument,∫ q3
Q3

F (x) dx = 3/4(q3 −Q3). Substituting,

A−B =2
(
3
4 (Q3 − q3) +

1
4 (q1 −Q1) +

3
4 (q3 −Q3)− 1

4 (q1 −Q1)
)

=0.

We now show that − IQM(F−X) is equivalent to IQM(FX):

− IQM(F−X) =− 2

(
3

4
Q3(F−X)− 1

4
Q1(F−X)−

∫ Q3(F−X)

Q1(F−X)

F−X(x) dx

)

=2

(
−3

4
Q3(F−X) +

1

4
Q1(F−X) +

∫ Q3(F−X)

Q1(F−X)

F−X(x) dx

)

(a)
=2

3

4
Q̄1(FX)− 1

4
Q̄3(FX) +

∫ −Q̄1(FX)

−Q̄3(FX)

(
1− FX(−x) + Pr(X = −x)︸ ︷︷ ︸

F−X(x)

)
dx


(b)
=2

(
3

4
Q̄1(FX)− 1

4
Q̄3(FX) +

∫ −Q̄1(FX)

−Q̄3(FX)

1 dx−
∫ −Q̄1(FX)

−Q̄3(FX)

FX(−x) dx

+

∫ −Q̄1(FX)

−Q̄3(FX)

Pr(X = −x) dx︸ ︷︷ ︸
=0

)
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(c)
=2

(
3

4
Q̄1(FX)−1

4
Q̄3(FX)−Q̄1(FX)+Q̄3(FX)−

∫ −Q̄1(FX)

−Q̄3(FX)

FX(−x) dx

)
(d)
=2

(
3

4
Q̄3(FX)− 1

4
Q̄1(FX)−

∫ Q̄3(FX)

Q̄1(FX)

FX(x) dx

)
(e)
=IQM(FX),

where (a) follows because Q1(F−X) = −Q̄3(FX) and Q3(F−X) = −Q̄1(FX); in (b),∫ −Q̄1(FX)

−Q̄3(FX)
Pr(X = −x) dx = 0 because Pr(X = −x) is 0 except at the values X takes with

positive probability, which do not affect the integral (area); in (c) we highlight the grouped terms
in blue and red; (d) follows from

∫ b

a
f(x) dx =

∫ −a

−b
f(−x) dx. To see this, notice that we inte-

grate over x ∈
[
− Q̄3(FX),−Q̄1(FX)

]
, but when evaluating FX at x we use −x instead, which

is equivalent to integrating over x ∈
[
Q̄1(FX), Q̄3(FX)

]
and using x to evaluate FX at x; and (e)

follows from Equation (13), which shows that the IQM is unchanged when Q1 and Q3 are replaced
by q1 = Q̄1(FX) and q3 = Q̄3(FX). □

Now we use this lemma to show how to derive a high-confidence upper bound on the IQM. Since
−X is bounded from below, by Theorem 2 presented in Section 5.1 of the main text, we have that
for all F−X ∈ F[a,∞) and all δ ∈ (0, 0.5],

Pr
(
IQM(F−X) ≥ IQM(G+

1−δ)
)
≥ 1− δ, (14)

where IQM(G+
1−δ) is derived from the order statistics of n i.i.d. samples from the distribution of

−X . We then rewrite the statement in (14) as

Pr
(
− IQM(F−X) ≤ − IQM(G+

1−δ)
)
≥ 1− δ.

By Lemma 6, − IQM(F−X) = IQM(FX) and thus

Pr
(

IQM(FX)︸ ︷︷ ︸
=− IQM(F−X)

≤ − IQM(G+
1−δ)

)
≥ 1− δ.

Recall that IQM(G+
1−δ) here is derived from the order statistics of n i.i.d. samples from the distribu-

tion of −X . So, we can negate and reorder the sequence of order statistics Z1, Z2, . . . , Zn associated
with X to obtain −Zn,−Zn−1, . . . ,−Z1 as the order statistics associated with −X . Thus, we use
the same expression for IQM(G+

1−δ) as shown in Theorem 2, except that we use a sequence of
negated and reordered order statistics Z ′

1 = −Zn, Z
′
2 = −Zn−1, . . . , Z

′
n = −Z1 and let a = −b.

12.2 Alternative Derivation of High-Confidence Upper Bound on IQM

Theorem 3 presented in Supplementary Section 12.1 provides an expression for the high-confidence
upper bound on the IQM that is derived from the high-confidence lower bound on the IQM and
uses negated and reordered order statistics. In this section we present another way to derive an
expression for the high-confidence upper bound on the IQM that uses order statistics associated
with the distribution of X directly (without negating and reordering them). The proof follows the
same steps as the proof of Theorem 2, except that we base the proof on the high-confidence lower
bound on the CDF (instead of the upper bound), which is shown in Supplementary Section 10.2 (see
the next page).
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Theorem 4 (High-Confidence Upper Bound on IQM). Let Z1, Z2, ..., Zn be order statistics of
n ∈ N+ i.i.d. samples, each with the CDF F ∈ F(−∞,b]. Let Zn+1 = b such that the extended
sequence is Z1, . . . , Zn, Zn+1, and let δ ∈ (0, 0.5]. Define α, β ∈ {Z1, . . . , Zn, Zn+1} to be

α :=min


Zj ∈ {Z1, . . . , Zn} :

1

n

n∑
i=1

1{Zi≤Zj} −

√
ln
(
1
δ

)
2n

≥ 1

4

 ∪ {Zn+1}

 ,

β :=min


Zj ∈ {Z1, . . . , Zn} :

1

n

n∑
i=1

1{Zi≤Zj} −

√
ln
(
1
δ

)
2n

≥ 3

4

 ∪ {Zn+1}

 .

Define qα := max
{
i ∈ {1, . . . , n, n+ 1} : Zi = α

}
and qβ := max

{
i ∈ {1, . . . , n, n+ 1} : Zi =

β
}

. Then

Pr

IQM(F ) ≤ 2

3

4
β − 1

4
α−

qβ−1∑
i=qα

(Zi+1 − Zi)max

0,
i

n
−

√
ln
(
1
δ

)
2n


 ≥ 1− δ.

12.2.1 Proof of Theorem 4

Recall that Property 6 states the DKW inequality in terms of a function G−
1−δ that forms a band

below the empirical CDF Fn, such that, with probability at least 1 − δ, F lies entirely above or on
this band. Specifically, for all F ∈ F(−∞,b] and any δ ∈ (0, 0.5],

Pr
(
∀x ∈ R, F (x) ≥ G−

1−δ(x)
)
≥1− δ,

where

G−
1−δ :=

1 if x ≥ b

max

{
0, Fn(x)−

√
ln( 1

δ )
2n

}
otherwise.

Main idea: Similar to the proof of Theorem 2, let G′ be the set of all CDFs that lie above or on
the band formed by G−

1−δ , that is, for all G′ ∈ G′ and all x ∈ R, G−
1−δ(x) ≤ G′(x). Note that

F ∈ G′ with probability at least 1 − δ by Property 6. The main idea is that the IQM derived from
G−

1−δ is the largest IQM possible among all IQMs derived from the CDFs G′ ∈ G′, that is, for all
G′ ∈ G′, IQM(G−

1−δ) ≥ IQM(G′). Then, since F ∈ G′ with probability at least 1 − δ, it follows
that IQM(G−

1−δ) ≥ IQM(F ) with probability at least 1− δ as well.

Lemma 7. For all G′ ∈ G′, IQM(G−
1−δ) ≥ IQM(G′).

Proof. We prove this result by reusing the argument from Lemma 4 that supports the proof of The-
orem 2 in Section 5.1 of the main text. In that proof, we showed that if G is a set of all CDFs
that lie below or on G+

1−δ , that is, for all CDFs G ∈ G and all x ∈ R, G(x) ≤ G+
1−δ(x), then

IQM(G)− IQM(G+
1−δ) ≥ 0.

Notice that in this case, G′ is a CDF that lies above G−
1−δ . We can use the same argument we used

for G+
1−δ by renaming G+

1−δ as G′ and G as G−
1−δ . That is,

∀x ∈ R, G+
1−δ(x)︸ ︷︷ ︸
G′(x)

≥ G(x)︸ ︷︷ ︸
G−

1−δ(x)

=⇒ IQM(G+
1−δ)︸ ︷︷ ︸

IQM(G′)

≤ IQM(G)︸ ︷︷ ︸
IQM(G−

1−δ)

and thus

∀x ∈ R, G′(x) ≥ G−
1−δ(x) =⇒ IQM(G′) ≤ IQM(G−

1−δ). □

By noticing that G−
1−δ is a step function and following the same steps as shown in Section 5.2 of the

main text, we can derive the expression for IQM(G−
1−δ) presented in Theorem 4.
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13 Two-Sided Confidence Interval for IQM

In this section we show how to obtain a two-sided confidence interval for the IQM, that is, a high-
confidence lower bound and a high-confidence upper bound on IQM(F ) that hold jointly with prob-
ability at least 1− δ.

If X is bounded from both sides, that is, its CDF F ∈ F[a,b], the two-sided confidence interval
for a desired confidence level 1 − δ can be obtained by using δ/2 for each of the high-confidence
bounds shown in Theorem 2 (the high-confidence lower bound) and Theorems 3 and 4 (the high-
confidence upper bound). By the union bound, if we have Pr

(
IQM(F ) ≥ L1−δ/2

)
≥ 1 − δ/2 and

Pr
(
IQM(F ) ≤ U1−δ/2

)
≥ 1 − δ/2, then Pr

(
IQM(F ) < L1−δ/2 or IQM(F ) > U1−δ/2

)
≤ δ,

ensuring that, for any δ ∈ (0, 0.5],

Pr
(
L1− δ

2
≤ IQM(F ) ≤ U1− δ

2

)
≥ 1− δ, (15)

which is the two-sided confidence interval for the IQM we wanted to derive.

Next, we verify that the confidence interval shown in (15) is the same interval obtained from the two-
sided variant of the DKW inequality (Dvoretzky et al., 1956; Massart, 1990).14 We also show that,
for the two-sided bound, we can relax the requirement on δ and use δ ∈ (0, 1] instead of δ ∈ (0, 0.5].

By following the same steps as shown in Supplementary Section 10, we can write the two-sided
variant of the DKW inequality as follows.

Property 7. For any λ > 0,Pr
(
supx∈R

∣∣Fn(x)− F (x)
∣∣ > λ

)
≤ 2e−2nλ2

.

Now, let δ := 2e−2nλ2

. Then,

2e−2nλ2

=δ

e−2nλ2

=
δ

2

ln
(
e−2nλ2

)
= ln

(
δ

2

)
−2nλ2 = ln

(
δ

2

)
λ2 =−

ln
(
δ
2

)
2n

λ2 =
ln
(

1
δ
2

)
2n

λ =

√√√√ ln
(

1
δ
2

)
2n

.

Notice that since λ > 0, we can let δ ∈ (0, 1]. Then we can write

Pr

sup
x∈R

∣∣Fn(x)− F (x)
∣∣ >

√√√√ ln
(

1
δ
2

)
2n

 ≤δ

Pr

sup
x∈R

∣∣Fn(x)− F (x)
∣∣ ≤

√√√√ ln
(

1
δ
2

)
2n

 ≥1− δ

14See references in the main text.
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Pr

∀x ∈ R,
∣∣Fn(x)− F (x)

∣∣ ≤
√√√√ ln

(
1
δ
2

)
2n

 ≥1− δ,

which implies that, for any δ ∈ (0, 1],

Pr

∀x ∈ R, Fn(x)−

√√√√ ln
(

1
δ
2

)
2n︸ ︷︷ ︸

high-confidence lower bound on F

≤ F (x) ≤ Fn(x) +

√√√√ ln
(

1
δ
2

)
2n︸ ︷︷ ︸

high-confidence upper bound on F

 ≥1− δ. (16)

Notice that the expressions for the high-confidence lower and upper bounds on F in (16) are used
to derive the functions G−

1−δ/2 and G+
1−δ/2, respectively, which tighten these bounds by keeping

them in the [0, 1] range and by using the assumptions that F ∈ F(−∞,b] or F ∈ F[a,∞). Then
recall that IQM(G+

1−δ/2) defines the high-confidence lower bound on the IQM, that is, L1−δ/2 :=

IQM(G+
1−δ/2) and that IQM(G−

1−δ/2) defines the high-confidence upper bound on the IQM, that is,
U1−δ/2 := IQM(G−

1−δ/2).

Thus, the confidence interval obtained by the union bound, which is shown in (15), is equivalent to
the confidence interval derived from the two-sided DKW inequality as shown in (16), and note that
we can use δ ∈ (0, 1].

14 Empirical Comparisons

In this section we provide additional results for the empirical comparisons described in Section 6 of
the main text. Recall that the goal is to empirically evaluate the confidence intervals by addressing
two key questions.

Questions. 1. Do the proposed confidence intervals and the confidence intervals constructed using
the percentile bootstrap method achieve the required coverage for different distributions, different
numbers of samples, and different confidence levels? 2. How do the widths of the proposed con-
fidence intervals compare to the widths of the confidence intervals constructed with the percentile
bootstrap method?

To address these two questions, we conducted the following two experiments.

Using different numbers of samples. We compare the proposed confidence intervals to the inter-
vals estimated with the percentile bootstrap method when using δ = 0.05 (corresponding to the 95%
confidence level) and varying the number of samples from 1 to 200 (we vary the number of samples
from 1 to 300 for the results presented in Figure 3 in the main text).

We use six different distributions: a distribution that samples −1 with probability 0.25, samples from
Bernoulli(0.99) with probability 0.4, and samples 2 with probability 0.35, as well as Beta(1, 10),
Beta(10, 1), Beta(1, 1), Beta(0.5, 0.5), and Beta(50, 50) distributions.15

For each distribution, we produce four plots, showing estimated coverage probability for each of the
lower and upper bounds and the average bound values for each of the lower and upper bounds. Note
that in Section 6 of the main text we also present results for a distribution that samples −1 with prob-
ability 0.25, samples from Beta(1, 10) with probability 0.4, and samples 2 with probability 0.35.
Each estimate of the coverage probability and bound value is computed from 10,000 independent
trials, and each percentile bootstrap trial uses 10,000 resamples (more details on how we constructed
percentile bootstrap confidence intervals are provided in Supplementary Section 15).

The plots are shown in Figure 4 and Figure 5 (please see the last three pages of the Supplemen-
tary Materials). Note that the angled, step-like nature of the curves corresponding to the percentile

15For the Beta distributions, the first parameter in brackets corresponds to α and the second parameter corresponds to β.
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bootstrap intervals is due to the trimming of the samples when the number of samples is not divisible
by 4.

Main conclusion: There exist scenarios under which percentile bootstrap confidence intervals fail
to provide the required coverage, while the proposed confidence intervals achieve the required cover-
age. For example, the top row of plots in Figure 4 (row (a)) shows results for a distribution for which
the upper bound computed with the percentile bootstrap (second plot from the left) consistently fails
to provide the required 95% coverage, even if more samples are used. Even though the percentile
bootstrap eventually achieves the required coverage for some tested distributions (or approximately
required coverage: see, for example, the second plot from the left in row (c) in Figure 4, where the
upper bound is just under the required confidence level), percentile bootstrap still fails when using
a small (around 5 to 25) number of samples. Also notice that while the proposed confidence inter-
vals are typically wider than the percentile bootstrap intervals, they are not significantly wider, and,
for some distributions, the widths of the proposed intervals approach the widths of the percentile
bootstrap intervals, while still maintaining the required coverage.

These results suggest that the use of the percentile bootstrap to construct confidence intervals for
the IQM when evaluating RL algorithms poses some risks, since the underlying performance dis-
tribution is not known (and thus may fall under the scenarios where the percentile bootstrap fails
to provide the required coverage even with a larger number of samples) and the number of samples
used is usually very small (and the percentile bootstrap failed to provide the required coverage when
using a small number of samples for all tested distributions). This problem motivates the use of
confidence intervals that do provide guaranteed coverage.

Using different confidence levels. We compare the proposed confidence intervals to percentile
bootstrap confidence intervals when using a range of confidence levels, varying 1 − δ from 50%
to 99.9%. We use the same distributions as in the first experiment (except the first distribution,
where we use a distribution that samples −1 with probability 0.25, samples from Beta(1, 10) with
probability 0.4, and samples 2 with probability 0.35). For each tested distribution, we produce
one plot showing the estimated coverage probabilities of the lower and upper bounds. Each plot
includes 12 curves: one-sided lower and upper bounds (proposed confidence intervals and percentile
bootstrap confidence intervals), evaluated when using 5, 10, and 15 samples, which is a common
number of samples used when evaluating RL algorithms.

Each estimate of a coverage probability is computed from 10,000 independent trials, and each per-
centile bootstrap trial uses 10,000 resamples to estimate the IQM.

The plots are shown in Figure 6 (please see the last page of the Supplementary Materials).
To read these plots, note that the solid lines represent the proposed confidence intervals and the
dotted lines represent the percentile bootstrap confidence intervals. The green diagonal (dashed)
line represents the target coverage (confidence level). To suggest guaranteed coverage, the lines
(corresponding to estimated coverage probabilities) should lie above the target coverage line, in the
green-shaded region.

Main conclusion: When using a small number of samples (which is common when evaluating RL
algorithms), the percentile bootstrap confidence intervals consistently fail to achieve the required
coverage level, which also motivates the use of confidence intervals that do provide guaranteed
coverage. Note that this happens even when using the Beta(1, 1) distribution (the right plot in row
(a) in Figure 6), which is equivalent to a uniform distribution defined on the interval [0, 1].

Code and compute resources. The code is available on Zenodo: 10.5281/zenodo.21438160.

The code for experiments is implemented in C++ and uses open-source Eigen and Boost C++ Li-
braries. The code to produce plots is implemented in Python using matplotlib, numpy, and pandas.
All experiments were run locally on a MacBook with an Apple M4 Pro CPU and 24 GB of unified
memory. GPU acceleration or external compute clusters were not used. Each individual experiment
for varying the number of samples took approximately 2.5 to 4.5 hours depending on the configura-
tion, and experiments for varying confidence levels took approximately 6 to 7 minutes each.

https://doi.org/10.5281/zenodo.21438160
https://libeigen.gitlab.io
https://www.boost.org/
https://www.boost.org/
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15 Percentile Bootstrap

In this section we provide a brief overview of how we constructed percentile bootstrap confidence
intervals for the IQM for the experiments described in Section 6 of the main text and Supplementary
Section 14.

Given n i.i.d. samples X1, X2, . . . , Xn, we computed B sample estimates of the IQM by resampling
(with replacement) n samples from the original sequence X1, X2, . . . , Xn and computing the IQM
estimate by trimming the 25% smallest and 25% largest of the sorted samples and taking the average
of the middle 50% of the samples (should be equivalent to using trim_mean function from SciPy).
This produces B estimates of the IQM, that is, ÎQM1, ÎQM2, . . . , ÎQMB . To obtain the one-sided
lower bound for the 1 − δ confidence level, we return the ⌈δB⌉-th smallest value among the sorted
estimates. To obtain the one-sided upper bound for the 1− δ confidence level, we return the

(
⌊(1−

δ)B⌋+ 1
)
-th smallest value.

https://docs.scipy.org/doc/scipy/reference/generated/scipy.stats.trim_mean.html
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(a) Above: Distribution that samples −1 with probability 0.25, samples from Bernoulli(0.99) with probability
0.4, and samples 2 with probability 0.35
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(b) Above: Beta(1, 10) distribution
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(c) Above: Beta(10, 1) distribution

Figure 4: Comparison of the confidence intervals using different numbers of samples. Each row
corresponds to one distribution. Left to right: 1. Estimated coverage probability for the lower
bound (LB) compared to the 95% confidence level indicated by the dashed green line. 2. Estimated
coverage probability for the upper bound (UB). 3. Average lower bound (LB) values compared to
the IQM indicated by the dash-dotted purple line. 4. Average upper bound (UB) values compared to
the IQM. Each plot includes error bars of width 1.96 times the standard error (not visible).
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(a) Above: Beta(1, 1) distribution
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(b) Above: Beta(0.5, 0.5) distribution
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(c) Above: Beta(50, 50) distribution

Figure 5: Comparison of the confidence intervals using different numbers of samples (continued).
Each row corresponds to one distribution. Left to right: 1. Estimated coverage probability for
the lower bound (LB) compared to the 95% confidence level indicated by the dashed green line.
2. Estimated coverage probability for the upper bound (UB). 3. Average lower bound (LB) values
compared to the IQM indicated by the dash-dotted purple line. 4. Average upper bound (UB) values
compared to the IQM. Each plot includes error bars of width 1.96 times the standard error (not
visible).
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(a) Left: Distribution that samples −1 with probability 0.25, samples from Beta(1, 10) with probability 0.4,
and samples 2 with probability 0.35. Right: Beta(1, 1) distribution. Solid lines are the proposed CIs and
dotted lines are percentile bootstrap CIs.

50 60 70 80 90 100
Required confidence level (%)

0.0

0.2

0.4

0.6

0.8

1.0

Co
ve

ra
ge

 p
ro

ba
bi

lit
y Proposed LB (n=5)

Proposed UB (n=5)
Bootstrap LB (n=5)
Bootstrap UB (n=5)
Proposed LB (n=10)
Proposed UB (n=10)
Bootstrap LB (n=10)
Bootstrap UB (n=10)
Proposed LB (n=15)
Proposed UB (n=15)
Bootstrap LB (n=15)
Bootstrap UB (n=15)
Target coverage

50 60 70 80 90 100
Required confidence level (%)

0.0

0.2

0.4

0.6

0.8

1.0

Co
ve

ra
ge

 p
ro

ba
bi

lit
y Proposed LB (n=5)

Proposed UB (n=5)
Bootstrap LB (n=5)
Bootstrap UB (n=5)
Proposed LB (n=10)
Proposed UB (n=10)
Bootstrap LB (n=10)
Bootstrap UB (n=10)
Proposed LB (n=15)
Proposed UB (n=15)
Bootstrap LB (n=15)
Bootstrap UB (n=15)
Target coverage

(b) Left: Beta(1, 10) distribution. Right: Beta(10, 1) distribution. Solid lines are the proposed CIs and
dotted lines are percentile bootstrap CIs.
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(c) Left: Beta(0.5, 0.5) distribution. Right: Beta(50, 50) distribution. Solid lines are the proposed CIs and
dotted lines are percentile bootstrap CIs.

Figure 6: Comparison of the confidence intervals (CIs) when requiring different confidence levels.
In each plot, blue-toned lines correspond to lower bounds (LB), and red-toned lines correspond
to upper bounds (UB). The horizontal axis shows the required confidence level, and the vertical
axis shows the estimated coverage probability. The green diagonal (dashed) line indicates the target
coverage (that is, the required 1 − δ confidence level). To suggest guaranteed coverage, the lines
(corresponding to estimated coverage probabilities) should lie above the target coverage line (in the
green region). Shaded regions around the curves correspond to error bars of width 1.96 times the
standard error.


