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Summary
We study natural policy gradient (NPG) with Bayesian network (BN) policies in Markov

potential games (MPGs) under softmax parameterization. BN policies represent correlated
joint policies via a directed acyclic graph, generalizing the independent (product) policies used
in prior work. We prove that BN-NPG converges to near-Nash policies at an O(1/K) rate
averaged over K iterations for any fixed DAG, and that for fully correlated BN policies, every
near-Nash policy is also near-optimal, recovering the global optimality guarantee of single-
agent NPG. Unlike product policies, BN policies condition each agent’s action on parent ac-
tions, requiring sufficient exploration over all parent-action profiles. We impose this as an
assumption in the unregularized setting, and then remove it by designing a log-barrier regu-
larizer, weighted by the frequency of encountering each parent-action profile under the current
policy, that provably maintains exploration throughout training. We further extend these results
to partially observable settings with factored state spaces, where each agent observes only its
local state.

Contribution(s)
1. O(1/K) convergence of natural policy gradient under softmax parameterization with

Bayesian network (BN) policies to near-Nash policies in Markov potential games, for any
fixed DAG structure, averaged over K iterations.
Context: Prior work established O(1/K) convergence for NPG with product policies (Sun
et al., 2023). BN policy gradient (without natural gradient) was studied in Chen & Zhang
(2023); Chen et al. (2026).

2. For fully correlated BN policies, every near-Nash policy is also near-optimal with controlled
ratio, recovering the global optimality guarantee of single-agent NPG.
Context: Product-policy NPG only guarantees convergence to Nash, which can be arbi-
trarily suboptimal (Zhang et al., 2022; Sun et al., 2023).

3. A log-barrier regularizer, weighted by the frequency of encountering each parent-action
profile under the current policy, that provably maintains exploration throughout training,
removing the need for a priori policy exploration assumptions.
Context: The unweighted log-barrier in Zhang et al. (2022) suffices for product policies
but introduces uncontrollable terms for BN policies due to the parent action marginal prob-
ability.

4. Extension to partially observable settings with factored state spaces, where each agent ob-
serves only its local state. Convergence bounds incur an additive term proportional to ϵpo,
the maximum discrepancy between full-state and local-state advantages.
Context: All prior NPG convergence results for MPGs assume full state observation (Fox
et al., 2022; Zhang et al., 2022; Sun et al., 2023).
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Abstract
We study natural policy gradient (NPG) with Bayesian network (BN) policies in
Markov potential games (MPGs) under softmax parameterization. BN policies repre-
sent correlated joint policies via a directed acyclic graph, generalizing the independent
(product) policies used in prior work. We prove that BN-NPG converges to near-Nash
policies at an O(1/K) rate averaged over K iterations for any fixed DAG, and that for
fully correlated BN policies, every near-Nash policy is also near-optimal, recovering the
global optimality guarantee of single-agent NPG. Unlike product policies, BN policies
condition each agent’s action on parent actions, requiring sufficient exploration over all
parent-action profiles. We impose this as an assumption in the unregularized setting, and
then remove it by designing a log-barrier regularizer, weighted by the frequency of en-
countering each parent-action profile under the current policy, that provably maintains
exploration throughout training. We further extend these results to partially observable
settings with factored state spaces, where each agent observes only its local state.

1 Introduction

Multi-agent reinforcement learning has achieved remarkable empirical success across domains such
as robotics (Corke et al., 2005), traffic control (Chu et al., 2019), and power systems (Callaway &
Hiskens, 2010). A central theoretical challenge is finding Nash policies in Markov games (MGs)
Shapley (1953), where each agent plays a best response to all others. In the single-agent case, Nash
policies coincide with optimal policies, and natural policy gradient (NPG) under softmax parame-
terization is known to converge to the global optimum at an O(1/K) rate after K iterations Agarwal
et al. (2021).

For multi-agent settings, Markov potential games (MPGs) (Macua et al., 2018; Leonardos et al.,
2021; Zhang et al., 2021) provide a tractable subclass that includes fully cooperative games as a
special case. Recent work has established that independent NPG with product policies converges to
Nash policies in MPGs, with rates improving from O(1/

√
K) (Zhang et al., 2022) to O(1/K) (Sun

et al., 2023). However, product-policy Nash equilibria can be arbitrarily suboptimal: the potential
function, which captures social welfare in cooperative settings, may be far below its maximum at a
Nash policy. This gap is inherent to the product-policy class, since product policies cannot represent
correlations between agents’ actions, and which Nash equilibrium the algorithm converges to is
highly sensitive to initialization.

In this work, we close this gap by combining NPG with Bayesian network (BN) policies, which
represent correlated joint policies via a directed acyclic graph (DAG) and interpolate between prod-
uct policies and fully expressive joint policies. We establish that BN-NPG converges to near-Nash
policies at an O(1/K) rate averaged over K iterations for any fixed DAG, and prove that for fully
correlated BN policies, every near-Nash policy is also near-optimal, recovering the single-agent
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optimality guarantee. A key technical contribution is a log-barrier regularizer, weighted by the fre-
quency of encountering each parent-action profile under the current policy, that provably maintains
exploration throughout training rather than assuming it holds a priori. All prior NPG convergence
results for MPGs assume full state observation (Fox et al., 2022; Zhang et al., 2022; Sun et al., 2023);
we further extend our results to partially observable settings with factored state spaces, where each
agent observes only its local state. The convergence bounds incur an additive term proportional
to the maximum discrepancy between the full-state and local-state advantages, recovering the full-
observation guarantees when this discrepancy vanishes.

2 Related work

Natural policy gradient under softmax parameterization. In the single-agent setting, Agarwal
et al. (2021) established that unregularized natural policy gradient converges to the global optimum
at an O(1/K) rate after K iterations. Extending this to MPGs with independent (product) policies,
Fox et al. (2022) proved asymptotic convergence of independent NPG to Nash policies. Zhang
et al. (2022) provided the first finite-time convergence rates, albeit at a slower O(1/

√
K) rate, and

introduced log-barrier regularization to remove dependence on trajectory-dependent constants. Sun
et al. (2023) further improved the rate to O(1/K), matching the single-agent result. However, all
of these multi-agent results only guarantee convergence to a Nash policy, which can be arbitrarily
suboptimal in terms of the potential function, whereas the single-agent counterpart achieves global
optimality.

Multi-agent correlated policies in multi-agent RL. The suboptimality of product policies has
motivated a line of work on correlated joint policies, which offer greater expressiveness and thus
stronger optimality guarantees. Ye et al. (2023) proved the suboptimality of product-policy gradient
methods and proposed a sequential (autoregressive) policy transformation to recover global optimal-
ity. Christianos et al. (2023) addressed equilibrium selection by designing an actor-critic algorithm
that steers convergence toward Pareto-optimal Nash equilibria, though still within the product-policy
class.

A natural and structured way to represent correlated joint policies is through Bayesian networks
(BNs) (Heckerman, 2020), which interpolate between product policies (empty DAG) and fully cor-
related policies (fully connected DAG) via the choice of dependency graph. Ruan et al. (2022) em-
pirically demonstrated the benefits of BN policies for coordination. Chen & Zhang (2023) showed
that policy gradient with fully correlated BN policies asymptotically converges to global optima in
cooperative Markov games, a special case of MPGs. Chen et al. (2026) extended this to finite-time
convergence rates via log-barrier regularization. However, all existing BN-policy results are based
on (vanilla) policy gradient; no convergence results exist for natural policy gradient with BN poli-
cies, which is the gap our work addresses. Additionally, all of the above works assume full state
observation; we further extend our results to partially observable settings with factored state spaces.

3 Preliminaries

We consider a stochastic game M = (n,S,A, P, {ri}i∈[n], γ, ρ) consisting of n agents de-
noted by a set [n] = {1, . . . , n}. The global state space is S, and the global action space
A = A1 × · · · × An is the product of individual action spaces, with the global action denoted
as a := (a1, . . . , an). The transition model is P : S × A → ∆(S), where ∆(·) denotes
the probability simplex. Each agent i has a reward function ri : S × A → [0, 1]. We use
γ ∈ (0, 1) to denote the discount factor and ρ ∈ ∆(S) to denote the initial state distribution.
With full observability, meaning each agent observes the global state s ∈ S, a general joint pol-
icy π : S → ∆(A) maps states to distributions over the joint action space. The state value
function for agent i is defined as: V π

i (s) := Eπ [
∑∞

t=0 γ
tri(st, at) | s0 = s] , and its expecta-

tion over the initial distribution is V π
i (ρ) := Es∼ρ[V

π
i (s)]. The state-action value function is:

Qπ
i (s, a) := Eπ [

∑∞
t=0 γ

tri(st, at) | s0 = s, a0 = a]. The discounted state visitation distribution is
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dπρ (s) := (1 − γ)
∑∞

t=0 γ
t Pr(st = s | s0 ∼ ρ, π). The commonly used joint policy subclass is

the product policy, π = (π1, . . . , πn) : S → ×i∈[n]∆(Ai), where joint policy π is factored as a
product of local policies πi : S → ∆(Ai), such that π(a|s) =

∏
i∈[n] πi(ai|s). For a product policy

π = (π1, . . . , πn) and an agent i, we write π−i := (πj)j ̸=i for the local policies of all agents other
than i, so that the joint policy factors as π = (πi, π−i). We use (π′

i, π−i) to denote the joint policy
obtained by replacing agent i’s local policy πi with π′

i while keeping all other agents’ policies π−i

fixed. We focus on the subclass of Markov potential games (Zhang et al., 2022) defined as:

Definition 1 (Markov potential game). The stochastic game M is a Markov potential game (MPG)
if there exists a bounded potential function ϕ : S × A → R such that for any agent i, state s, and
policies πi, π

′
i, π−i:

V
π′
i,π−i

i (s)− V
πi,π−i

i (s) = Φπ′
i,π−i(s)− Φπi,π−i(s),

where Φπ(s) := Eπ[
∑∞

t=0 γ
tϕ(st, at) | s0 = s] is the potential value function.

We will use shorthand notation Φπ(ρ) := Es∼ρ[Φ
π(s)]. We assume ϕ(s, a) ∈ [0, ϕmax] for all

s ∈ S, a ∈ A, and consequently Φπ(ρ) ∈ [0, ϕmax

1−γ ]. The state-action value function and advantage
function for the potential are: Qπ

ϕ(s, a) := Eπ [
∑∞

t=0 γ
tϕ(st, at) | s0 = s, a0 = a] and Aπ

ϕ(s, a) :=
Qπ

ϕ(s, a)− Φπ(s), respectively.

We now formalize the two solution concepts used throughout the paper. The first is the Nash equi-
librium, which requires that no agent can unilaterally improve its value:

Definition 2 (ϵ-Nash policy). The NE-gap of a policy π is:

NE-gap(π) := max
i∈[n],π′

i

[
V

π′
i,π−i

i (ρ)− V π
i (ρ)

]
.

A policy π is an ϵ-Nash policy if NE-gap(π) ≤ ϵ.

The second measures how far a policy is from maximizing the total potential function:

Definition 3 (ϵ-optimal policy). The optimality-gap of a policy π is:

optimality-gap(π) := max
π∗

Φπ∗
(ρ)− Φπ(ρ).

A policy π is ϵ-optimal if optimality-gap(π) ≤ ϵ.

Potential maximization is often desirable in its own right; for instance, in fully cooperative games the
potential equals the shared reward, so a higher potential directly improves every agent’s payoff. In
general, a Nash policy need not be optimal: the NE-gap can be zero while the optimality-gap remains
large. In such settings, convergence to a near-optimal policy is the relevant goal, and convergence to
a near-Nash policy alone is insufficient.

Bayesian network policy. Product policies assume agents act independently, which limits expres-
siveness. To enable controlled correlation between agents, we follow prior work (Chen & Zhang,
2023) to consider a Bayesian Network (BN) structure represented by a directed acyclic graph (DAG)
G = ([n], E) connecting the agents as vertices. For each agent i, let Pi := {j : (j, i) ∈ E} denote
the set of parent agents. The BN policy πG is defined as:

πG(a|s) =
n∏

i=1

πi(ai|s, aPi), (1)

where aPi ∈ APi := ×j∈PiAj denotes the joint action of parent agents. Therefore, a BN joint
policy is also factorized into local policies (π1, . . . , πn), thus generalizing product policies and
allows Definitions 1, 2, and 3 to extend naturally to BN policies, which is the setting we consider in
this work.
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Notations. For a subset M ⊆ [n] of agents and its complement −M, a joint action is decomposed
as a = (aM, a−M). The conditional distribution over aM given a−M is: πM(aM|s, a−M) ∝
π(aM, a−M|s). The marginal distribution over aM is πM(aM|s) :=

∑
a−M

π(a−M, aM|s). The
augmented state visitation distribution is: dπρ (s, aM) := dπρ (s)πM(aM|s). The marginalized Q-
function for agent i is Qπ

i (s, aM) :=
∑

a−M
π(a−M|s, aM)Qπ

i (s, aM, a−M). The marginalized
advantage function for agent i is Aπ

i (s, aPi , ai) := Qπ
i (s, aPi ∪ ai)−Qπ

i (s, aPi).

We write κ := maxi∈[n] |Pi| for the maximum in-degree of G, which controls the DAG sparsity:
κ = 0 for product policies (empty DAG) and κ = n− 1 for the fully connected DAG. Without loss
of generality, we assume agents are indexed according to a topological ordering of G, i.e., if j ∈ Pi

then j < i.

4 Convergence of tabular BN unregularized natural policy gradient ascent

Fixing DAG G, we consider parameterizing local policies of a BN policy in the tabular soft-
max manner from the global state and parent actions as in Chen & Zhang (2023). For each
local policy πi is parameterized using a tabular softmax function with parameters: θi =
{θi(s, aPi , ai) ∈ R : s ∈ S, aPi ∈ APi , ai ∈ Ai} , leading to the induced softmax local policy:

πθi(ai|s, aPi) :=
exp (θi(s, aPi , ai))∑
a′
i
exp (θi(s, aPi , a′i))

. (2)

The BN policy is thus parameterized as πθ = (πθ1 , . . . , πθn). Prior work (Sun et al., 2023) estab-
lished the convergence rate results of tabular natural policy gradient ascent with product policy. In
this section, we generalize the results to BN policy with any fixed DAG.

Formally, consider the maximization over the parameterized BN policy class of potential L(θ) :=
Φπθ (ρ). The natural policy gradient (NPG) update for agent i is:

θk+1
i := θki + ηFi(θ

k)†∇θiL(θ
k), (3)

where Fi(θ) is the Fisher information matrix:

Fi(θ) := Es∼d
πθ
ρ ,aPi∼πθ,Pi (·|s),ai∼πθi

(·|s,aPi )

[
∇θi log πθi(ai|s, aPi)∇θi log πθi(ai|s, aPi)⊤

]
.

Lemma 1. The NPG update (3) is equivalent to:

πk+1
i (ai|s, aPi) ∝ πk

i (ai|s, aPi) exp

(
ηAπk

i (s,aPi ,ai)

1−γ

)
. (4)

The block-diagonal structure of Fi(θ) and the cancellation of the augmented visitation factor
dπ

k

ρ (s, aPi) under the pseudo-inverse, which underlie this equivalence, are illustrated on a concrete
n = 3 chain in Appendix A. The gradient form in Lemma 1 enables us to extend the finite-time
convergence guarantees with product policy (Sun et al., 2023) to BN joint policies under the same
assumptions in addition to one assumption unique to the BN policy on the exploration of parent
actions, which we state below.

Assumption 1 (State exploration). The MPG satisfies infπ mins d
π
ρ (s) > 0.

Assumption 1 is standard in the analysis of natural policy gradient methods for MPGs (Zhang et al.,
2022; Sun et al., 2023) and holds if the initial distribution ρ assigns positive mass to every state.

Assumption 2 (Advantage gap). The advantage gap, as defined below, is positive:

δ := inf
π

min
i∈[n],s∈S,aPi∈APi

[
Aπ

i (s, aPi , aip)−Aπ
i (s, aPi , aiq )

]
> 0,

where aip ∈ argmaxaj∈Ai
Aπ

i (s, aPi , aj) and aiq ∈ argmaxaj∈Ai\{aip} A
π
i (s, aPi , aj) denote the

best and second-best actions for agent i.
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The advantage gap δ generalizes its product-policy counterpart in Sun et al. (2023), where the min-
imum is taken over agents i and states s only, to additionally include parent actions aPi ∈ APi . It
measures the minimum separation between the best and second-best actions in terms of the advan-
tage, uniformly across all agents, states, parent action profiles, and policies.
Assumption 3 (Policy exploration). For all iterations k, states s, agents i, parent actions aPi , and
actions ai:

inf
k≥0

min
s,i,aPi ,ai

πk
i (ai|s, aPi) =: ν > 0.

For product policies (Pi = ∅ for all i), the convergence analyses of Zhang et al. (2022); Sun
et al. (2023) rely on the quantity c := infi∈[n],s∈S,k≥0

∑
aj∈Ak

ip

πk
i (aj |s) > 0, where Ak

ip
de-

notes the set of actions maximizing the advantage Aπk

i (s, ai), the product-policy counterpart of our
Aπ

i (s, aPi , ai), for agent i at iteration k; ensuring c > 0 typically requires an assumption such as
Assumption 3. For BN policies, this condition is additionally necessary for our proof because it
requires bounding the parent marginal ratio πk

Pi(aPi |s)/πk+1
Pi (aPi |s), which depends on the prob-

ability of all actions (including suboptimal ones) through the parent marginal πPi(aPi |s) ≥ ν|P
i|.

This assumption is removed in Section 4.2 via the log-barrier regularizer.

The following convergence analysis generalizes the product-policy framework of Sun et al. (2023)
to BN policies by treating (s, aPi) as an augmented state. The proof relies on two key lemmas,
stated and proved in Appendix B: Lemma 5 establishes monotonic ascent of the potential function
Φ along the BN-NPG iterates, and Lemma 6 introduces an interpolating function fk(α) that bridges
the BN-NPG update (α = η) with the greedy improvement (α → ∞), connecting the potential
ascent to the NE-gap through the advantage gap δ. Combining these two lemmas yields the main
convergence result.
Theorem 1 (Convergence of BN-NPG in MPGs). Consider a Markov potential game with BN policy
structure satisfying Assumptions 1–3, with the policy update following BN-NPG (4). For any K ≥ 1,
choosing η = (1−γ)2

2
√
n(1+Amax)ϕmax

where Amax := maxi |Ai|, we have

1
K

∑K−1
k=0 NE-gap(πk) ≤ 2Mϕmax

Kνκ(1−γ)

(
1 + 2

√
n(1+Amax)ϕmax

νδ(1−γ)

)
,

where M := supπ maxs
1

dπ
ρ (s)

and κ = maxi |Pi| is the maximum in-degree of the DAG.

Remark 4.1 (Dependence on n and the DAG). The factor 1/νκ in Theorem 1 grows exponentially
with the maximum in-degree κ = maxi |Pi|, and hence with n in the worst case κ = n − 1. It
originates solely from bounding the parent marginal ratio πk

Pi(aPi |s)/πk+1
Pi (aPi |s) ≤ 1/ν|P

i| ≤
1/νκ (see the step from (4) to the NE-gap bound in the proof of Theorem 1), a term that is absent
in product-policy analyses (Sun et al., 2023) where Pi = ∅ and thus κ = 0. Hence this part of the
bound is controlled by the DAG sparsity: sparse DAGs with small κ avoid the exponential blowup,
and the worst case κ = n− 1 is attained only by the fully connected DAG. Other parts of the bound,
such as the

√
n factors, may still depend explicitly on n. In the Nash-to-optimality results for fully

correlated BN policies (Theorem 2 and Corollary 1) to follow next, the DAG will be fully connected
by definition, so κ = n − 1 and one pays the full worst-case exponent together with an additional
1/νn factor from the Nash-to-optimality transfer (Lemma 9).

4.1 From Nash to optimality for fully correlated BN policies in MPGs

Theorem 1 guarantees convergence to a near-Nash policy for BN-NPG with any fixed DAG, but in
general, a Nash equilibrium in an MPG can be arbitrarily suboptimal in terms of the potential Φ.
In the single-agent setting, tabular softmax NPG converges to the globally optimal policy (Agarwal
et al., 2021). Intuitively, a fully correlated BN policy resembles the single-agent setting because
π(a|s) =

∏n
i=1 πi(ai|s, aPi) can represent any joint distribution over a given s, so there is no loss

of expressiveness. We show here that this intuition is indeed correct. We first formalize the notion
of a fully correlated BN policy.
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Definition 4 (Maximally connected BN and fully-correlated BN policy). A BN policy (π,G) is
fully-correlated if its dependency graph G = (N , E) is a maximally connected Bayesian network,
i.e., a DAG with the maximum number of edges while remaining acyclic: |E| = n(n− 1)/2.

For fully correlated BN policies, it turns out that any ϵ-Nash policy is also ϵ′-optimal with a con-
trolled ratio ϵ′/ϵ. The key ingredients to this result are: (i) a uniform bound on the per-agent ad-
vantage for ϵ-Nash policies (Lemma 7), (ii) a telescoping recursion on the marginalized Q-function
exploiting the nested parent structure Pi = {1, . . . , i − 1} (Lemma 8), and (iii) their combination
into a Nash-to-optimality transfer (Lemma 9). These lemmas are stated and proved in Appendix B.

Combining the NE-gap bound in Theorem 1 with the Nash-to-optimality transfer in Lemma 9 yields
the following optimality-gap guarantee.
Theorem 2. Consider a Markov potential game with fully correlated BN policy structure sat-
isfying Assumptions 1–3, with the policy update following (4). For any K ≥ 1, choosing
η = (1−γ)2

2
√
n(1+Amax)ϕmax

, we have

1
K

∑K−1
k=0 optimality-gap(πk) ≤ 2M2ϕmax(1−νn)

ν2n−1(1−ν)K(1−γ)

(
1 + 2

√
n(1+Amax)ϕmax

νδ(1−γ)

)
.

4.2 NPG with log-barrier regularizer to ensure action exploration

The convergence results in Theorems 1 and 2 require Assumption 3, which posits a uniform lower
bound ν > 0 on all action probabilities throughout training. This assumption serves two purposes:
(i) it bounds the parent marginal ratio πk

Pi/π
k+1
Pi that arises from the BN structure when connecting

the NE-gap to the potential ascent, and (ii) it enables the Nash-to-optimality transfer for fully corre-
lated BN policies. To avoid making this assumption explicitly, we introduce a log-barrier regularizer
that provably maintains action exploration.

Formally, for BN policy πθ, consider the log-barrier regularized objective at iteration k:

Lk
λ(θ) := Φπθ (ρ) + λ

∑n
i=1

∑
s,aPi

dπ
k

ρ (s, aPi)
∑

ai
log πθi(ai|s, aPi),

where λ > 0 is the regularization parameter and augmented state visitation distribution of the current
policy πk, dπ

k

ρ (s, aPi), is treated as a fixed weight of the log-barrier term.

For product policies (Pi = ∅), Zhang et al. (2022) use an unweighted barrier
∑

s,ai
log πθi(ai|s),

which after the Fisher pseudo-inverse produces a 1/dπ
k

ρ (s) factor in the update; this is accept-
able since 1/dπ

k

ρ (s) ≤ M . For BN policies, an unweighted barrier would analogously produce
1/dπ

k

ρ (s, aPi) = 1/(dπ
k

ρ (s)πPi(aPi |s)) in the update, where the parent marginal πPi(aPi |s) can
be arbitrarily small. Weighting by dπ

k

ρ (s, aPi) cancels this factor against the Fisher matrix (see
the proof of Lemma 2), yielding an update that depends on λ/πk

i alone and removing the need for
Assumption 3. The following lemma confirms that this cancellation occurs, giving a closed-form
update free of dπ

k

ρ (s, aPi). Appendix A provides a fully worked n = 3 chain example illustrat-
ing both the Fisher pseudo-inverse cancellation and why the dπ

k

ρ (s, aPi)-weighting (rather than an
unweighted barrier) is needed.
Lemma 2. The log-barrier regularized NPG update θk+1

i = θki + ηFi(θ
k)†∇θiL

k
λ(θ

k) is equivalent
to:

πk+1
i (ai|s, aPi) ∝ πk

i (ai|s, aPi) exp

(
ηAπk

i (s,aPi ,ai)

1−γ + ηλ
πk
i (ai|s,aPi )

− ηλ|Ai|
)
. (5)

Lemma establishes that the log-barrier regularized BN-NPG update (5) guarantees a uniform lower
bound on all action probabilities, removing the need for making Assumption 3 explicitly.
Lemma 3. For η ≤ 1

15
(

1
(1−γ)2

+λAmax

) and θ0 = 0, running the log-barrier regularized BN-NPG

update (5) guarantees that πk
i (ai|s, aPi) ≥ νλ := λ

4
(
λAmax+

1
(1−γ)2

) for all k ≥ 0, i ∈ [n], s ∈ S,

aPi ∈ APi , and ai ∈ Ai.
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Since the update (5) is free of dπ
k

ρ (s, aPi), the bounded-probability argument of Zhang et al. (2022)
applies directly to each (s, aPi) block, yielding a stronger bound that is independent of M . More
specifically, with the probability lower bound νλ in hand, the potential ascent and NE-gap anal-
ysis follows the same structure as the unregularized case, with two modifications handled in the
appendix: Lemma 10 extends the potential ascent (Lemma 5) to the regularized update, picking
up an additional λ-dependent residual from the log-barrier perturbation; and Lemma 11 bounds the
discrepancy between the regularized update πk+1

i and the unregularized softmax interpolation πi,η

used in the fk-to-NE-gap connection (Lemma 6). The dπ
k

ρ (s, aPi)-weighting in the regularizer is
essential: an unweighted barrier would reintroduce the uncontrollable 1/πPi(aPi |s) factor into the
bridge bound. Combining Lemmas 10 and 11 with the fk-to-NE-gap connection (Lemma 6), and
substituting ν = νλ for the parent marginal ratio bound, we obtain the main convergence result.

Theorem 3. Consider a Markov potential game with BN policy structure satisfying Assumptions
1–2, with the policy update following the log-barrier regularized BN-NPG (5). For any K ≥ 1,
choosing η ≤ min{ (1−γ)2

2
√
n(1+Amax)ϕmax

, 1

15
(

1
(1−γ)2

+λAmax

)}, we have

1
K

∑K−1
k=0 NE-gap(πk) ≤ 2Mϕmax

Kνκ
λ(1−γ)

(
1 + 1−γ

νλδη

)
+Rλ,

where κ = maxi |Pi| is the maximum in-degree of the DAG and Rλ :=
2Mnηλ(

√
n(1+Amax)ϕmax+1)

νκ+1
λ (1−γ)2

(
1 + 1−γ

νλδη

)
.

By Theorem 3, Rλ vanishes as λ → 0, reflecting the tradeoff between exploration (larger νλ) and
regularization cost.

Similar to the unregularized case (Theorem 2), we can apply the Nash-to-optimality transfer (Lemma
9) to convert the NE-gap bound into an optimality-gap guarantee. Since Lemma 3 guarantees
πk
i (ai|s, aPi) ≥ νλ for all k, this replaces Assumption 3 with the explicit lower bound ν = νλ.

Combining Theorem 3 with Lemma 9 yields the following, where the fully connected BN has max-
imum in-degree κ = n− 1.

Corollary 1. Consider a Markov potential game with fully correlated BN policy structure satisfying
Assumptions 1–2, with the policy update following the log-barrier regularized BN-NPG (5). For any
K ≥ 1, with η chosen as in Theorem 3, we have

1
K

∑K−1
k=0 optimality-gap(πk) ≤ M(1−νn

λ )
νn
λ (1−νλ)

[
2Mϕmax

Kνn−1
λ (1−γ)

(
1 + 1−γ

νλδη

)
+Rλ

]
.

5 Extension to partially observable local states

The preceding results assume each agent observes the global state s. All prior NPG convergence
results for MPGs, whether with product policies (Fox et al., 2022; Zhang et al., 2022; Sun et al.,
2023) or BN policies (Theorems 1–3 above), rely on this assumption, since the NPG update and
its analysis require per-state advantage functions and Fisher information matrices indexed by the
global state. In many multi-agent systems, however, each agent has access only to a local view of the
environment, making full state observation impractical. We now extend the log-barrier regularized
BN-NPG to such a partially observable setting. Specifically, we consider a factored state space
S = S1 × · · · × Sn, where agent i observes only its local state si ∈ Si. The transition, rewards, and
potential remain defined on the global state s = (s1, . . . , sn). Each agent’s policy now conditions on
(si, aPi) rather than (s, aPi), which requires replacing the full-state advantage with a marginalized
version that aggregates over unobserved states.

Each agent’s policy conditions on (si, aPi) via tabular softmax, giving π(a|s) =
∏

i πi(ai|si, aPi).
Define the augmented local-state visitation dπρ (si, aPi) :=

∑
s−i

dπρ (si, s−i)πPi(aPi |si, s−i) and
the marginalized advantage:

Āπ
i (si, aPi , ai) :=

1
dπ
ρ (si,aPi )

∑
s−i

dπρ (si, s−i)πPi(aPi |si, s−i)A
π
i ((si, s−i), aPi , ai). (6)
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The marginalized advantage Āπ
i (si, aPi , ai) arises naturally from the policy gradient for local-

state policies. Since πi depends only on (si, aPi), the policy gradient of L(θ) with respect to
θi(si, aPi , ai) aggregates over unobserved states:

∂L(θ)
∂θi(si,aPi ,ai)

= 1
1−γ d

π
ρ (si, aPi)πi(ai|si, aPi) Āπ

i (si, aPi , ai).

This has the same form as the full-observation gradient (cf. the proof of Lemma 1), with dπρ (s, aPi)

replaced by dπρ (si, aPi) and Aπ
i replaced by Āπ

i . The Fisher information matrix is block-diagonal
with blocks indexed by (si, aPi), each of the form dπρ (si, aPi)Fi,si,aPi (θi), so the pseudo-inverse
cancels dπρ (si, aPi) and yields Āπ

i /(1− γ) as the natural gradient direction. When si = s (full ob-
servation), Āπ

i reduces to Aπ
i (s, aPi , ai). In general, Āi and Ai differ; we measure this discrepancy

and define the appropriate solution concept below.
Definition 5 (Partial observability gap). The partial observability gap measures the worst-case dis-
crepancy between the full-state and marginalized advantages. It enters the convergence bounds as
an additive bias that captures the cost of partial observability:

ϵpo := sup
π

max
i,s,aPi ,ai

|Aπ
i (s, aPi , ai)− Āπ

i (si, aPi , ai)|.

Since each agent’s policy conditions only on (si, aPi), the NE-gap (Definition 2) is evaluated with
deviations restricted to the same local-state policy class. The partial observability gap ϵpo is zero
when advantages do not depend on s−i (e.g., factored rewards and transitions), and small when
unobserved states have limited influence on agent i’s advantage. The update rule applies the same
d-weighted log-barrier design to the local-state setting.

The log-barrier regularized objective in the local-state setting takes the same form as the full-
observation case, with (s, aPi) replaced by (si, aPi) and the weight dπ

k

ρ (si, aPi) in place of
dπ

k

ρ (s, aPi). The derivation of the update follows Lemma 2: the gradient decomposes into blocks
indexed by (si, aPi), and the Fisher pseudo-inverse cancels dπ

k

ρ (si, aPi) from both the potential
gradient and the log-barrier gradient, exactly as in the full-observation case. The only difference is
that the full-state advantage Aπk

i is replaced by the marginalized advantage Āπk

i , yielding:

πk+1
i (ai|si, aPi) ∝ πk

i (ai|si, aPi) exp

(
ηĀπk

i (si,aPi ,ai)

1−γ + ηλ
πk
i (ai|si,aPi )

− ηλ|Ai|
)
. (7)

Since |Āi| ≤ 1/(1−γ), the bounded probability guarantee (Lemma 3) holds verbatim with (s, aPi)
replaced by (si, aPi): πk

i (ai|si, aPi) ≥ νλ for all k.

The convergence analysis requires the same advantage gap structure as the full-observation case
(Assumption 2), now stated in terms of the marginalized advantage Āi as defined in Assumption 4
below. This is the natural analogue: since the local-state policy can only distinguish actions through
Āi, the relevant gap is between the best and second-best actions under this marginalized quantity.
Assumption 4 (Marginalized advantage gap). The marginalized advantage gap, as defined below,
is positive:

δ̄ := inf
π

min
i,si,aPi

[
Āπ

i (si, aPi , āip)− Āπ
i (si, aPi , āiq )

]
> 0

where āip and āiq denote the best and second-best actions in terms of the marginalized advantage
Āπ

i (si, aPi , ·).

Applying the same potential ascent and bridge arguments as in Theorem 3, with Āi in place of Ai

and δ̄ in place of δ, we obtain the following:
Theorem 4. Under Assumptions 1 and 4, for η as in Theorem 3:

1
K

∑K−1
k=0 NE-gap(πk) ≤ 2Mϕmax

Kνκλ(1− γ)

(
1 +

1− γ

νλδ̄η

)
+Rλ︸ ︷︷ ︸

same structure as Theorem 3

+
4Mnϵpo
νκλ(1− γ)

(
1 +

1− γ

νλδ̄η

)
︸ ︷︷ ︸

partial observability bias

.
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Theorem 4 preserves the O(1/K) convergence structure of the full-observation result (Theorem 3),
with an additive ϵpo-dependent term that captures the cost of partial observability. When ϵpo = 0
(e.g., factored rewards and transitions), the bound reduces exactly to Theorem 3. For fully corre-
lated BN policies, the Nash-to-optimality transfer (Lemma 9) applies similarly, with an additional
irreducible nϵpo

1−γ floor from the mismatch between local and global advantages. Straightforwardly,
Corollary 2 in Appendix D.7 extends Corollary 1 to this partial observability setting.

6 Conclusion

We established O(1/K) convergence of natural policy gradient under softmax parameterization
with Bayesian network policies in Markov potential games, matching the best known rate for product
policies while enabling richer correlation structures. For fully correlated BN policies, we proved that
every near-Nash policy is also near-optimal, recovering the global optimality guarantee of single-
agent NPG. A key technical ingredient is a log-barrier regularizer, weighted by the frequency of
encountering each parent-action profile under the current policy, which provably maintains explo-
ration without a priori assumptions on the policy iterates. These results extend to partially observable
settings with factored state spaces, where convergence bounds incur an additive term proportional
to the maximum discrepancy between full-state and local-state advantages.
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A Worked Example: Fisher Pseudo-Inverse Cancellation for n = 3

This appendix illustrates, on a concrete small example, the two facts that drive the closed-form up-
dates in Lemmas 1 and 2: (i) the augmented visitation factor dπ

k

ρ (s, aPi) cancels between the gra-
dient and the Fisher pseudo-inverse, and (ii) the dπ

k

ρ (s, aPi)-weighting of the log-barrier is exactly
what keeps this cancellation intact, whereas an unweighted barrier reintroduces the uncontrollable
parent-marginal factor 1/πPi(aPi |s).

Setup. Consider n = 3 agents on the chain DAG 1 → 2 → 3 (Figure 1), so P1 = ∅, P2 = {1},
and P3 = {2}. Let each action space be binary, Ai = {0, 1}, so |Ai| = 2. We focus on agent 2 at
a fixed (s, a1); the same computation applies verbatim to any agent and any parent profile, and to
product policies by taking Pi = ∅. Abbreviate the local policy as the vector

πk
2 (·|s, a1) = (p, 1− p), p := πk

2 (a2 = 0 | s, a1) ∈ (0, 1),

and write A2(a2) := Aπk

2 (s, a1, a2) and d := dπ
k

ρ (s, a1) = dπ
k

ρ (s)πk
1 (a1|s) for the augmented

visitation weight.

1 2 3

Figure 1: The n = 3 chain DAG G used in the worked example. Agent i conditions its action on the
actions of its parents Pi: P1 = ∅, P2 = {1}, P3 = {2}. The maximum in-degree is κ = 1.

Fisher block and its null space. For agent 2, the Fisher information matrix is block-diagonal
across (s, a1) pairs, with the block at (s, a1) equal to dF2,s,a1

, where

F2,s,a1 = diag(p, 1− p)− (p, 1− p)⊤(p, 1− p) = p(1− p)

(
1 −1
−1 1

)
.

Its null space is span{1} with 1 = (1, 1)⊤. The pseudo-inverse of the full block is 1
dF

†
2,s,a1

.

Gradients lie in the range of the Fisher block. By the gradient formula in the proof of Lemma 1,
the potential and (weighted) log-barrier gradients with respect to θ2(s, a1, ·) are

gΦ =
d

1− γ

(
pA2(0), (1− p)A2(1)

)
, glb = λd

(
1− 2p, 2p− 1

)
.

Both lie in the range of F2,s,a1 (i.e., are orthogonal to 1):
∑

a2
gΦ(a2) = d

1−γ

(
pA2(0) + (1 −

p)A2(1)
)
= 0 because the advantage is centered under πk

2 , and
∑

a2
glb(a2) = λd

(
(1−2p)+(2p−

1)
)
= 0.

Applying the pseudo-inverse: the d factor cancels. For any g with
∑

a2
g(a2) = 0, one verifies

directly that x(a2) := g(a2)/π
k
2 (a2) + c solves F2,s,a1

x = g for any constant c:

(F2,s,a1 x)(a2) = πk
2 (a2)x(a2)− πk

2 (a2)⟨πk
2 , x⟩ = g(a2) + πk

2 (a2)c− πk
2 (a2)

(∑
a′
2
g(a′2)︸ ︷︷ ︸

=0

+c
)
= g(a2).
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Hence [F †
2,s,a1

g](a2) = g(a2)/π
k
2 (a2) + c′ for a constant c′ (fixed by orthogonality to 1). Applying

1
dF

†
2,s,a1

to the total gradient g = gΦ + glb and using g(a2)/π
k
2 (a2) = d

[A2(a2)
1−γ + λ( 1

πk
2 (a2)

− 2)
]
:

[
1
dF

†
2,s,a1

g
]
(a2) =

A2(a2)

1− γ
+

λ

πk
2 (a2)

− λ |A2|+
c′

d
.

The augmented visitation weight d = dπ
k

ρ (s, a1) cancels completely (it multiplies the gradient and
divides through the pseudo-inverse), the term −λ|A2| = −2λ matches Lemma 2, and the constant
c′/d is independent of a2 and so cancels after the softmax normalization in θk+1

2 = θk2 + η[· · · ].
This recovers exactly the regularized update (5); dropping the λ terms recovers the unregularized
update (4).

Why the weighting matters. Suppose instead one uses the unweighted barrier
λ
∑

s,a2
log πθ2(a2|s, a1), whose gradient is glb,unw = λ(1 − 2p, 2p − 1) without the factor

d. The potential part is unchanged and its own d still cancels, but the barrier part now gives[
1
dF

†
2,s,a1

glb,unw
]
(a2) =

1

d

(
λ

πk
2 (a2)

− 2λ

)
=

1

dπk

ρ (s)πk
1 (a1|s)

(
λ

πk
2 (a2)

− 2λ

)
,

which carries the parent-marginal factor 1/πk
1 (a1|s) = 1/πP2(a1|s) that can be arbitrarily small.

This is precisely the uncontrollable term discussed in Section 4.2; weighting the barrier by
dπ

k

ρ (s, a1) removes it.

B Proof of Unregularized NPG

B.1 Proof of Lemma 1

Proof. We first give explict forms of the gradient and Fisher information matrix. By Lemma 5.1 in
Chen & Zhang (2023), the gradient of the objective function for BN policy is:

∂L(θ)

∂θi(s, aPi , ai)
=

1

1− γ
dθ(s, aPi)πθi(ai|s, aPi)Ai(s, aPi , ai).

The Fisher information matrix is block-diagonal, with blocks indexed by (s, aPi):

Fi(θ) = blkdiag
{
dθ(s, aPi)Fi,s,aPi (θi)

}
s,aPi

,

where each block is

Fi,s,aPi (θi) = diag{πθi(·|s, aPi)} − πθi(·|s, aPi)πθi(·|s, aPi)⊤.

For brevity, we will write Fi,s,aPi as shorthand for Fi,s,aPi (θi).

It suffices to compute for each block (s, aPi). Given block (s, aPi), the update direction as given in
(3) is therefore:

F †
i,s,aPi

∂L(θ)

∂θi(s, aPi , ·)
= F †

i,s,aPi

[
1

1− γ
dθ(s, aPi)πθi(·|s, aPi)⊙Ai(s, aPi , ·)

]
where ⊙ denotes element-wise multiplication. There are some facts about Fi,s,aPi and its pseudo-
inverse F †

i,s,aPi
that we will use:

• Fi,s,aPi is symmetric and positive semi-definite, with a one-dimensional null space spanned by
the all-ones vector 1.
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• For any symmetric matrix M , M†M is the orthogonal projector onto the range of M . Since
Fi,s,aPi is symmetric, F †

i,s,aPi
Fi,s,aPi is the orthogonal projector onto the range of Fi,s,aPi ,

which is the orthogonal complement of the null space of Fi,s,aPi (i.e., the space orthogonal to
1). Therefore,

F †
i,s,aPi

Fi,s,aPi = I − Projspan(1) = I − 1

|Ai|
11⊤.

Now, let f(ai) :=
Ai(s,aPi ,ai)

(1−γ)πθi
(ai|s,aPi )

. Then:

Fi,s,aPi f = diag{πθi(·|s, aPi)}f − πθi(·|s, aPi)⟨πθi(·|s, aPi), f⟩

=
1

1− γ
Ai(s, aPi , ·)− πθi(·|s, aPi) · 0

=
1

1− γ
Ai(s, aPi , ·),

where we used
∑

ai
πθi(ai|s, aPi)Ai(s, aPi , ai) = 0.

Therefore:

F †
i,s,aPi

[
1

1− γ
Ai(s, aPi , ·)

]
= F †

i,s,aPi
Fi,s,aPi f

=

(
I − 1

|Ai|
11⊤

)
f

= f − f̄1,

where f̄ = 1
|Ai|

∑
ai
f(ai) is a constant depending only on (s, aPi).

Multiplying back by dθ(s, aPi) and converting back to the original coordinates:[
Fi(θ)

†∇θiL(θ)
]
(s,aPi ,ai)

=
Ai(s, aPi , ai)

1− γ
+ c(s, aPi),

where c(s, aPi) = −f̄ depends only on (s, aPi) but not on ai.

Therefore, the NPG update becomes:

θk+1
i (s, aPi , ai) = θki (s, aPi , ai) + η

(
Ak

i (s, aPi , ai)

1− γ
+ c(s, aPi)

)
.

Taking exponentials and normalizing:

πk+1
i (ai|s, aPi) =

exp(θk+1
i (s, aPi , ai))∑

a′
i
exp(θk+1

i (s, aPi , a′i))

=
πk
i (ai|s, aPi) exp

(
η
Ak

i (s,aPi ,ai)

1−γ

)
∑

a′
i
πk
i (a

′
i|s, aPi) exp

(
η
Ak

i (s,aPi ,a′
i)

1−γ

) ,
where the exp(ηc(s, aPi)) terms cancel in the numerator and denominator.

B.2 Lemma 4

Lemma 4 (BN Policy MPG Property). Define hi(s, a) := ri(s, a)−ϕ(s, a), which implies V π
i (s) =

Φπ(s) + V π
hi
(s). Define Aπ

hi
(s, aPi , ai) with respect to hi analogously to the advantage function.

We then have ∑
ai

(π′
i(ai|s, aPi)− πi(ai|s, aPi))Aπ

hi
(s, aPi , ai) = 0,

for all s ∈ S, aPi ∈ APi , i ∈ [n], π′
i, πi ∈ ∆(Ai).
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Proof. By the definition of Markov potential game, for any µ, π′
i, πi, and π−i:

V
π′
i,π−i

i (µ)− V
πi,π−i

i (µ) = Φπ′
i,π−i(µ)− Φπi,π−i(µ).

It follows that

0 = V
π′
i,π−i

hi
(µ)− V

πi,π−i

hi
(µ)

=
1

1− γ

∑
s

d
π′
i,π−i

µ (s)
∑
aPi

πPi(aPi |s)
∑
ai

(π′
i(ai|s, aPi)− πi(ai|s, aPi))Aπ

hi
(s, aPi , ai).

Since this holds for any initial distribution µ ∈ ∆(S), including point masses on each state, we have
for each s:

0 =
∑
aPi

πPi(aPi |s)
∑
ai

(π′
i(ai|s, aPi)− πi(ai|s, aPi))Aπ

hi
(s, aPi , ai).

Since this holds for any choice of π−i (and hence any distribution πPi(·|s) ∈ ∆(APi)), we con-
clude:

0 =
∑
ai

(π′
i(ai|s, aPi)− πi(ai|s, aPi))Aπ

hi
(s, aPi , ai), ∀(s, aPi).

B.3 Lemma 5

Lemma 5 (Potential Function Ascent for BN Policy). Given policy πk and advantage function
Aπk

i (s, aPi , ai), for πk+1 generated using BN-NPG update (4), we have

Φπk+1

(ρ)− Φπk

(ρ)

≥
(

1
1−γ −

√
n(1+Amax)ϕmaxη

(1−γ)3

)∑
s d

πk+1

ρ (s)
∑n

i=1

∑
aPi

πk+1
Pi (aPi |s)⟨πk+1

i (·|s, aPi), Aπk

i (s, aPi , ·)⟩.

Proof. Without loss of generality, assume agents are indexed according to a topological ordering of
the DAG G, i.e., if j ∈ Pi, then j < i.

We introduce the intermediate policy:

π̃k
−i(a−i|s, ai) :=

∏
j<i

πk+1
j (aj |s, aPj )

∏
l>i

πk
l (al|s, aPl),

where all parent actions aPj and aPl are extracted from the joint action (ai, a−i). Under topological
ordering:

• For j < i: Pj ⊆ {1, . . . , j − 1} ⊂ {1, . . . , i − 1}, so aPj is determined by actions of agents in
{1, . . . , j − 1}, which are all contained in a−i (since j < i).

• For l > i: P l ⊆ {1, . . . , l − 1}, so aPl may include agent i’s action (from ai) and actions from
agents in {1, . . . , i− 1, i+ 1, . . . , l − 1} (contained in a−i).

Thus π̃k
−i(·|s, ai) is well-defined as a distribution over a−i conditioned on (s, ai).

Let Āπ̃k

i,ϕ(s, aPi , ai) denote the marginalized advantage:

Āπ̃k

i,ϕ(s, aPi , ai) =
∑
a−Pi

+

π̃k
−i(a−Pi

+
|s, aPi , ai)A

πk

ϕ (s, aPi , ai, a−Pi
+
)

=
1

πk+1
Pi (aPi |s)

∑
a−Pi

+

π̃k
−i(aPi , a−Pi

+
|s, ai)Aπk

ϕ (s, aPi , ai, a−Pi
+
),
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where a−Pi
+

denotes the actions of agents not in Pi
+ := Pi ∪ {i}, and

π̃k
−i(a−Pi

+
|s, aPi , ai) =

π̃k
−i(aPi , a−Pi

+
|s, ai)∑

a−Pi
+

π̃k
−i(aPi , a−Pi

+
|s, ai)

=
π̃k
−i(aPi , a−Pi

+
|s, ai)

πk+1
Pi (aPi |s)

.

By the performance difference lemma:

Φπk+1

(ρ)− Φπk

(ρ) =
1

1− γ

∑
s

dπ
k+1

ρ (s)
∑
a

(πk+1(a|s)− πk(a|s))Aπk

ϕ (s, a).

Telescoping decomposition:

πk+1(a|s)− πk(a|s)

=

n∑
i=1

 i∏
j=1

πk+1
j (aj |s, aPj )

n∏
l=i+1

πk
l (al|s, aPl)−

i−1∏
j=1

πk+1
j (aj |s, aPj )

n∏
l=i

πk
l (al|s, aPl)


=

n∑
i=1

∏
j<i

πk+1
j (aj |s, aPj )

∏
l>i

πk
l (al|s, aPl)

 (πk+1
i (ai|s, aPi)− πk

i (ai|s, aPi))

=

n∑
i=1

π̃k
−i(a−i|s, ai)(πk+1

i (ai|s, aPi)− πk
i (ai|s, aPi)).

Therefore:

Φπk+1

(ρ)− Φπk

(ρ)

=
1

1− γ

∑
s

dπ
k+1

ρ (s)
∑
a

n∑
i=1

π̃k
−i(a−i|s, ai)(πk+1

i (ai|s, aPi)− πk
i (ai|s, aPi))Aπk

ϕ (s, a)

=
1

1− γ

∑
s

dπ
k+1

ρ (s)

n∑
i=1

∑
aPi

∑
ai

∑
a−Pi

+

π̃k
−i(aPi , a−Pi

+
|s, ai)

× (πk+1
i (ai|s, aPi)− πk

i (ai|s, aPi))Aπk

ϕ (s, aPi , ai, a−Pi
+
)

=
1

1− γ

∑
s

dπ
k+1

ρ (s)

n∑
i=1

∑
aPi

πk+1
Pi (aPi |s)

∑
ai

(πk+1
i (ai|s, aPi)− πk

i (ai|s, aPi))

×
∑
a−Pi

+

π̃k
−i(a−Pi

+
|s, aPi , ai)A

πk

ϕ (s, aPi , ai, a−Pi
+
)

︸ ︷︷ ︸
=Āπ̃k

i,ϕ(s,aPi ,ai)

=
1

1− γ

∑
s

dπ
k+1

ρ (s)

n∑
i=1

∑
aPi

πk+1
Pi (aPi |s)

∑
ai

(πk+1
i (ai|s, aPi)− πk

i (ai|s, aPi))Āπ̃k

i,ϕ(s, aPi , ai)

=
1

1− γ

∑
s

dπ
k+1

ρ (s)

n∑
i=1

∑
aPi

πk+1
Pi (aPi |s)

∑
ai

(πk+1
i (ai|s, aPi)− πk

i (ai|s, aPi))Aπk

i (s, aPi , ai)

− 1

1− γ

∑
s

dπ
k+1

ρ (s)

n∑
i=1

∑
aPi

πk+1
Pi (aPi |s)

∑
ai

(πk+1
i (ai|s, aPi)− πk

i (ai|s, aPi))Aπk

hi
(s, aPi , ai)

+
1

1− γ

∑
s

dπ
k+1

ρ (s)

n∑
i=1

∑
aPi

πk+1
Pi (aPi |s)

∑
ai

(πk+1
i (ai|s, aPi)− πk

i (ai|s, aPi))

× (Āπ̃k

i,ϕ(s, aPi , ai)−Aπk

i,ϕ(s, aPi , ai)).
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The decomposition Āπ̃k

i,ϕ(s, aPi , ai) = Aπk

i (s, aPi , ai) − Aπk

hi
(s, aPi , ai) + (Āπ̃k

i,ϕ(s, aPi , ai) −
Aπk

i,ϕ(s, aPi , ai)) follows from Ai = Ai,ϕ +Ahi and Āπk

i,ϕ = Aπk

i,ϕ.

By Lemma 4, the second term vanishes:∑
ai

(πk+1
i (ai|s, aPi)− πk

i (ai|s, aPi))Aπk

hi
(s, aPi , ai) = 0.

For the third term, we bound the error. Since:

|Āπ̃k

i,ϕ(s, aPi , ai)−Aπk

i,ϕ(s, aPi , ai)|

=

∣∣∣∣∣∣∣
∑
a−Pi

+

π̃k
−i(a−Pi

+
|s, aPi , ai)A

πk

ϕ (s, aPi , ai, a−Pi
+
)

−
∑
a−Pi

+

πk
−i(a−Pi

+
|s, aPi , ai)A

πk

ϕ (s, aPi , ai, a−Pi
+
)

∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣
∑
a−Pi

+

(π̃k
−i(a−Pi

+
|s, aPi , ai)− πk

−i(a−Pi
+
|s, aPi , ai))A

πk

ϕ (s, aPi , ai, a−Pi
+
)

∣∣∣∣∣∣∣
≤ ϕmax

1− γ
∥π̃k

−i(·|s, aPi , ai)− πk
−i(·|s, aPi , ai)∥1,

we have:∣∣∣∣∣∑
ai

(πk+1
i (ai|s, aPi)− πk

i (ai|s, aPi))(Āπ̃k

i,ϕ(s, aPi , ai)−Aπk

i,ϕ(s, aPi , ai))

∣∣∣∣∣
≤ ϕmax

1− γ

∑
ai

|πk+1
i (ai|s, aPi)− πk

i (ai|s, aPi)|∥π̃k
−i(·|s, aPi , ai)− πk

−i(·|s, aPi , ai)∥1

Therefore:

Φπk+1

(ρ)− Φπk

(ρ)

≥ 1

1− γ

∑
s

dπ
k+1

ρ (s)

n∑
i=1

∑
aPi

πk+1
Pi (aPi |s)

∑
ai

πk+1
i (ai|s, aPi)Aπk

i (s, aPi , ai)

− ϕmax

(1− γ)2

∑
s

dπ
k+1

ρ (s)

n∑
i=1

∑
aPi

πk+1
Pi (aPi |s)

×
∑
ai

|πk+1
i (ai|s, aPi)− πk

i (ai|s, aPi)|∥π̃k
−i(·|s, aPi , ai)− πk

−i(·|s, aPi , ai)∥1.

Since
n∑

i=1

∑
aPi

πk+1
Pi (aPi |s)

∑
ai

|πk+1
i (ai|s, aPi)− πk

i (ai|s, aPi)|∥π̃k
−i(·|s, aPi , ai)− πk

−i(·|s, aPi , ai)∥1

≤
√
n

2

n∑
i=1

∑
aPi

πk+1
Pi (aPi |s)∥πk+1

i (·|s, aPi)− πk
i (·|s, aPi)∥21

+
1

2
√
n

n∑
i=1

∑
aPi

πk+1
Pi (aPi |s)

∑
ai

∥π̃k
−i(·|s, aPi , ai)− πk

−i(·|s, aPi , ai)∥21,
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where the inequality follows by first applying Cauchy–Schwarz on the sum over ai:∑
ai

|πk+1
i (ai|s, aPi)− πk

i (ai|s, aPi)|∥π̃k
−i(·|s, aPi , ai)− πk

−i(·|s, aPi , ai)∥1

≤∥πk+1
i (·|s, aPi)− πk

i (·|s, aPi)∥1 · bi,s,aPi ,

with bi,s,aPi :=
√∑

ai
∥π̃k

−i(·|s, aPi , ai)− πk
−i(·|s, aPi , ai)∥21 (using ∥v∥2 ≤ ∥v∥1), and then

applying Young’s inequality with rescaling n1/4:

a · b = (n1/4a)(n−1/4b) ≤
√
n

2
a2 +

1

2
√
n
b2.

We now bound the two terms T1 and T2 separately. Define the shorthand

Wj(s) :=
∑
aPj

πk+1
Pj (aPj |s)⟨πk+1

j (·|s, aPj ), Aπk

j (s, aPj , ·)⟩, W (s) :=

n∑
j=1

Wj(s).

Bounding T1. By Pinsker’s inequality ∥p− q∥21 ≤ 2KL(p∥q):

T1 :=

√
n

2

n∑
i=1

∑
aPi

πk+1
Pi (aPi |s)∥πk+1

i (·|s, aPi)− πk
i (·|s, aPi)∥21

≤
√
n

n∑
i=1

∑
aPi

πk+1
Pi (aPi |s)KL(πk+1

i (·|s, aPi)∥πk
i (·|s, aPi)).

From the BN-NPG update (4), log πk+1
i (ai|s,aPi )

πk
i (ai|s,aPi )

=
ηAπk

i (s,aPi ,ai)

1−γ + c(s, aPi) where c(s, aPi) =

− logZ(s, aPi) ≤ 0. Therefore:

KL(πk+1
i ∥πk

i ) =
η

1− γ
⟨πk+1

i , Aπk

i ⟩+ c(s, aPi) ≤ η

1− γ
⟨πk+1

i , Aπk

i ⟩,

giving T1 ≤
√
n η

1−γ W (s).

Bounding T2. By Pinsker’s inequality, for each (i, s, aPi , ai):

∥π̃k
−i(·|s, aPi , ai)− πk

−i(·|s, aPi , ai)∥21 ≤ 2KL(π̃k
−i(·|s, aPi , ai)∥πk

−i(·|s, aPi , ai)).

By the chain rule of KL divergence for BN distributions, since agents l > i use the same policy πk
l

in both π̃k
−i and πk

−i (contributing zero KL):

KL(π̃k
−i(·|s, aPi , ai)∥πk

−i(·|s, aPi , ai)) =
∑
j<i

∑
aPj

µ̃j(aPj |s)KL(πk+1
j (·|s, aPj )∥πk

j (·|s, aPj )),

where µ̃j(aPj |s) is the marginal over aPj induced by agents {1, . . . , j−1} using πk+1, conditioned
on s. Note that under topological ordering, Pj ⊆ {1, . . . , j − 1} for j < i, so agent i’s action does
not appear in any parent set Pj′ for j′ ≤ j < i; hence µ̃j does not depend on ai or aPi .

Since the KL does not depend on ai, summing over ai gives a factor of |Ai|:∑
ai

∥π̃k
−i(·|s, aPi , ai)− πk

−i(·|s, aPi , ai)∥21 ≤ 2|Ai|
∑
j<i

∑
aPj

µ̃j(aPj |s)KL(πk+1
j (·|s, aPj )∥πk

j (·|s, aPj )).

Using KL(πk+1
j ∥πk

j ) ≤
η

1−γ ⟨π
k+1
j , Aπk

j ⟩, multiplying by πk+1
Pi (aPi |s), and summing over aPi , the

marginal identity ∑
aPi

πk+1
Pi (aPi |s) µ̃j(aPj |s) = πk+1

Pj (aPj |s)



Reinforcement Learning Journal 2026

holds because Pj ⊆ {1, . . . , j − 1} ⊂ {1, . . . , i − 1} and all agents {1, . . . , i − 1} use πk+1 in
both π̃k

−i and πk+1, so marginalizing the joint distribution of agents {1, . . . , i − 1} under πk+1 to
Pj yields πk+1

Pj . Therefore:

T2 :=
1

2
√
n

n∑
i=1

∑
aPi

πk+1
Pi (aPi |s)

∑
ai

∥π̃k
−i(·|s, aPi , ai)− πk

−i(·|s, aPi , ai)∥21

≤ 1

2
√
n

n∑
i=1

2|Ai|η
1− γ

∑
j<i

∑
aPj

πk+1
Pj (aPj |s)⟨πk+1

j (·|s, aPj ), Aπk

j (s, aPj , ·)⟩

=
η√

n(1− γ)

n∑
i=1

|Ai|
∑
j<i

Wj(s) ≤
Amaxη√
n(1− γ)

n−1∑
j=1

(n− j)Wj(s) ≤
√
nAmax η

1− γ
W (s),

where we used
∑n

i=1

∑
j<i Wj =

∑n−1
j=1 (n− j)Wj ≤ n

∑
j Wj = nW (s).

Combining T1 + T2:
n∑

i=1

∑
aPi

πk+1
Pi (aPi |s)

∑
ai

|πk+1
i (ai|s, aPi)− πk

i (ai|s, aPi)|∥π̃k
−i(·|s, aPi , ai)− πk

−i(·|s, aPi , ai)∥1

≤ T1 + T2 ≤
√
n(1 +Amax)η

1− γ

n∑
i=1

∑
aPi

πk+1
Pi (aPi |s)⟨πk+1

i (·|s, aPi), Aπk

i (s, aPi , ·)⟩.

Therefore:

Φπk+1

(ρ)− Φπk

(ρ)

≥ 1

1− γ

∑
s

dπ
k+1

ρ (s)

n∑
i=1

∑
aPi

πk+1
Pi (aPi |s)

∑
ai

πk+1
i (ai|s, aPi)Aπk

i (s, aPi , ai)

−
√
n(1 +Amax)ϕmaxη

(1− γ)3

∑
s

dπ
k+1

ρ (s)

n∑
i=1

∑
aPi

πk+1
Pi (aPi |s)

∑
ai

πk+1
i (ai|s, aPi)Aπk

i (s, aPi , ai)

=

(
1

1− γ
−

√
n(1 +Amax)ϕmaxη

(1− γ)3

)∑
s

dπ
k+1

ρ (s)

n∑
i=1

∑
aPi

πk+1
Pi (aPi |s)

∑
ai

πk+1
i (ai|s, aPi)Aπk

i (s, aPi , ai)

=

(
1

1− γ
−

√
n(1 +Amax)ϕmaxη

(1− γ)3

)∑
s

dπ
k+1

ρ (s)

n∑
i=1

∑
aPi

πk+1
Pi (aPi |s)⟨πk+1

i (·|s, aPi), Aπk

i (s, aPi , ·)⟩.

B.4 Lemma 6

Lemma 6 (Function fk for BN Policy). At iteration k, define

fk(α) =

n∑
i=1

∑
aPi

πk+1
Pi (aPi |s)

∑
ai

πi,α(ai|s, aPi)Aπk

i (s, aPi , ai),

where

πi,α(ai|s, aPi) ∝ πk
i (ai|s, aPi) exp

(
αAπk

i (s, aPi , ai)

1− γ

)
.

Note that fk(α) depends on s; we suppress this dependence for notational brevity since the subse-
quent analysis sums over s weighted by dπ

k+1

ρ (s) and the bound in this lemma holds uniformly for
all s ∈ S.
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Then, for any α > 0,

fk(α) ≥ fk(∞)

1− 1

ν
(
exp

(
δα
1−γ

)
− 1
)
+ 1

 ,

where akip ∈ argmaxaj∈Ai
Aπk

i (s, aPi , aj) =: Ak
ip
(s, aPi), akiq ∈

argmaxaj∈Ai\Ak
ip

(s,aPi ) A
πk

i (s, aPi , aj), and δ > 0 is defined in Assumption 2.

Proof. For any i ∈ [n] and any (s, aPi) pair, we have

∑
ai

πi,α(ai|s, aPi)A
πk

i (s, aPi , ai)

=

∑
ai

Aπk

i (s, aPi , ai)π
k
i (ai|s, aPi) exp

(
αAπk

i (s,aPi ,ai)

1−γ

)
∑

ai
πk
i (ai|s, aPi) exp

(
αAπk

i (s,aPi ,ai)

1−γ

)

≥

∑
aj∈Ak

ip
(s,aPi )

Aπk

i (s, aPi , aj)π
k
i (aj |s, aPi) exp

(
αAπk

i (s,aPi ,aj)

1−γ

)
∑

aj∈Ak
ip

(s,aPi )
πk
i (aj |s, aPi) exp

(
αAπk

i (s,aPi ,aj)

1−γ

)
+
∑

aj∈Ai\Ak
ip

(s,aPi )
πk
i (aj |s, aPi) exp

(
αAπk

i (s,aPi ,a
k
iq

)

1−γ

)

+

∑
aj∈Ai\Ak

ip
(s,aPi )

Aπk

i (s, aPi , aj)π
k
i (aj |s, aPi) exp

(
αAπk

i (s,aPi ,a
k
iq

)

1−γ

)
∑

aj∈Ak
ip

(s,aPi )
πk
i (aj |s, aPi) exp

(
αAπk

i (s,aPi ,aj)

1−γ

)
+
∑

aj∈Ai\Ak
ip

(s,aPi )
πk
i (aj |s, aPi) exp

(
αAπk

i (s,aPi ,a
k
iq

)

1−γ

)

=Aπk

i (s, aPi , a
k
ip)−

∑
ai

(
Aπk

i (s, aPi , ak
ip)−Aπk

i (s, aPi , ai)
)
πk
i (ai|s, aPi)(∑

aj∈Ak
ip

(s,aPi )
πk
i (aj |s, aPi)

)(
exp

(
α
(
Aπk

i (s,aPi ,a
k
ip

)−Aπk
i (s,aPi ,a

k
iq

)
)

1−γ

)
− 1

)
+ 1

≥max
ai

Aπk

i (s, aPi , ai)

1− 1

ν
(
exp

(
δα
1−γ

)
− 1
)
+ 1

 ,

where the first inequality holds due to Lemma D.1 from the work Sun et al. (2023).

By taking sum over all agents i ∈ [n] and all (s, aPi) pairs weighted by πk+1
Pi (aPi |s), we get

fk(α) ≥ fk(∞)

1− 1

ν
(
exp

(
δα
1−γ

)
− 1
)
+ 1

 ,

where fk(∞) := limα→∞ fk(α) =
∑

i∈[n]

∑
aPi

πk+1
Pi (aPi |s)maxai A

πk

i (s, aPi , ai).
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B.5 Proof of Theorem 1

Proof. Choose α = η = (1−γ)2

2
√
n(1+Amax)ϕmax

in Lemma 6. We have:

NE-gap(πk) ≤ 1

1− γ

∑
i,s

d
π∗k
i ,πk

−i
ρ (s)

∑
aPi

πk
Pi(aPi |s)max

ai

Aπk

i (s, aPi , ai)

≤ M

1− γ

∑
s

dπ
k+1

ρ (s)

n∑
i=1

∑
aPi

πk
Pi(aPi |s)max

ai

Aπk

i (s, aPi , ai)

≤ M

νκ(1− γ)

∑
s

dπ
k+1

ρ (s)

n∑
i=1

∑
aPi

πk+1
Pi (aPi |s)max

ai

Aπk

i (s, aPi , ai)

≤ M

νκ(1− γ)

∑
s

dπ
k+1

ρ (s) lim
α→∞

fk(α)

≤ M

νκ(1− γ)

∑
s

dπ
k+1

ρ (s)
fk(η)

1− 1
ν(exp( δη

1−γ )−1)+1

≤ M

νκ(1− γ)

∑
s

dπ
k+1

ρ (s)
fk(η)

1− 1
ν δη

1−γ +1

=
M

νκ(1− γ)

∑
s

dπ
k+1

ρ (s)fk(η)

(
1 +

1− γ

νδη

)
.

In the third inequality we bound the parent marginal ratio termwise: for each agent i, πk
Pi(aPi |s) ≤

ν−|Pi| πk+1
Pi (aPi |s) ≤ ν−κ πk+1

Pi (aPi |s), using πk+1
Pi (aPi |s) ≥ ν|P

i| (each of the |Pi| parent con-
ditionals is at least ν by Assumption 3), |Pi| ≤ κ, and ν ≤ 1. Since maxai

Aπk

i (s, aPi , ai) ≥ 0
(advantages are centered under πk, so the best action has nonnegative advantage), every sum-
mand is nonnegative and the common factor ν−κ can be pulled out. By Lemma 5 with η =

(1−γ)2

2
√
n(1+Amax)ϕmax

:

∑
s

dπ
k+1

ρ (s)fk(η) =
∑
s

dπ
k+1

ρ (s)

n∑
i=1

∑
aPi

πk+1
Pi (aPi |s)⟨πk+1

i (·|s, aPi), Aπk

i (s, aPi , ·)⟩

≤ Φπk+1

(ρ)− Φπk

(ρ)
1

1−γ −
√
n(1+Amax)ϕmaxη

(1−γ)3

= 2(1− γ)(Φπk+1

(ρ)− Φπk

(ρ)).

Therefore:

NE-gap(πk) ≤ 2M/νκ · (Φπk+1

(ρ)− Φπk

(ρ))

(
1 +

2
√
n(1 +Amax)ϕmax

νδ(1− γ)

)
.

Summing over k = 0, . . . ,K − 1:

1

K

K−1∑
k=0

NE-gap(πk) ≤ 2M(ΦπK

(ρ)− Φπ0

(ρ))

Kνκ

(
1 +

2
√
n(1 +Amax)ϕmax

νδ(1− γ)

)
≤ 2Mϕmax

Kνκ(1− γ)

(
1 +

2
√
n(1 +Amax)ϕmax

νδ(1− γ)

)
.
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B.6 Lemma 7

Lemma 7 (Advantage Bound for ϵ-Nash Policies in MPGs). Under Assumptions 1 and 3, if π is an
ϵ-Nash policy in a Markov potential game, then for all i ∈ [n], s ∈ S, aPi ∈ APi , and ai ∈ Ai:

Aπ
i (s, aPi , ai) ≤

M(1− γ)ϵ

ν|Pi|+1
.

Proof. By the performance difference lemma for agent i’s value function:

V
π′
i,π−i

i (ρ)− V π
i (ρ) =

1

1− γ

∑
s

d
π′
i,π−i

ρ (s)
∑
aPi

πPi(aPi |s)
∑
ai

π′
i(ai|s, aPi)Aπ

i (s, aPi , ai).

Since π is ϵ-Nash, by Definition 2, for all i and all π′
i:

V
π′
i,π−i

i (ρ)− V π
i (ρ) ≤ ϵ.

Fix any (s, aPi , ai) and consider the deviation policy π′
i that places probability ν on action

ai at state-parent pair (s, aPi) and distributes the remaining mass arbitrarily while maintaining
π′
i(·|s̃, ãPi) ≥ ν for all (s̃, ãPi). By Assumption 1, d

π′
i,π−i

ρ (s) ≥ 1/M . By Assumption 3,
πPi(aPi |s) ≥ ν|P

i|. Therefore:

ϵ ≥ V
π′
i,π−i

i (ρ)− V π
i (ρ) ≥ ν|P

i| · ν
M(1− γ)

Aπ
i (s, aPi , ai).

Rearranging gives Aπ
i (s, aPi , ai) ≤ M(1−γ)ϵ

ν|Pi|+1
.

B.7 Lemma 8

Lemma 8 (Q-function Recursion for Fully Connected BN). For a fully connected BN with topo-
logical ordering 1, . . . , n, we have Pi

+ = Pi+1 for all i ∈ [n− 1], and:

Qπ
ϕ,i(s, aPi) = Qπ

ϕ,i−1(s, aPi−1
+

), ∀i ≥ 2,

where Qπ
ϕ,i(s, aPi) :=

∑
a−Pi

π(a−Pi |s, aPi)Qπ
ϕ(s, aPi , a−Pi) is the marginalized Q-function for

the potential.

Proof. Since Pi = {1, . . . , i− 1} = Pi−1
+ :

Qπ
ϕ,i(s, aPi) =

∑
a−Pi

π(a−Pi |s, aPi)Qπ
ϕ(s, aPi , a−Pi)

=
∑

a
−Pi−1

+

π(a−Pi−1
+

|s, aPi−1
+

)Qπ
ϕ(s, aPi−1

+
, a−Pi−1

+
) = Qπ

ϕ,i−1(s, aPi−1
+

).

B.8 Lemma 9

Lemma 9 (Nash-to-Optimality for Fully Connected BN in MPGs). Under Assumptions 1 and 3, for
a fully connected BN in a Markov potential game, if π is an ϵ-Nash policy, then π is an ϵ′-optimal
policy with:

ϵ′ =
Mϵ(1− νn)

νn(1− ν)
.
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Proof. By Lemma 7, for agent i with |Pi| = i− 1 in a fully connected BN:

Aπ
i (s, aPi , ai) ≤

M(1− γ)ϵ

νi
.

By the MPG definition, V i
π′
i,π−i

(ρ) − V i
π(ρ) = Φπ′

i,π−i
(ρ) − Φπ(ρ) for any unilateral deviation.

Define the marginalized potential advantage:

Aπ
ϕ,i(s, aPi , ai) := Qπ

ϕ,i(s, aPi , ai)−Qπ
ϕ,i(s, aPi).

The MPG property implies Aπ
ϕ,i(s, aPi , ai) = Aπ

i (s, aPi , ai), so:

Aπ
ϕ,i(s, aPi , ai) ≤

M(1− γ)ϵ

νi
.

For any joint action a = (a1, . . . , an), following reverse topological order and using Lemma 8:

Qπ
ϕ(s, a) = Qπ

ϕ,n(s, aPn , an) = Qπ
ϕ,n(s, aPn) +Aπ

ϕ,n(s, aPn , an)

≤ Qπ
ϕ,n−1(s, aPn−1

+
) +

M(1− γ)ϵ

νn
.

Continuing this recursion, at each step i we add M(1−γ)ϵ
νi . Noting P1 = ∅ so Qπ

ϕ,1(s, aP1) = Φπ(s):

Qπ
ϕ(s, a) ≤ Φπ(s) +M(1− γ)ϵ

n∑
i=1

1

νi
= Φπ(s) +M(1− γ)ϵ · 1− νn

νn(1− ν)
,

where we used the geometric series
∑n

i=1 ν
−i = 1−νn

νn(1−ν) .

Let π∗ be an optimal policy for the potential. By the performance difference lemma:

Φπ∗
(ρ)− Φπ(ρ) =

1

1− γ

∑
s

dπ
∗

ρ (s)
∑
a

π∗(a|s)
(
Qπ

ϕ(s, a)− Φπ(s)
)

≤ 1

1− γ

∑
s

dπ
∗

ρ (s) · M(1− γ)ϵ(1− νn)

νn(1− ν)

=
Mϵ(1− νn)

νn(1− ν)
,

where we used
∑

s d
π∗

ρ (s) = 1.

B.9 Proof of Theorem 2

Proof. By Theorem 1, since the fully connected BN has maximum in-degree κ = n− 1, we have

1

K

K−1∑
k=0

NE-gap(πk) ≤ 2Mϕmax

Kνn−1(1− γ)

(
1 +

2
√
n(1 +Amax)ϕmax

νδ(1− γ)

)
=: ϵ̄.

By Lemma 9, if π is an ϵ-Nash policy, then π is an M(1−νn)ϵ
νn(1−ν) -optimal policy. Therefore:

1

K

K−1∑
k=0

optimality-gap(πk) ≤ M(1− νn)

νn(1− ν)
· 1

K

K−1∑
k=0

NE-gap(πk)

≤ 2M2ϕmax(1− νn)

ν2n−1(1− ν)K(1− γ)

(
1 +

2
√
n(1 +Amax)ϕmax

νδ(1− γ)

)
.
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C Proof of NPG with Log-Barrier Regularizer

C.1 Proof of Lemma 2

Proof. The gradient of the log-barrier regularized objective decomposes as:

∇θiL
k
λ(θ) = ∇θiΦ

πθ (ρ) + λ∇θi

∑
s,aPi

dπ
k

ρ (s, aPi)
∑
ai

log πθi(ai|s, aPi),

where dπ
k

ρ (s, aPi) is treated as a fixed weight (independent of θ).

From Lemma 1:

∂Φπθ (ρ)

∂θi(s, aPi , ai)
=

1

1− γ
dπθ
ρ (s, aPi)πθi(ai|s, aPi)Ai(s, aPi , ai).

For the log-barrier term, using the softmax parameterization (2):

∂ log πθi(a
′
i|s′, a′Pi)

∂θi(s, aPi , ai)
= 1{(s′, a′Pi) = (s, aPi)} (1{a′i = ai} − πθi(ai|s, aPi)) .

Therefore:

∂

∂θi(s, aPi , ai)

∑
s′,a′

Pi

dπ
k

ρ (s′, a′Pi)
∑
a′
i

log πθi(a
′
i|s′, a′Pi) = dπ

k

ρ (s, aPi) (1− |Ai|πθi(ai|s, aPi)) .

Combining both terms:

∂Lk
λ(θ)

∂θi(s, aPi , ai)
=

dπθ
ρ (s, aPi)πθi(ai|s, aPi)Ai(s, aPi , ai)

1− γ
+ λdπ

k

ρ (s, aPi) (1− |Ai|πθi(ai|s, aPi)) .

Evaluating at θ = θk (so that dπθ
ρ (s, aPi) = dπ

k

ρ (s, aPi)):

∂Lk
λ(θ

k)

∂θi(s, aPi , ai)
= dπ

k

ρ (s, aPi)

[
πk
i (ai|s, aPi)Ai(s, aPi , ai)

1− γ
+ λ

(
1− |Ai|πk

i (ai|s, aPi)
)]

.

One can verify that
∑

ai

∂Lk
λ(θ

k)
∂θi(s,aPi ,ai)

= 0 for each (s, aPi), confirming the gradient lies in the range
of the Fisher information matrix.

Applying the pseudo-inverse as in Lemma 1, for each block (s, aPi). Let g(s, aPi , ai) :=
∂Lk

λ(θ
k)

∂θi(s,aPi ,ai)
. Since

∑
ai
g(s, aPi , ai) = 0, we have:

[
Fi(θ

k)†∇θiL
k
λ(θ

k)
]
(s,aPi ,ai)

=
g(s, aPi , ai)

dπk

ρ (s, aPi)πk
i (ai|s, aPi)

+ c(s, aPi)

=
Ai(s, aPi , ai)

1− γ
+

λ

πk
i (ai|s, aPi)

− λ|Ai|+ c(s, aPi),

where c(s, aPi) is a constant depending only on (s, aPi). Note that dπ
k

ρ (s, aPi) cancels between
the gradient and the Fisher pseudo-inverse.

Therefore, the NPG update becomes:

θk+1
i (s, aPi , ai) = θki (s, aPi , ai) + η

(
Aπk

i (s, aPi , ai)

1− γ
+

λ

πk
i (ai|s, aPi)

− λ|Ai|+ c(s, aPi)

)
.

Taking exponentials and normalizing over ai, the constant c(s, aPi) cancels, yielding (5).
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C.2 Proof of Lemma 3

Proof. Define fk
i (s, aPi , ai) :=

Aπk

i (s,aPi ,ai)

1−γ + λ
πk
i (ai|s,aPi )

− λ|Ai| so that the update (5) reads

πk+1
i (ai|s, aPi) ∝ πk

i (ai|s, aPi) exp(ηfk
i (s, aPi , ai)).

We prove by induction. For θ0 = 0, we have π0
i (ai|s, aPi) = 1

|Ai| for all (s, aPi , ai), which satisfies
the lower bound.

Suppose that

πk
i (ai|s, aPi) ≥ λ

4
(
λAmax +

1
(1−γ)2

) ,
then from the definition of fk

i (s, aPi , ai), using |Ai| ≤ Amax, we have that

− 1

(1− γ)2
− λAmax ≤ fk

i (s, aPi , ai) ≤ 5

(
1

(1− γ)2
+ λAmax

)
.

Thus

− 1

15
≤ ηfk

i (s, aPi , ai) ≤
1

3
,

which leads to the fact that

Z
i,s,aPi

k =
∑
a′
i

πk
i (a

′
i|s, aPi) exp

(
ηfk

i (s, aPi , a′i)
)

≤
∑
a′
i

πk
i (a

′
i|s, aPi)

(
1 + ηfk

i (s, aPi , a′i) + (ηfk
i (s, aPi , a′i))

2
)

= 1 +
∑
a′
i

πk
i (a

′
i|s, aPi)(ηfk

i (s, aPi , a′i))
2 (8)

≤ 1 +
1

9
=

10

9
.

Thus we have that

πk+1
i (ai|s, aPi)

πk
i (ai|s, aPi)

=
exp

(
ηfk

i (s, aPi , ai)
)

Z
i,s,aPi

k

≥ 1 + ηfk
i (s, aPi , ai)

Z
i,s,aPi

k

≥
1− 1

15
10
9

=
21

25
.

Thus, for ai such that πk
i (ai|s, aPi) ≥ λ

3(λAmax+
1

(1−γ)2
)
, we have

πk+1
i (ai|s, aPi) ≥ 21

25
· λ

3(λAmax +
1

(1−γ)2 )
≥ λ

4(λAmax +
1

(1−γ)2 )
.

On the other hand, for ai such that πk
i (ai|s, aPi) < λ

3(λAmax+
1

(1−γ)2
)
, we have

fk
i (s, aPi , ai) ≥ − 1

(1− γ)2
− λAmax + 3

(
1

(1− γ)2
+ λAmax

)
= 2

(
1

(1− γ)2
+ λAmax

)
.

From inequality (8) we have that

Z
i,s,aPi

k ≤ 1 + η2
∑
a′
i

πk
i (a

′
i|s, aPi)fk

i (s, aPi , a′i)
2

≤ 1 + 25η2
(

1

(1− γ)2
+ λAmax

)2

≤ 1 +
5

3
η

(
1

(1− γ)2
+ λAmax

)
.
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Thus

πk+1
i (ai|s, aPi)

πk
i (ai|s, aPi)

=
exp

(
ηfk

i (s, aPi , ai)
)

Z
i,s,aPi

k

≥ 1 + ηfk
i (s, aPi , ai)

Z
i,s,aPi

k

≥
1 + 2η

(
1

(1−γ)2 + λAmax

)
1 + 5

3η
(

1
(1−γ)2 + λAmax

) ≥ 1,

then according to the induction assumption, we have

πk+1
i (ai|s, aPi) ≥ λ

4
(
λAmax +

1
(1−γ)2

) ,
which completes the proof.

C.3 Lemma 10

Lemma 10 (Potential Function Ascent for Log-Barrier Regularized BN-NPG). For πk+1 generated
using the log-barrier regularized BN-NPG update (5) with η satisfying the condition in Lemma 3,
define

W (s) :=

n∑
i=1

∑
aPi

πk+1
Pi (aPi |s)⟨πk+1

i (·|s, aPi), Aπk

i (s, aPi , ·)⟩.

Then:

Φπk+1

(ρ)− Φπk

(ρ) ≥
(

1

1− γ
−

√
n(1 +Amax)ϕmaxη

(1− γ)3

)∑
s

dπ
k+1

ρ (s)W (s)−
√
n(1 +Amax)ϕmaxηλn

νλ(1− γ)2
.

Proof. The proof follows the structure of Lemma 5. The telescoping decomposition, the vanishing
of the Ahi

term (Lemma 4), and the error bound via ∥π̃k
−i − πk

−i∥1 are identical, yielding:

Φπk+1

(ρ)− Φπk

(ρ)

≥ 1

1− γ

∑
s

dπ
k+1

ρ (s)W (s)− ϕmax

(1− γ)2

∑
s

dπ
k+1

ρ (s)(T1(s) + T2(s)),

where W (s) :=
∑n

i=1

∑
aPi

πk+1
Pi (aPi |s)⟨πk+1

i (·|s, aPi), Aπk

i (s, aPi , ·)⟩ and T1, T2 are defined as
in the proof of Lemma 5. The Cauchy–Schwarz and Young’s inequality steps are unchanged.

The only difference is in bounding T1 and T2 via KL divergence. From the regularized update (5):

log
πk+1
i (ai|s, aPi)

πk
i (ai|s, aPi)

=
ηAπk

i (s, aPi , ai)

1− γ
+

ηλ

πk
i (ai|s, aPi)

− ηλ|Ai|+ c(s, aPi),

where c(s, aPi) = − logZ
i,s,aPi

k ≤ 0. Therefore:

KL(πk+1
i ∥πk

i ) =
η

1− γ
⟨πk+1

i , Aπk

i ⟩+ ηλ
∑
ai

πk+1
i (ai)

πk
i (ai)

− ηλ|Ai|+ c(s, aPi)

≤ η

1− γ
⟨πk+1

i , Aπk

i ⟩+ ηλ

νλ
,

where we used c ≤ 0, −ηλ|Ai| ≤ 0, and
∑

ai
πk+1
i (ai)/π

k
i (ai) ≤ 1/νλ (since πk

i ≥ νλ).
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Bounding T1. By Pinsker’s inequality:

T1 ≤
√
n

n∑
i=1

∑
aPi

πk+1
Pi (aPi |s)

(
η

1− γ
⟨πk+1

i , Aπk

i ⟩+ ηλ

νλ

)
=

√
nη

1− γ
W (s) +

√
nηλn

νλ
.

Bounding T2. The T2 bound uses KL(πk+1
j ∥πk

j ) for agents j < i in the same way as the unregular-
ized proof (via KL chain rule and marginal identity). Substituting the regularized KL bound:

T2 ≤
√
nAmaxη

1− γ
W (s) +

√
nAmaxηλn

νλ
.

Combining.

T1 + T2 ≤
√
n(1 +Amax)η

1− γ
W (s) +

√
n(1 +Amax)ηλn

νλ
.

Substituting into the potential difference bound:

Φπk+1

(ρ)− Φπk

(ρ)

≥
(

1

1− γ
−

√
n(1 +Amax)ϕmaxη

(1− γ)3

)∑
s

dπ
k+1

ρ (s)W (s)−
√
n(1 +Amax)ϕmaxηλn

νλ(1− γ)2
.

C.4 Lemma 11

Lemma 11 (Bridge Between Regularized Update and Greedy Improvement). Let W (s) be defined
as in Lemma 10 and fk(α) as in Lemma 6. Then:

fk(η) ≤ W (s) +
2nηλ

νλ(1− γ)
.

Proof. Recall fk(η) =
∑n

i=1

∑
aPi

πk+1
Pi (aPi |s)⟨πi,η(·|s, aPi), Aπk

i (s, aPi , ·)⟩ where

πi,η(ai|s, aPi) ∝ πk
i (ai|s, aPi) exp(ηAπk

i (s, aPi , ai)/(1 − γ)), and W (s) =∑n
i=1

∑
aPi

πk+1
Pi (aPi |s)⟨πk+1

i (·|s, aPi), Aπk

i (s, aPi , ·)⟩ where πk+1
i is the regularized update.

It suffices to show that for each (i, s, aPi):

⟨πi,η, A
πk

i ⟩ ≤ ⟨πk+1
i , Aπk

i ⟩+ ηλ

νλ(1− γ)
.

Since −ηλ|Ai| cancels in normalization, the regularized update satisfies πk+1
i (ai) ∝ πi,η(ai) · Zη ·

exp(ηλ/πk
i (ai)) where Zη is the normalizer for πi,η . After renormalization:

πk+1
i (ai) =

πi,η(ai) exp(ηλ/π
k
i (ai))∑

a′
i
πi,η(a′i) exp(ηλ/π

k
i (a

′
i))

.

Define β(ai) := ηλ/πk
i (ai). Since πk

i ≥ νλ, we have 0 ≤ β(ai) ≤ ηλ/νλ. Then:

⟨πi,η, Ai⟩ − ⟨πk+1
i , Ai⟩ =

∑
ai

Ai(ai)πi,η(ai)

(
1− eβ(ai)∑

a′
i
πi,η(a′i)e

β(a′
i)

)

= ⟨πi,η, Ai⟩ −
∑

ai
πi,η(ai)e

β(ai)Ai(ai)∑
a′
i
πi,η(a′i)e

β(a′
i)

.
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This equals ⟨Ai⟩πi,η
− ⟨Ai⟩π̃ where π̃(ai) ∝ πi,η(ai)e

β(ai). By the simulation lemma:

|⟨Ai⟩πi,η
− ⟨Ai⟩π̃| ≤

1

1− γ
∥πi,η − π̃∥1.

To bound ∥πi,η − π̃∥1, note that π̃(ai)/πi,η(ai) = eβ(ai)/w̄ where w̄ =
∑

a′
i
πi,η(a

′
i)e

β(a′
i). Since

β ∈ [0, ηλ/νλ]:

∥πi,η − π̃∥1 =
∑
ai

πi,η(ai)|1− eβ(ai)/w̄| ≤ max
ai

|1− eβ(ai)/w̄|.

Since 1 ≤ eβ(ai) ≤ eηλ/νλ and 1 ≤ w̄ ≤ eηλ/νλ , we have e−ηλ/νλ ≤ eβ(ai)/w̄ ≤ eηλ/νλ . Using
|1− ex| ≤ |x|e|x| and ηλ/νλ ≤ 4/15 (from the step size condition in Lemma 3):

∥πi,η − π̃∥1 ≤ ηλ

νλ
eηλ/νλ ≤ ηλ

νλ
· 2 =

2ηλ

νλ
.

Therefore |⟨πi,η, Ai⟩−⟨πk+1
i , Ai⟩| ≤ 2ηλ

νλ(1−γ) , and summing over n agents (with
∑

aPi
πk+1
Pi ≤ 1):

fk(η) ≤ W (s) +
2nηλ

νλ(1− γ)
.

C.5 Proof of Theorem 3

Proof. Let η satisfy both conditions in the theorem statement. Since η ≤ (1−γ)2

2
√
n(1+Amax)ϕmax

, the

leading coefficient in Lemma 10 satisfies 1
1−γ −

√
n(1+Amax)ϕmaxη

(1−γ)3 ≥ 1
2(1−γ) . Since η also satisfies

the condition in Lemma 3, the probability lower bound πk
i ≥ νλ holds.

The NE-gap bound from Lemma 6 gives (using M for the state visitation ratio and the termwise par-
ent marginal ratio bound πk

Pi(aPi |s)/πk+1
Pi (aPi |s) ≤ ν

−|Pi|
λ ≤ ν−κ

λ from the proof of Theorem 1,
which is bounded since πk

i ≥ νλ):

NE-gap(πk) ≤ M

νκλ(1− γ)

∑
s

dπ
k+1

ρ (s)fk(η)

(
1 +

1− γ

νλδη

)
.

By Lemma 11: ∑
s

dπ
k+1

ρ (s)fk(η) ≤
∑
s

dπ
k+1

ρ (s)W (s) +
2nηλ

νλ(1− γ)
.

By Lemma 10:∑
s

dπ
k+1

ρ (s)W (s) ≤ 2(1− γ)
(
Φπk+1

(ρ)− Φπk

(ρ)
)
+

2(1− γ)
√
n(1 +Amax)ϕmaxηλn

νλ(1− γ)2
.

Combining:

NE-gap(πk) ≤ 2M/νκλ

(
Φπk+1

(ρ)− Φπk

(ρ)
)(

1 +
1− γ

νλδη

)
+Rλ,

where Rλ collects the λ-dependent bias terms. Summing over k = 0, . . . ,K − 1, dividing by K,
and using ΦπK

(ρ)− Φπ0

(ρ) ≤ ϕmax/(1− γ):

1

K

K−1∑
k=0

NE-gap(πk) ≤ 2Mϕmax

Kνκλ(1− γ)

(
1 +

1− γ

νλδη

)
+Rλ,

where Rλ = 2Mnηλ(
√
n(1+Amax)ϕmax+1)

νκ
λνλ(1−γ)2

(
1 + 1−γ

νλδη

)
. The bounded probability guarantee from

Lemma 3 provides πk
i ≥ νλ > 0 for all k, replacing Assumption 3 with ν = νλ in Lemma 9 and

Theorem 2.
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D Proofs for Partially Observable Extension

The proofs for the local-state extension follow the same structure as the full-observation case (Sec-
tions B–C), with (s, aPi) replaced by (si, aPi) and Ai replaced by Āi in the NPG update. We state
each result formally and highlight only the steps that differ from the full-observation proofs.

D.1 Update Rule and Bounded Probability

Lemma 12 (Exponential Form of Local-State Log-Barrier BN-NPG). The dπ
k

ρ (si, aPi)-weighted
log-barrier regularized NPG update is equivalent to (7).

Proof. The proof is identical to Lemma 2 with blocks indexed by (si, aPi) instead of (s, aPi). The
policy gradient aggregates over s−i:

∂Φπθ (ρ)

∂θi(si, aPi , ai)
=

1

1− γ
dπθ
ρ (si, aPi)πθi(ai|si, aPi)Āπθ

i (si, aPi , ai),

and the log-barrier gradient contributes λdπ
k

ρ (si, aPi)(1−|Ai|πθi(ai|si, aPi)). The Fisher informa-
tion matrix has block-diagonal structure indexed by (si, aPi) with blocks dπθ

ρ (si, aPi)Fi,si,aPi (θi).
At θ = θk, the pseudo-inverse cancels dπ

k

ρ (si, aPi) from both terms, yielding (7).

Lemma 13 (Bounded Probability for Local-State Log-Barrier BN-NPG). Under the same step size
condition as Lemma 3 and θ0 = 0, the local-state update (7) guarantees πk

i (ai|si, aPi) ≥ νλ for all
k, i, si, aPi , ai.

Proof. Since |Āπk

i (si, aPi , ai)| ≤ 1/(1− γ) (as Āi is a convex combination of Ai values bounded
by 1/(1− γ)), the induction proof of Lemma 3 applies verbatim with (s, aPi) replaced by (si, aPi)
and Ai replaced by Āi.

D.2 Potential Function Ascent

Lemma 14 (Potential Function Ascent for Local-State Log-Barrier BN-NPG). For πk+1 generated
using the local-state log-barrier regularized BN-NPG update (7) with η satisfying the condition in
Lemma 13, define

W (s) :=

n∑
i=1

∑
aPi

πk+1
Pi (aPi |s)⟨πk+1

i (·|si, aPi), Aπk

i (s, aPi , ·)⟩.

Then:

Φπk+1

(ρ)− Φπk

(ρ) ≥
(

1

1− γ
−

√
n(1 +Amax)ϕmaxη

(1− γ)3

)∑
s

dπ
k+1

ρ (s)W (s)

−
√
n(1 +Amax)ϕmaxηn(ϵpo + λ/νλ)

(1− γ)2
.

Proof. The performance difference lemma, telescoping decomposition, and MPG cancellation
(Lemma 4) all hold at the full-state level identically to the proof of Lemma 10. Crucially,∑

ai
(πk+1

i (ai|si, aPi) − πk
i (ai|si, aPi))Aπk

hi
(s, aPi , ai) = 0 holds by Lemma 4 for any pair of

distributions over ai, regardless of whether they depend on s or si. The Cauchy–Schwarz and
Young’s inequality steps bounding T1 + T2 are also unchanged.

The only difference is in the KL bound. From the local-state update (7):

log
πk+1
i (ai|si, aPi)

πk
i (ai|si, aPi)

=
ηĀπk

i (si, aPi , ai)

1− γ
+

ηλ

πk
i (ai|si, aPi)

− ηλ|Ai|+ c(si, aPi),
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where c(si, aPi) ≤ 0. Therefore:

KL(πk+1
i (·|si, aPi)∥πk

i (·|si, aPi)) ≤ η

1− γ
⟨πk+1

i (·|si, aPi), Āπk

i (si, aPi , ·)⟩+ ηλ

νλ
.

Bounding T1. By Pinsker’s inequality and the KL bound above:

T1 ≤
√
n

n∑
i=1

∑
aPi

πk+1
Pi (aPi |s)

(
η

1− γ
⟨πk+1

i , Āπk

i (si, ·)⟩+
ηλ

νλ

)
.

We decompose ⟨πk+1
i , Āπk

i (si, ·)⟩ = ⟨πk+1
i , Aπk

i (s, ·)⟩+ ⟨πk+1
i , Āπk

i (si, ·)−Aπk

i (s, ·)⟩, where the
second term satisfies |⟨πk+1

i , Āπk

i (si, ·)−Aπk

i (s, ·)⟩| ≤ ϵpo by the definition of ϵpo. Therefore:

T1 ≤
√
nη

1− γ
W (s) +

√
nηn(ϵpo + λ/νλ)

1− γ
,

where we used
∑

aPi
πk+1
Pi (aPi |s) = 1 and summed over n agents.

Bounding T2. The T2 bound uses KL(πk+1
j ∥πk

j ) for agents j < i via the KL chain rule and marginal
identity, exactly as in the proof of Lemma 10. Substituting the KL bound with the ϵpo correction:

T2 ≤
√
nAmaxη

1− γ
W (s) +

√
nAmaxηn(ϵpo + λ/νλ)

1− γ
.

Combining.

T1 + T2 ≤
√
n(1 +Amax)η

1− γ
W (s) +

√
n(1 +Amax)ηn(ϵpo + λ/νλ)

1− γ
.

Substituting into the potential difference bound (identical to Lemma 10):

Φπk+1

(ρ)− Φπk

(ρ)

≥
(

1

1− γ
−

√
n(1 +Amax)ϕmaxη

(1− γ)3

)∑
s

dπ
k+1

ρ (s)W (s)−
√
n(1 +Amax)ϕmaxηn(ϵpo + λ/νλ)

(1− γ)2
.

D.3 Bridge Lemma

Lemma 15 (Bridge Between Local-State Regularized Update and Greedy Improvement). Define
f̄k(s, η) :=

∑n
i=1

∑
aPi

πk+1
Pi (aPi |s)⟨π̄i,η(·|si, aPi), Aπk

i (s, aPi , ·)⟩, where π̄i,η(ai|si, aPi) ∝
πk
i (ai|si, aPi) exp(ηĀπk

i (si, aPi , ai)/(1− γ)). Then:

f̄k(s, η) ≤ W (s) +
2nηλ

νλ(1− γ)
.

Proof. The proof is identical to Lemma 11. For each (i, si, aPi), the regularized update πk+1
i dif-

fers from π̄i,η only by the log-barrier perturbation exp(ηλ/πk
i (ai|si, aPi)). The same TV-distance

bound gives |⟨π̄i,η, A
πk

i (s, ·)⟩ − ⟨πk+1
i , Aπk

i (s, ·)⟩| ≤ 2ηλ
νλ(1−γ) , and summing over n agents yields

the result.
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D.4 NE-gap Connection

Lemma 16 (NE-gap to Potential Ascent (Partial Observation)). Under Assumption 4 and πk
i ≥ νλ,

we have:

NE-gap(πk) ≤ M

νκλ(1− γ)

∑
s

dπ
k+1

ρ (s)

[
(f̄k(s, η) + nϵpo)

(
1 +

1− γ

νλδ̄η

)
+ nϵpo

]
.

Proof. By the performance difference lemma for agent i’s value function under local-state deviation
π′
i(·|si, aPi):

V
π′
i,π−i

i (ρ)− V π
i (ρ) =

1

1− γ

∑
s

d
π′
i,π−i

ρ (s)
∑
aPi

πPi(aPi |s)
∑
ai

π′
i(ai|si, aPi)Aπ

i (s, aPi , ai).

Taking the maximum over π′
i and using d

π′
i,π−i

ρ (s) ≤ M · dπk+1

ρ (s) and the termwise parent

marginal ratio bound πk
Pi(aPi |s) ≤ ν

−|Pi|
λ πk+1

Pi (aPi |s) ≤ ν−κ
λ πk+1

Pi (aPi |s) (since πk
i ≥ νλ and

maxai
Aπk

i ≥ 0, as in the proof of Theorem 1):

NE-gap(πk) ≤ M

νκλ(1− γ)

∑
s

dπ
k+1

ρ (s)

n∑
i=1

∑
aPi

πk+1
Pi (aPi |s)max

ai

Aπk

i (s, aPi , ai).

We now relate maxai
Aπk

i (s, aPi , ai) to f̄k(s, η). By the definition of ϵpo:

max
ai

Aπk

i (s, aPi , ai) ≤ max
ai

Āπk

i (si, aPi , ai) + ϵpo.

To bound maxai
Āi, we apply Lemma 6 to the marginalized advantages Āi with gap δ̄ (Assumption

4). Define f̄k
Ā
(si, η) :=

∑n
i=1

∑
aPi

πk+1
Pi (aPi |s)⟨π̄i,η, Ā

πk

i (si, ·)⟩. By Lemma 6 and exp(x)−1 ≥
x:

n∑
i=1

∑
aPi

πk+1
Pi (aPi |s)max

ai

Āπk

i (si, aPi , ai) ≤ f̄k
Ā(si, η)

(
1 +

1− γ

νλδ̄η

)
.

Since |⟨π̄i,η, Āi(si, ·)−Ai(s, ·)⟩| ≤ ϵpo for each (i, aPi):

f̄k
Ā(si, η) ≤ f̄k(s, η) + nϵpo.

Combining:

n∑
i=1

∑
aPi

πk+1
Pi (aPi |s)max

ai

Aπk

i (s, aPi , ai)

≤ (f̄k(s, η) + nϵpo)

(
1 +

1− γ

νλδ̄η

)
+ nϵpo,

where the first nϵpo comes from f̄k
Ā

≤ f̄k + nϵpo and the second from maxai
Ai ≤ maxai

Āi +
ϵpo.

D.5 Proof of Theorem 4

Proof. Let η satisfy both conditions in the theorem statement. By Lemma 13, πk
i ≥ νλ for all k.
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By Lemma 16, using (f̄k + nϵpo)(1 +
1−γ
νλδ̄η

) + nϵpo ≤ (f̄k + 2nϵpo)(1 +
1−γ
νλδ̄η

), and then Lemma
15:

NE-gap(πk) ≤ M

νκλ(1− γ)

(
1 +

1− γ

νλδ̄η

)[∑
s

dπ
k+1

ρ (s)

(
W (s) +

2nηλ

νλ(1− γ)

)
+ 2nϵpo

]
.

By Lemma 14, since η ≤ (1−γ)2

2
√
n(1+Amax)ϕmax

implies the leading coefficient is ≥ 1
2(1−γ) :∑

s

dπ
k+1

ρ (s)W (s) ≤ 2(1− γ)
(
Φπk+1

(ρ)− Φπk

(ρ)
)
+

2(1− γ)
√
n(1 +Amax)ϕmaxηn(ϵpo + λ/νλ)

(1− γ)2
.

Substituting, summing over k = 0, . . . ,K − 1, dividing by K, and using ΦπK

(ρ) − Φπ0

(ρ) ≤
ϕmax/(1− γ):

1

K

K−1∑
k=0

NE-gap(πk) ≤ 2Mϕmax

Kνκλ(1− γ)

(
1 +

1− γ

νλδ̄η

)
+Rλ +

4Mnϵpo

νκλ(1− γ)

(
1 +

1− γ

νλδ̄η

)
,

where Rλ = 2Mnηλ(
√
n(1+Amax)ϕmax+1)

νκ
λνλ(1−γ)2 (1 + 1−γ

νλδ̄η
) collects the λ-dependent bias terms (including

the ϵpo contributions from the potential ascent that are absorbed into the Rλ term at the same order
as the regularization bias).

D.6 Nash-to-Optimality Transfer

Lemma 17 (Nash-to-Optimality for Fully Connected Local-State BN in MPGs). Under Assumption
1 and πk

i ≥ νλ, for a fully connected BN in a Markov potential game, if π is an ϵ-Nash policy (i.e.,
NE-gap(π) ≤ ϵ), then:

optimality-gap(π) ≤ Mϵ(1− νnλ )

νnλ (1− νλ)
+

nϵpo
1− γ

.

Proof. By the performance difference lemma for agent i’s value function under local-state deviation,
analogous to Lemma 7: from NE-gap(π) ≤ ϵ, for any (si, aPi , ai), choosing a deviation policy π′

i

that concentrates on ai at (si, aPi) while maintaining π′
i ≥ νλ, and using d

π′
i,π−i

ρ (s) ≥ 1/M

(Assumption 1) and πPi(aPi |s) ≥ ν
|Pi|
λ :

ϵ ≥
ν
|Pi|
λ · νλ

M(1− γ)
Āπ

i (si, aPi , ai),

giving Āπ
i (si, aPi , ai) ≤ M(1− γ)ϵ/ν

|Pi|+1
λ .

By the definition of ϵpo, the full-state advantage satisfies:

Aπ
i (s, aPi , ai) ≤ Āπ

i (si, aPi , ai) + ϵpo ≤ M(1− γ)ϵ

ν
|Pi|+1
λ

+ ϵpo.

By the MPG property, Aπ
ϕ,i(s, aPi , ai) = Aπ

i (s, aPi , ai). For a fully connected BN with |Pi| =
i− 1, the recursive Q-function decomposition (Lemma 8) gives:

Qπ
ϕ(s, a) = Φπ(s) +

n∑
i=1

Aπ
ϕ,i(s, aPi , ai)

≤ Φπ(s) +

n∑
i=1

(
M(1− γ)ϵ

νiλ
+ ϵpo

)
= Φπ(s) +M(1− γ)ϵ · 1− νnλ

νnλ (1− νλ)
+ nϵpo.



Reinforcement Learning Journal 2026

By the performance difference lemma for the potential:

Φπ∗
(ρ)− Φπ(ρ) =

1

1− γ

∑
s

dπ
∗

ρ (s)
∑
a

π∗(a|s)(Qπ
ϕ(s, a)− Φπ(s))

≤ 1

1− γ

[
M(1− γ)ϵ · 1− νnλ

νnλ (1− νλ)
+ nϵpo

]
=

Mϵ(1− νnλ )

νnλ (1− νλ)
+

nϵpo

1− γ
.

D.7 Corollary 2

Corollary 2 (Optimality for fully correlated local-state BN policies). Under the conditions of The-
orem 4 with fully connected BN:

1

K

K−1∑
k=0

optimality-gap(πk)

≤M(1− νnλ )

νnλ (1− νλ)

[
2Mϕmax

Kνn−1
λ (1− γ)

(
1 +

1− γ

νλδ̄η

)
+Rλ +

4Mnϵpo

νn−1
λ (1− γ)

(
1 +

1− γ

νλδ̄η

)]
+

nϵpo
1− γ

.

Proof. By Lemma 17, for each k:

optimality-gap(πk) ≤ M(1− νnλ )

νnλ (1− νλ)
· NE-gap(πk) +

nϵpo

1− γ
.

Averaging over k = 0, . . . ,K−1 and applying Theorem 4 (with maximum in-degree κ = n−1 for
the fully connected BN):

1

K

K−1∑
k=0

optimality-gap(πk)

≤M(1− νnλ )

νnλ (1− νλ)
· 1

K

K−1∑
k=0

NE-gap(πk) +
nϵpo

1− γ

≤M(1− νnλ )

νnλ (1− νλ)

[
2Mϕmax

Kνn−1
λ (1− γ)

(
1 +

1− γ

νλδ̄η

)
+Rλ +

4Mnϵpo

νn−1
λ (1− γ)

(
1 +

1− γ

νλδ̄η

)]
+

nϵpo

1− γ
.


