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Summary

We study general-utility Markov decision processes (GUMDPs) with risk-aware objectives.
In this framework, an agent aims to optimize a risk measure of the distribution of objective
values, where the objective function depends on the frequency of visitation of states induced
by the agent’s policy. First, we motivate, propose and formalize risk-aware GUMDPs, which
enable agents and decision makers to trade off expected performance and risk aversion while
benefiting from the rich set of objectives that can be cast under the framework of GUMDPs.
We focus our attention to the entropic risk measure (ERM). Second, we show how we can
solve risk-aware GUMDPs with ERM objectives by resorting to online planning techniques.
In particular, we propose an MCTS-based approach to provably solve risk-aware GUMDPs up
to any desired accuracy. Third, we provide a set of experimental results showcasing that our
approach is successful when optimizing for a spectrum of risk-aware behaviors in the context of
GUMDPs under diverse tasks (standard MDPs, maximum state entropy exploration, imitation
learning, and multi-objective MDPs).

Contribution(s)

1. We motivate, propose and formalize risk-aware GUMDPs, which enable agents and deci-
sion makers to trade off expected performance and risk aversion while benefiting from the
rich set of objectives that can be cast under the framework of GUMDPs.

Context: Previous works studied risk-neutral (expected performance) policy optimization
in GUMDPs (Zahavy et al., 2021; Mutti et al., 2023; Santos et al., 2025).

2. We show how we can solve risk-aware GUMDPs by resorting to online planning techniques,
proposing an MCTS-based approach to provably solve risk-aware GUMDPs up to any de-
sired accuracy.

Context: None.

3. We provide a set of experimental results showcasing that our approach is successful when
optimizing for a spectrum of risk-aware behaviors in the context of GUMDPs under diverse
tasks (standard MDPs, maximum state entropy exploration, imitation learning, and multi-
objective MDPs).

Context: None.
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Abstract

We study general-utility Markov decision processes (GUMDPs) with risk-aware objec-
tives. In this framework, an agent aims to optimize a risk measure of the distribution
of objective values, where the objective function depends on the frequency of visitation
of states induced by the agent’s policy. First, we motivate, propose, and formalize risk-
aware GUMDPs, which enable agents and decision makers to trade off expected perfor-
mance by risk aversion while benefiting from the rich set of objectives that can be cast
under the framework of GUMDPs. We focus our attention on the entropic risk measure
(ERM). Second, we show how we can solve risk-aware GUMDPs with ERM objec-
tives by resorting to online planning techniques. In particular, we propose an approach
based on Monte Carlo Tree Search (MCTS) to provably solve risk-aware GUMDPs up
to any desired accuracy. Third, we provide a set of experimental results showcasing
that our approach is successful when optimizing for a spectrum of risk-aware behav-
iors in the context of GUMDPs under diverse tasks (standard MDPs, maximum state
entropy exploration, imitation learning, and multi-objective MDPs). Code available at
https://github.com/ghOstwin/risk—-aware—gumdp.

1 Introduction

Markov decision processes (MDPs) (Puterman, 2014) have found a wide range of applications in dif-
ferent domains, ranging from optimal stopping (Chow et al., 1971), inventory management (Dvoret-
zky et al., 1952), or queueing control (Stidham, 1978). MDPs also play a central role in reinforce-
ment learning (RL) (Sutton & Barto, 2018), where the agent-environment interaction is typically
modelled within the MDP framework. In recent years, RL has achieved remarkable success across
diverse domains (Mnih et al., 2015; Silver et al., 2017; Lillicrap et al., 2016).

However, many relevant objectives cannot be easily expressed within the standard MDP framework
(Abel et al., 2022). Examples include imitation learning (Hussein et al., 2017; Osa et al., 2018),
pure exploration problems (Hazan et al., 2019), risk-averse RL (Garcia et al., 2015), diverse skills
discovery (Eysenbach et al., 2018; Achiam et al., 2018), and constrained MDPs (Altman, 1999;
Efroni et al., 2020). To address these limitations, the framework of general-utility Markov decision
processes (GUMDPs) has been proposed as a more expressive formalism capable of modelling such
objectives (Santos et al., 2024). In GUMDPs, the agent’s objective is encoded as a function of the
occupancy induced by a given policy, i.e., as a function of the frequency of visitation of state-action
pairs induced by a given policy. GUMDPs generalize MDPs by allowing the objective function to
be a non-linear function of occupancies.
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Figure 1: Motivating example: Exploring three rooms.

Previous studies have been focused on studying policy optimization in GUMDPs by considering
risk-neutral objectives, where the performance of a given policy is evaluated in terms of its induced
expected frequency of visitation of states (Mutti et al., 2023; Santos et al., 2025; Zahavy et al., 2021;
Geist et al., 2022). However, these approaches overlook the variability in the objective: for a fixed
policy, the stochastic nature of the environment can lead to a distribution over possible state-action
visitation frequencies, resulting in a range of potential objective values. Consequently, optimizing
only for the expectation may fail to capture important aspects of the policy’s performance. Given the
stochasticity of the possible outcomes, it is thus natural to consider optimizing a specific risk mea-
sure (Artzner et al., 1999) over the distribution of objective values, enabling the learned behavior to
be tuned toward risk-seeking or risk-averse preferences. The entropic risk measure (ERM) (Howard
& Matheson, 1972) is one of the most common risk measures, which has received considerable at-
tention across various domains such as finance and sequential decision-making (Follmer & Schied,
2016; Borkar & Meyn, 2002; Pagnoncelli et al., 2022; Lin Hau et al., 2023; Marthe et al., 2025;
Mortensen & Talebi, 2025). As a risk-aware criterion, the ERM enables agents/decision-makers
to trade off between expected performance and risk aversion, providing robustness against adverse
(worst-case) outcomes. To further motivate the relevance of trading off between risk-neutral and
risk-averse behaviors in the context of GUMDPs, we present the following illustrative example.

Motivating example We consider the illustrative environment in Figure 1a, where a robot aims
to explore three rooms as uniformly as possible (pure exploration task (Hazan et al., 2019)). Tran-
sitioning from room 1 to room 0 incurs no danger to the robot. However, attempting to transition
from room 1 to room 2 may cause irreparable damage to the robot, rendering it unable to explore the
environment further. The dynamics of this environment can be abstracted by the MDP in Figure 1b,
where each state corresponds to one of the rooms, the actions encode the transitions between rooms,
and € € (0,1) is the probability of irreparable damage to the robot when attempting to transition
between rooms 1 and 2. We can resort to a GUMDP to encode the agent’s objective by setting the
objective function to be (minus) the entropy of the occupancy induced by any policy. Now, a risk-
averse agent will not be interested in trying to explore state 2 since there exists a probability that it
will get absorbed into state 3 and, thus, not being able to explore the environment further. On the
other hand, a risk-seeker agent will try to visit state 2 since it may be successful, hence exploring
all three rooms. In Figure 1c, we compare two policies: (i) 1, a risk-seeking policy that attempts to
visit state 2; and (ii) ms, a risk-averse policy that does not attempt to visit state 2 and, instead, keeps
alternating between states O and 1. The left plot shows the density of the objective values for the
policies. Both policies yield very different distributions, with the risk-seeking policy 7 attaining
lower (better) objective values at the cost of sometimes obtaining higher (worse) objective values.
On the other hand, the risk-averse policy 7o always attains the same intermediate objective value due
to its deterministic behavior. The plot on the right shows the ERMg of both policies as a function
of 8 € (0,00). Higher § values correspond to more risk-averse preferences, while 5 approaching
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zero reflects risk neutrality. As shown, 7y achieves a lower ERMg value for higher /3, confirming its
risk-averse behavior. Conversely, as 3 decreases, 7, becomes the superior policy.

Contributions We study risk-aware GUMDPs with ERM objectives. As a risk-aware criterion, the
ERM enables agents/decision-makers to trade off between expected performance and risk aversion,
providing robustness against adverse (worst-case) outcomes. Our contributions are threefold. First,
we motivate, propose, and formalize risk-aware GUMDPs, which enable agents to trade off between
expected performance and risk aversion while benefiting from the rich set of objectives that can be
cast under the framework of GUMDPs. We focus our attention on the ERM, as it has been commonly
used by previous works in the context of MDPs (Borkar & Meyn, 2002; Pagnoncelli et al., 2022;
Lin Hau et al., 2023; Marthe et al., 2025; Mortensen & Talebi, 2025). Second, we show how we can
solve risk-aware GUMDPs with ERM objectives (ERM-GUMDP) by resorting to online planning
techniques. In particular, we show that any ERM-GUMDP can be reformulated as a specific MDP —
referred to as an occupancy MDP — with an ERM objective. This reformulation enables the use of
online planning techniques to compute approximately optimal policies for arbitrary ERM-GUMDPs.
We propose an MCTS-based approach to provably solve risk-aware GUMDPs up to any desired
accuracy. Third, we provide experimental results showing that our approach successfully optimizes
for a spectrum of risk-aware behaviors in the context of GUMDPs under diverse tasks (standard
MDPs, maximum state entropy exploration, imitation learning, and multi-objective MDPs).

2 Background

2.1 Markov decision processes

MDPs (Puterman, 2014) can be defined by the tuple M = (S, A, {P" : a € A}, p,, c) where:
S is the discrete state space; A is the discrete action space; {P® : a € A} is a set of transition
probability matrices P“ for each action a € A; p, € A(S) is the distribution of initial states; and
¢: Sx A — Risacost function. The interaction between the agent and its environment, as modeled
by the MDP framework, is as follows: (i) an initial state sy is sampled from py); (ii) at each step ¢,
the agent observes the state of the environment s; € S and chooses an action a; € .A. Depending on
the action chosen by the agent, the MDP evolves to a new state s;; € S with probability given by
P (s, -), and the agent receives a cost (s, a;); and (iii) the interaction repeats infinitely.

A decision rule 7, specifies the action-selection mechanism at timestep ¢. A non-Markovian decision
rule maps the history of states and actions to a probability distribution over actions, i.e., m; : & X
(8§ x A)* — A(A). In contrast, a Markovian decision rule depends only on the current state and
maps it to a distribution over actions, i.e., 7 : S — A(A). Both types of decision rules can
be deterministic if they map directly to actions rather than distributions: for non-Markovian rules,
m 2 S x (S x A — A, and for Markovian rules, m; : S — A. A policy m = (7o, 7m1,...) is a
sequence of decision rules, one for each timestep. A policy is Markovian or non-Markovian if all its
decision rules are Markovian or non-Markovian, respectively. Likewise, a policy is deterministic or
stochastic if all its decision rules are deterministic or stochastic. We denote the set of non-Markovian
policies by Ty, Markovian policies by Iy, non-Markovian deterministic policies by IIXy,, and
Markovian deterministic policies by II{. A policy is stationary if it uses the same decision rule at
every timestep. We denote the set of stationary policies by IIg and the set of stationary deterministic
policies by IIY. Among the relationships between these classes, we highlight the following: (i) Ixm
is the most general class; (i) IIs C Iy C s and (i) IT5 € TIN C TRy,

For a given policy m € Ilny, the interaction between the agent and the environment induces a ran-
dom process (sg, ag,81,a1,-..). We denote by h; = (sg,a9,81,a1,...,8;) the random history up
to and including timestep ¢, and by h; = (s¢, ag, s1,a1,...,5:) € S X (S x A)" a particular real-
ization of such a history. The random process (so, a9, 81,21, - . .) satisfies the following conditions:
(1) P[SQ = 8] = po(s); (1]) P[St+1 =g | ht, at] = P& (St, SI); and (111) P[at =a | ht] = 7r(a | ht)
Let (Q, F,P;) be the probability space over trajectories (So, ag,s1,a1,...) satisfying (i)—(iii), as
defined in Lattimore & Szepesvdri (2020). We denote a sample trajectory by w € ), where
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w = (80, ao, 81,01, -..). We also let P,[s; = s,a; = a] be the probability of observing the state-
action pair (s, a) at timestep ¢ under the MDP while following policy 7.

The expected discounted cumulative cost objective is J7 = E [Y-° ~v'c(sy, a;)] , where y € (0,1)
is the discount factor and the expectation is taken over the random trajectory of state-action pairs.
The discounted state-action occupancy for policy 7 is defined as

d-(s,a) =(1—7) Z'yt]P’W [st =s,a; =a]. (1)

t=0
The expected discounted cumulative cost of policy 7 can be rewritten as JJ = c'd,, where
d, = [dﬂ'(SOv CL()), ERR) dﬂ(s‘3|,a‘A|)]T, c = [0(507 a0)7 s 7C(S|S\7Q|A\)]T' We aim to find

™ = arg min, ¢ J,’YT , which can be formulated as a linear program (Puterman, 2014).

2.2 Risk-aware MDPs

Risk-aware MDPs (Chow et al., 2015) generalize the classical MDP framework by considering
the associated variability of the discounted cumulative costs. This is done by considering J7 , =
p (X iegte(st,ar)), where p is a risk measure (Artzner et al., 1999), computed over the random
trajectory. Risk measures quantify an agent’s attitude toward uncertainty and variability in outcomes.
We note that for p(-) = E[-] we have the standard discounted MDP objective. The risk-aware
objective allows the agent to reason over the entire distribution instead of just its expectation.

In this work, we consider risk-aware MDPs with an ERM objective (Howard & Matheson, 1972).
The ERM of a random variable z is defined as ERMg(z) = %ln (E [exp(z)]), where parame-
ter 5 € (0,00) trades off between expected performance as § — 0 and risk-aversion as (3 in-
creases. Also, the ERMg belongs to the family of optimized certainty equivalents (OCEs) (Ben-Tal
& Teboulle, 1986) since it can be equivalently defined as ERMg(z) = minyer {\ + E [u(z — N)]},
where u(z) = % (exp(Bz) — 1). In this work, we focus our attention on the ERMg and, thus, we
implicitly refer to the ERMg whenever we write p.

2.3 General-utility MDPs

GUMDPs generalize utility specification by allowing the agent’s objective to be written in terms of
the frequency of visitation of state-action pairs. This is in contrast to the standard MDPs framework,
where the objective of the agent is encoded by the cost function.

We define an infinite-horizon discounted GUMDP as a tuple My = (S, A, {P“ : a € A}, py, f).
where S, A, {P® : a € A}, and p, are defined in a similar way to the standard MDP formu-
lation, as introduced in Sec. 2.1. The function f : A(S x .A) — R encodes the objective of
the agent, which depends on a discounted occupancy d, as defined in (1). We then aim to find
7* € argmin, cpr; f(dr). If f is a linear function, then we are under the standard MDP setting. If
f is convex, then we are under the convex MDP/RL setting (Zahavy et al., 2021).

In this work, we consider four tasks, each associated with a particular objective function: (i) cost
minimization (standard MDP) (Puterman, 2014), where f(d) = c¢"d and ¢ € RISl is the column
vector encoding the cost function; (ii) maximum state entropy exploration (MSEE) (Hazan et al.,
2019), where f(d) = d' log(d), i.e., we aim to find a policy that visits all state-action pairs as
uniformly as possible; (iii) imitation learning (IL) (Abbeel & Ng, 2004), where f(d) = ||d — d., |3
with d,, € A(S x A), i.e., we aim to find a policy such that its induced occupancy is as similar
as possible to the occupancy d, induced by a given behavior policy m; and (iv) multi-objective
(MO) MDPs, where f(d) = g(chl, cee chk), where c, ..., c, € RISIAl are vectorized cost
functions and g is an utility function (Radulescu et al., 2019). Nevertheless, we highlight that our
results apply to any task that can be modeled using the GUMDPs framework. We refer to Zahavy
et al. (2021) for a comprehensive list of the different objectives considered by previous works.
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3 Towards Risk-Aware GUMDPs

We now introduce the framework of risk-aware GUMDPs. Because risk-awareness requires rea-
soning about the underlying distribution of objective values, we begin by adopting a distributional
perspective on GUMDPs. Similarly to distributional RL (Bellemare et al., 2023), we employ the fol-
lowing assumption to ensure that all random variables defined below are bounded and well-defined.

Assumption 3.1. The objective f satisfies f(d) € Y = [-R, R],Vd € A(S x A), where R € RT.

3.1 A distributional perspective on GUMDPs

For a given fixed policy © € TIxu, let d™ : © — A(S x A) be the random vector defined on the
probability space (2, F,P;) with entries

A7, (w) = (1 =)D 7'1(ss = 5,00 = a). )
t=0

The random vector above is well-defined since the mapping d™ is F/B(A(S x A)) measurable,
where B(A(S x .A)) denotes the Borel o-algebra of A(S x A). Let also {™ :  — ) be the random
variable with support in Y such that

ff(w) = (fod™)(w) = f(d"(w)),

satisfying
PIT <n) =P [fw e Q: f(d"(w)) <n}], Yne,

where we assume f is a Borel measurable function. Essentially, the random variable f™ is defined
as the composition of two measurable mappings. If f is continuous, then f is Borel measurable.

We refer to Figure 1c for an illustration of the density associated with the random variable f™ for two
arbitrary policies. As observed, the underlying distributions induced by different policies can differ
substantially and, therefore, depending on the exact preferences of the decision-maker, one policy
may be preferable over the other. Risk measures, such as the ERMg, allow for the comparison
between distributions induced by different policies.

3.2 Risk-aware GUMDPs

In the context of GUMDPs, we denote £ the set of possible random variables with support in Y
associated with each of the probability spaces (€2, F,P,), for all # € IIyy. Note that {™ € L for
any m € IInv. Then, we consider risk measures p : £ — R that associate any random variable
in £ with a scalar value. In this work, we are particularly interested in the ERMg, as introduced
in Sec. 2.2. We aim to find

7" = argmin p(f7). 3)
EISVINY]

For any policy 7 € TIym, we define its optimality gap as OptGap(m) = p (f7)—ming e, £ (f”l)

Essentially, OptGap(7) measures how suboptimal a given policy 7 is compared to the best policy.

Policy optimization in risk-aware GUMDPs While in the context of risk-aware MDPs with
ERM objectives the class of deterministic and Markovian policies, IIY, suffices for optimality
(Lin Hau et al., 2023), this is no longer the case in the context of risk-aware GUMDPs with ERM
objectives. As shown in Santos et al. (2025) in the context of GUMDPs, if p(-) = E[] then the class
of Markovian policies is strictly dominated by the class of non-Markovian policies. Since, in the
context of risk-aware GUMDPs, as 5 — 0 the ERMg approaches E[-], non-Markovian policies are
also needed, in general, in the context of solving GUMDPs with ERM objectives.
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4 Solving Risk-Aware GUMDPs with Online Planning

In this section, we study how to solve risk-aware GUMDPs using online planning techniques. We
begin by establishing a close connection between risk-aware GUMDPs and a particular risk-aware
MDP in which the agent tracks the accrued occupancy at each timestep. Leveraging this formulation,
we show that solving the risk-aware MDP with online planning techniques yields approximately
optimal action selection for the original risk-aware GUMDP.

Assumption 4.1. The objective function f is L s-Lipschitz, i.e., | f(d1) — f(d2)| < Ls||d1 — d2||1,
forany dy,dy € A(S x A).

We refer to Appendix 8 for the derivation of L ¢-Lipschitz constants for the objective functions
considered.

4.1 Computing optimal policies by resorting to finite-horizon GUMDPs

We start by showing that we can compute an approximately optimal policy for our infinite-horizon
discounted risk-aware objective (3) by resorting to a finite-horizon formulation of the same problem.
For any policy 7 € IInw, let £7; : 2 — ) be the random variable with support in ) such that

ff(w) = (fod™)(w) = f(d™ (w)) 4
H—1

dgaH(W) = 11__,;{ Z Y 1(s; = s,a; = a). (5)
t=0

Essentially, random variable f7; is defined in a similar fashion to the random variable ™, but the
former considers a random occupancy d™# that only takes into account the state-action pairs visited
up to a given horizon H € N. We state the following result (proof in Appendix 9).

Proposition 4.2 (Optimality gap decomposition). For arbitrary m € Ilnw, it holds that

OptGap(r) < p(ff;) — min {p(f}}/)} +8Ly",

' €My

= OptGapy ()
where OptGap () is the optimality gap of policy w for the truncated objective with horizon H.

The result above shows that we can resort to the truncated objective to compute approximately
optimal policies, up to any desired accuracy, for the infinite-horizon risk-aware objective (3).
Therefore, we focus our attention on solving 7* = argmin, g, p(ff;), where ff; is de-
fined in (4). Since we now focus on the case of finite-horizon trajectories, we assume that,
for a given policy m € IInm, the interaction between the agent and the environment gives
rise to a random process (Sg,a0,81,8a1,...,80—1,ag—1) such that: (1) P[so =5 = po(s);
(ii) P[sir1 = §'|hy,a¢] = P*(sy,s'); and (iii) Pla; = alhy] = mw(alhy). We thus let
from now on (£, F,P,) be the probability space over the sequence of random variables
(S0, a0,81,a1,...,8y—1,ay—1) that satisfies conditions (i)-(iii) above. We write specific trajec-
tories as w € €, with w = (s, ag, $1,a1,...,SH—1,ar—1). We highlight that the probability of a
given trajectory w € € under policy m € IIxm can be calculated as P [w] = po(so) - m(aglho) -
pao (So, Sl) . 7T(a1|h,1) - pa (81, 52) N PaH_Q(SH_Q, SH—l) . 7T(CLH_1|hH_1).

4.2 The occupancy MDP

To derive our planning algorithms for solving risk-aware GUMDPs, we make use of a finite-horizon
MDP derived from the original GUMDP formulation. In particular, we consider the occupancy
MDP (Santos et al., 2025), defined by the tuple Mo = {So, Ao, {P§ : a € A}, pyo,co, H},
where Sop = S x O is the discrete state space and O is the set of occupancies up to length H — 1
in the original GUMDP. We let {s, 0} be a state of the occupancy MDP such that s € S is a state
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from the original GUMDP and o € O is a |S||.A|-dimensional vector that keeps track of the running
occupancy of the agent up to a given timestep. Then, Ao = A is the action space and p;, ¢ is such
that po.o({s,0}) = po(s) if o = [0,...,0] and zero otherwise. The dynamics are as follows: (i)
component s; 11 ~ P (:|s;) evolves according to the dynamics of the original GUMDP; and (ii)
the running occupancy evolves deterministically as 0;11(s,a) = ' + 04(s,a) if s = s; and @ = ay,
and o;41(s,a) = 04(s,a) otherwise. Finally, H € N denotes the horizon and the cost function
co: S x O — Ris defined as

0 ift < H,
f( 1*1,0) ift = H.

1=y

co({s,0}) = {

Stationary policies 7o € Ilg for M are mappings of the type mo : S x @ — A(.A). For a given pol-
icy mo € Ils, the interaction between the agent and the occupancy MDP gives rise to a random pro-
cess ({s0,00},a0, {s1,01},a1,...,{sm,0n}) associated with the probability space (Q0, Fo,PS).
We write specific trajectories as wo € Qo, with wo = ({80, 00}, ag, {s1,01},a1,...,{sm,0m}).

For any policy o € IIg, we let J&° : Qo — ) be the random variable with support in ) associated
with the probability space (Q0, Fo,P%,) such that J§°(wo) = Zf{: o co({s¢,0}). We reproduce
the following result from Santos et al. (2025).

Lemma 4.3 (One-to-one mapping between histories in My and states in Mo). There exists a one-
to-one mapping between histories h; = (s¢,a9,51,0a1,...,5) € S x (S x A)l in Mg, with 0 <
I < H — 1, and states {s,0} € S x O in M.

An important conclusion that can be derived from the result above is that there exists a one-to-one
mapping between non-Markovian policies for M ¢ and stationary policies for M. This is because
every state in Mg is uniquely associated with a particular history in M ¢ (and vice versa), as the
result above shows. With this in mind, we now state the following results (proofs in Appendix 9).

Lemma 4.4 (Equivalence in distribution between {7, and J§°). For any horizon H € N and policy

. D . . e
7 € Iy, it holds that £, = J77, i.e., random variables f7; and JY are equal in distribution, where
T is the stationary policy for Mo associated with the non-Markovian policy 7 for M.

Theorem 4.5 (Solving the risk-aware M is “equivalent” to solving the risk-aware Mg). For a
given risk measure p : L — R, the problem of finding a policy 7 € Tlyy satisfying OptGapy (7) <
€ forany e € RS’, can be reduced to the problem of finding a policy 7o € llg satisfying

p(IF) — min p (I5) <e.

7T(/)€H5

In particular, if 7j, = argmin, 11, p(J5°), then the corresponding non-Markovian policy m in M
satisfies OptGapy (m) = 0. It also holds that OptGap g (7) = p (J§°) —ming et p (Jg") , where
T is the stationary policy for Mo associated with the non-Markovian policy T for M.

The result above shows that it suffices to search for an (approximately) stationary optimal policy for
M, since such a policy corresponds to a non-Markovian policy that is (approximately) optimal for
M. In particular, such an (approximately) optimal policy for Mg can be seen as a non-Markovian
policy for M that compresses the history up to any timestep into a running occupancy. The result
above shows that it suffices to keep track of the running occupancy up to any timestep in order to
attain optimal behavior when solving risk-aware GUMDPs.

In light of Theorem 4.5, we consider risk-aware planning algorithms to solve the occupancy MDP.
Unfortunately, solving the risk-aware occupancy MDP poses some challenges. One of the key chal-
lenges is due to the fact that the size of the state space of the occupancy MDP grows combinatorially
with H since every state in the occupancy MDP is associated with a possible history in M ;. Con-
sequently, the state space of the occupancy MDP is typically very large, which precludes the use of
offline planning methods. In the next section, we therefore turn to online planning approaches to
implicitly compute approximately risk-aware optimal policies for the occupancy MDP.
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4.3 Solving risk-aware occupancy MDPs via online planning

We aim to propose a practical algorithm to compute an approximately optimal risk-aware policy
for the occupancy MDP M, as introduced in Sec. 4.2. Since the occupancy MDP is a standard
undiscounted finite-horizon MDP, we can resort to the risk-aware Monte Carlo tree search (MCTS)
algorithm put forth by Santos et al. (2026), ERM-MCTS, to solve the risk-aware occupancy MDP
with the ERM objective. ERM-MCTS works in a similar fashion to standard MCTS in the sense that
the algorithm iteratively builds a search tree that alternates between decision nodes, where actions
are selected, and chance nodes corresponding to random next states sampled from the MDP. At each
iteration, ERM-MCTS refines the search tree by simulating a random trajectory in the occupancy
MDP. Action-selection at each decision node s; € Sp is given by

N(s¢,a)
)1 1 (s0,0) N(st)
a; €argmin{ —In | —— E ex (5}(1, t ) — G| —2
' geA { g N(s¢,a) = P "V N(st,a)

where N (s;) is the number of times s; has been visited, N (s;, @) the number of times action a has
been selected while in s, XZ(-S“G) is the i-th sampled terminal cost starting from (s¢, a) (given that
the occupancy MDP only has non-zero costs at t = H), and 6, is an exploration constant. In case
N(s¢,a) = 0 for some a € A, then a is selected. We refer to Appendix 10 for the full pseudocode
of the ERM-MCTS algorithm. Without loss of generality, assume we fix an initial state so € S.

We state the following result, which is a consequence of Theo. 6 in Santos et al. (2026).

Theorem 4.6. There exist exploration constants (0o, 01, .. .,0g_1) such that, from any initial state
so € S, ERM-MCTS provably solves the risk-aware occupancy MDP with an ERM objective. More

precisely, let Vn(so) = % In (% D aca ZiTzagn) exp (ﬂxgst’a))) be the empirical ERM obtained by
the ERM-MCTS algorithm after n iterations at initial state sy, where T, (n) denotes the number of
times action a was selected at root node sq after n iterations. Then,

. . (@ . ) B . ’
fim B [Va(so)] = min p (35°) = min, {o(15)}
Jm B [Va(so)| = min p(Jo") = min (o()
where: (a) follows from Theo. 6 in Santos et al. (2026) as the expected empirical ERM obtained by
ERM-MCTS converges, in the limit, to the optimal ERM for the occupancy MDP; and (b) follows

from Theo. 4.5.

S Experimental Results

We empirically assess the performance of ERM-MCTS for solving risk-aware GUMDPs, inves-
tigating how ERM-MCTS trades off risk-neutral and risk-averse behavior. We describe our ex-
perimental methodology and refer to Appendix 11 for a complete description of our experiments
(environments, baselines, hyperparameters, etc.).

We consider four tasks: (i) cost minimization (MDP); (ii) maximum state entropy exploration
(MSEE); (iii) imitation learning (IL); and (iv) multi-objective (MO) MDPs with different utility
functions. The definition of the objective function for each task is given in Sec. 2.3. We consider
two sets of environments: (i) illustrative environments that consist of low-dimensional GUMDPs;
and (ii) high-dimensional GUMDPs consisting of grid-based environments showcasing different
sources of stochasticity in order to encourage distinct types of policy behaviors. To our knowledge,
we are the first work to propose an algorithm to solve risk-aware GUMDPs and, hence, there are
no baselines that we can use to compare the performance of our method against. However, for the
particular case of linear f (MDP), we use an oracle baseline ERM-BI to validate the performance of
our ERM-MCTS algorithm. ERM-BI computes the optimal risk-aware policy for the underlying
occupancy MDP using a dynamic programming approach by exploiting the dynamic decomposition
of the ERMg put forth by Lin Hau et al. (2023). All our plots are computed by aggregating the ex-
perimental results of, at least, 100 independent runs, and we refer to Tables 2 and 3 for the detailed
list of our experimental hyperparameters across all environments.
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Figure 3: Box plots of the costs obtained under the illustrative environments. Lower is better.

5.1 [Illustrative environments

We display in Fig. 2 our illustrative environments. The MDP (Fig. 2 (a)) consists of a four-state
MDP where the agent needs to tradeoff at the initial state (sg) between: (i) a risky action (ag) that
can lead to a low-cost state (s3), but with some probability the agent ends in a high-cost state (s3);
and (ii) a safe action (a1) that deterministically leads to a medium-cost state (s1). The agent resets
to the initial state with 10% probability while not in the initial state. For the IL task (Fig. 2 (a)),
the agent aims to imitate the empirical occupancy induced by the trajectory of an agent that selected
twice the risky action (ag) and then selected the safe action (a;) for all the remainder timesteps.
The trajectory to imitate had a rather “lucky” outcome, as it never ended up in the absorbing state
(s3). Hence, the agent needs to trade off between imitating the behavior policy in states (sg, S1, S2)
and risking being absorbed into s3, or only imitating the behavior policy in the “less risky” states
(50, s1). The MSEE task (Fig. 2 (b)) is similar to the motivating example from Sec. 1, where the
agent aims to explore an environment as uniformly as possible, but there is a chance that the agent
transitions to an absorbing state (s4). Finally, the MO-MDP (Fig. 2 (c)) is inspired by the FishWood
environment (Roijers et al., 2020), where the agent needs to tradeoff between two cost functions.
Each cost function penalizes different behaviors. We consider three utility functions (Hayes et al.,
2022): (i) a weighted combination of the discounted cumulative costs; (ii) the maximum of the
discounted cumulative costs; and (iii) the minimum of the discounted cumulative costs.

In Fig. 3, we display the box plots computed for the empirical distributions of costs obtained by
ERM-MCTS under different tasks and 3 values. To validate our algorithm, we include a cost-
minimization task corresponding to a standard MDP. As seen, for the MDP, the box plot obtained
by ERM-MCTS closely matches that obtained by the ERM-BI oracle baseline across the tested 3



Reinforcement Learning Journal 2026

values, providing empirical validation of ERM-MCTS. Furthermore, across all tasks, ERM-MCTS
successfully trades off risk-neutral and risk-averse behavior as a function of 5. As [ increases
and ERM-MCTS progressively focuses on optimizing worst-case outcomes, upper whiskers and
outliers (i.e., the worst outcomes) of the box plots decrease. This indicates that worst-case outcomes
become less probable and that ERM-MCTS effectively computes increasingly risk-averse policies.
Naturally, optimizing for worst-case outcomes typically degrades best-case or expected outcomes,
as reflected by the increase in median values and in the lower whiskers and outliers as 3 increases.

5.2 Grid environments

5.2.1 Maximum State Entropy Exploration

The MSEE task integrates a 10 x 10 grid that comprises two different types of squares: (i) normal
terrain; and (ii) difficult terrain. The agent can move in all four directions, ending up in the corre-
sponding adjacent square (if moving out-of-bounds, the agent remains in the same square). When
the agent is inside a difficult terrain square, there is a py,cx probability that the agent gets stuck,
which translates in canceling the selected (moving) action and thus remaining trapped in the current
square. Upon getting stuck, there is an additional pynsck probability that untraps the agent allowing
it to move freely again. As expected, inside normal terrain, the agent’s selected moving action is al-
ways guaranteed to occur. Due to the environment’s stochastic nature, the agent needs to consider if
there are benefits in exploring certain difficult terrain squares at the expense of getting stuck, which
can have a negative effect on the discounted costs received from that point onward.

In Figure 4a, we report the box plots of the empirical costs obtained by ERM-MCTS with 5 €
{0.001, 1,1000}. When 3 € {0.001, 1}, ERM-MCTS outputs similar risk-seeking policies, as both
display identical Inner Fence Interval (IFI) ranges, inside [0.1,0.2]. Additionally, the expectation
value is lower when 8 = 0.001, having a value of 0.167, whereas the expectation for 5 = 1is 0.177.
Furthermore, both policies exhibit a wide range of outliers on the upper-half of the distribution,
implying that in some runs the agent got trapped for long periods of time when covering difficult
terrain squares, further alluding to the potential disadvantages of having a risk-seeking behavior.
Additionally, the worst outlier is higher for the policy with 5 = 0.001, which is expected since
this policy is effectively closer to the risk-seeking (or risk-neutral) boundary in the risk-awareness
spectrum. When comparing the policy obtained when 8 = 1000 to the the previous two (8 €
{0.001, 1}), the range of the objective distribution becomes more concentrated as there are fewer
outliers. This shows the effectiveness of the risk-averse behavior in avoiding the worst outcomes, as
the highest cost is only 0.48 when setting 5 = 1000, vs. 0.93 using 8 = 0.001. The drawback of
this policy manifests by inducing an average case that performs worse than policies that are more
risk-seeking, where the average of the objective distributions are 0.30 and 0.167, for the policies
using S = 1000 and 3 = 0.001, respectively. Finally, we further validate our analysis with Figure 5,
which exposes the average number of timesteps spent in each square over all runs. We observe that
when 8 = 1000, the policy navigates towards the lower-right corner to avoid difficult terrain squares
altogether. As (8 decreases, the heatmap becomes more uniformly distributed showcasing that the
policy tries to visit all squares (normal and difficult terrain) more often.

5.2.2 Imitation Learning

We reuse the MSEE environment for our IL task. Additionally, we carefully design a behavior
policy that changes from risk-seeking and risk-aware behaviors at well-defined intervals. In high-
level terms, the behavior policy starts by exploring a zone containing both types of squares, followed
by a period where only normal squares are visited. This procedure repeats a second time to make
sure all grid squares are visited once. Furthermore, the behavior policy will not be subjected to
the environment’s stochasticity, i.e., it will never get trapped when visiting difficult terrain. In this
manner, we guarantee that achieving a complete match will be extremely unlikely, further leading
the ERM-MCTS policy to consider when and what risks to take.
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Figure 4: Grid environments: box plots obtained, for different tasks, by deploying ERM-MCTS
with different 5 values. Box plots computed for 128 independent runs. Lower is better.
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Figure 5: MSEE (grid environment): leftmost grid illustrates the environment, where normal and
difficult terrain are depicted in gray and black squares, respectively; the following grids showcase
the average time spent in each square averaged over all (128) runs, for each 8 € {0.001, 1, 1000}.

To analyze the IL task, we compare ERM-MCTS with three different beta values, § €
{0.02,1,500}. As shown in Figure 4b, we clearly observe the same pattern reported in the MSEE
task (Sec. 5.2.1): as 3 increases, the maximum cost obtained decreases while the expectation and
median increase. Here, the expectation obtains the values 0.106, 0.109, and 0.192, while the median
acquires 0.08, 0.09, and 0.18 for the policies with 5 = 0.02, 8 = 1, and 8 = 500, respectively.
Conversely, and for the same policies, the uppermost outliers are 0.81, 0.65, and 0.44, respectively.
To get a closer look at how behaviors differ as 5 changes, we plot, in Figure 6, the average number
of runs visiting difficult terrain squares in each timestep. Interestingly, the policy with the highest
[ emphasizes matching the occupancy of normal squares during the first 40 time steps, as there
is a negligible number of runs stepping inside difficult terrain. For the remaining time, the policy
focuses more on equalizing the occupancy at difficult terrain squares, as outlined by the increased
number of runs exploring such squares. We argue that such behavior is due to discounting, since it is
more forgiving to get trapped closer to the end of the episode, considering that it has less impact on
the discounted return. Contrastingly, the other policies (5 € {0.02, 1}) start visiting difficult terrain
squares from the beginning of the episode. Consequently, the likelihood of getting trapped sooner
and for longer periods of time increases, as hinted in Figure 4b by the wide range of outliers on the
upper half of the cost distribution.

5.2.3 Multi-Objective

For the MO task, we extend the resource-gathering environment (Barrett & Narayanan, 2008), aim-
ing at introducing challenging probabilistic dynamics that allow the modulation of policies demon-
strating behaviors with different degrees of risk-awareness. In the modified environment, the agent’s
objective consists in retrieving two different resources (R2; and Ry) back to its starting location while
avoiding enemies present at specific squares. Additionally, we set a slippery dynamic, where with
probability pg;, the agent will move perpendicularly to the selected direction. All agent objectives
are modulated using the following reward functions: (i) agent receives a cost when failing to deliver
R to the home location (the agent’s initial position); (ii) agent receives a cost when failing to deliv-
ering Ry to the home location; (iii) agent receives a cost when getting defeated by an enemy, which
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Figure 7: MO (grid environment): Probability
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happens, with probability pgerear, When visiting a square containing an enemy. Finally, we combine
the three independent reward functions using a non-linear mapping that prioritizes collecting R;
over the other ones. We refer to Appendix 11.5.1 for a complete description of the dynamics, cost
functions, and hyperparameters used.

We simulate ERM-MCTS with 5 € {0.125,1,8}. As shown in Figure 4c, the cost distributions
obtained by the policies where 5 € {0.125,1} are highly identical. We again observe the risk-
seeking behavior of these policies, since, on average, the costs obtained remain concentrated near the
lower bound. For instance, the expectation is 0.16 and 0.18 for 8 = 0.125 and 8 = 1, respectively.
The IFI is [0.10,0.14] in both cases. Furthermore, since during the optimization of the ERM’s
objective, the expectation outweighs the upper tail of the distribution, eventually some runs conclude
at the worst possible outcome, in which the agent gets defeated by an enemy. Contrastingly, the
policy generated for 3 = 8 clearly eliminates this possible outcome. In this case, the agent never
gets the cost of 1 by inducing a risk-aware behavior that most of the time prefers not to collect R;
due to its proximity to enemies and, as such, the likelihood of defeat. Therefore, the median centers
around 0.87, indicating the agent never retrieved any resources to its initial position. Finally, in
Figure 7, we show in more detail the frequency of outcomes that each policy achieves. As hinted
previously, when 8 € {0.125, 1} we observe a small fraction of runs where the agent gets defeated.
On the other hand, the risk-averse policy (8 = 8) disallows this outcome entirely by, most of the
time (82%), either avoiding gathering any resources or just retrieving Ra.

6 Conclusion

We motivate, propose and formalize risk-aware GUMDPs, which allow to take advantage of the
flexibility of the GUMDPs framework with respect to objective specification, while trading off ex-
pected performance and risk-aversion. To solve risk-aware GUMDPs, we first explore a connection
between risk-aware GUMDPs and solving a particular risk-aware MDP, named occupancy MDP, in
which the agent keeps track of the empirical frequency of visitation of state-action pairs up to the
current timestep. We propose a provably correct online planning approach based on an MCTS algo-
rithm to solve the risk-aware occupancy MDP, effectively solving the original risk-aware GUMDP
problem up to any desired accuracy. We provide a set of experimental results under a set of diverse
tasks showing that our approach successfully trades off risk-neutral and risk-averse behavior.

Future work could investigate whether a similar approach to ours can be used to solve GUMDPs
with CVaR objectives (Rockafellar et al., 2000; Chow et al., 2015). Other interesting direction is to
investigate whether our approach can be extended to deal with very large/inherently continuous state
spaces, e.g., by borrowing ideas from successor features (Barreto et al., 2017; Borsa et al., 2018).
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7 Extended related work discussion

Previous works studied GUMDPs with risk-neutral objectives (Zahavy et al., 2021; Geist et al.,
2022). Zahavy et al. (2021) reformulate GUMDPs as a two-player game involving a policy and a
cost (negative reward) player, using Fenchel duality. Geist et al. (2022) connect GUMDPs and mean-
field games. Still in the risk-neutral setting, subsequent works identified a key implicit assumption
underlying the GUMDPs framework: the performance of a given policy may depend on the num-
ber of trials/trajectories drawn to evaluate its performance (Mutti et al., 2023; Santos et al., 2024).
In fact, the previous works show that the standard formulation of GUMDPs implicitly assumes the
performance of a given policy is evaluated under an infinite number of trials/trajectories, an assump-
tion that may be violated under many interesting application domains. To address this gap, Mutti
et al. (2023); Santos et al. (2025) introduce finite trials formulations for GUMDPs, allowing to find
optimal risk-neutral policies with respect to a finite number of trials/trajectories. None of the works
above study risk-aware settings, being focused on learning risk-neutral policies. As pointed out in
the main text, some of the results in our paper build on top of results put forth by the aforemen-
tioned studies. As an example, our work relies on the occupancy MDP formulation, as described in
Sec. 4.2, which was introduced in (Santos et al., 2025).

In the context of risk-aware MDPs, previous works studied the optimization of risk-aware objectives
such as the conditional value-at-risk Chow et al. (2015) or the ERM (Lin Hau et al., 2023; Marthe
et al., 2025; Mortensen & Talebi, 2025). In the context of our work, we are focused on more general
objective functions of the occupancies induced by the different policies, not only being focused
on the case of linear objectives (MDPs). Nevertheless, some of the techniques we employ resemble
those adopted in the context of risk-aware MDPs. As an example, it is common in the context of risk-
aware MDPs to extend the state space to accommodate sufficient statistics since the optimal policy
depends on the history only through a certain kind of “sufficient statistic” (Béduerle & Ott, 2011).
This resembles the construction of our occupancy MDP; however, the states in the occupancy MDP
do not correspond to sufficient statistics of the history but instead correspond directly to histories
(Lemma 4.3). This is required since, under more general settings, optimal policies may depend
arbitrarily on the history. Other works, such as Lin Hau et al. (2023), exploit discounting and
consider finite-horizon objectives to compute approximately optimal policies for infinite-horizon
objectives - this technique is common in the field, and we followed a similar approach in 4.2.

Finally, in the context of MDPs, Zhang et al. (2020) propose a new definition of the risk of a policy
(called caution) as a function of the occupancy induced by the policy. Then, the authors formulate a
caution-sensitive policy optimization problem by adding the caution risk as a penalty function to the
dual objective of the linear programming formulation of MDPs. The formulation proposed by the
authors can itself be seen as solving a risk-neutral GUMDP, where the objective function contains
a term that captures the risk of a given policy. In our work, we are instead focused on solving
risk-aware GUMDPs.

8 Lipschitz constants
Standard MDP (f(d) = c'd) It holds that

|f(dr) = f(d2)l = e (di —da)| < ) lels, @)lldu(s, a) — da(s,a)| < max|c(s, a)[|dy — d2 1.

s,a

Maximum state entropy exploration (f(d) = d' log(d)) We assume d is lower bounded by e,
ie,d(s,a) > ewith( <e<e *foralls € S,a € A Welet f(d) =3, , g(d(s,a)), for g(x) =
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Table 1: Lipschitz constants for common objective functions found in the GUMDPs literature. In
(1) we assume d is lower bounded by e satisfying 0 < ¢ < 2.

Task Objective (f(d)) Lipschitz constant (L)
MDPs/RL d'c, ceRISIA maxs q |c($, a)
Max. state entropy expl. d' log(d) [log(e) + 1| (1)
Imitation learning |d—dnrl3, dr €ASx.A) 4
Multi-objective MDPs nmd'e; +...+nid' e max, q |&(s, a)|
(weighted) Ci,...,Ck € RISIAI c=nic1 +...+ngcg
ni,...,n €R
Multi-objective MDPs f(d) = max;eq1,.. p) d'e max;eq,... .k} Li
(max) ci,...,c, € RISIA L; = max, 4 |¢;(s, a)]
Multi-objective MDPs f(d) = min;e gy ’“ﬂ d'c; maxie (1, xy Li
(min) ci,...,cp € RISIA L; = max, 4 |¢;(s, a)]

xlog(x). We note that, g’'(x) = log(x) + 1 and it holds for any x € [e, 1] that |¢'(x)| < |log(e) +1].
Thus, for any x1, 22 € [¢, 1] we have that
max{zi,r2}
/ g (z)dx

z1
/ g'(x)dz
Jxo min{z1,r2}

max{zi,r2} max{z1i,r2}
</ g@lds < [ log(e) + 1] da

min{z,x2} min{zi,z2}

lg(z1) — g(z2)| =

= [log(€) + 1| [x1 — @2l.

Thus, for any dy,ds € A(S x A) lower bounded by 0 < ¢ < e~2, it holds that

|f(dy) = f(dr)| =

> (9(di(s,a)) — g(das, a)))‘

s,a

< S lg(di(5,0)) — gda(s, )]

<> llog(e) + 1| [di (s, a) — da(s, )]
= |log(e) + 1] |d1 — daz |1

were (a) follows from the triangular inequality.

Imitation learning (f(d) = ||d — d, ||3) Itholds that Vf(d) = 2(d — d.,). Now,

max [[Vf(d)]1 =2 max |[[d—dg]:1<2 max ||ldi — da||1 = 4.
deA(Sx.A) deA(Sx.A) di,dsEA(SxA)

Since the function f is continuous and differentiable over the simplex, which is compact, it holds
that L = 4 is a valid Lipschitz constant as it corresponds to an upper bound on the maximum
magnitude of the gradient of f over A(S x A).
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Multi-objective MDP, weighted (f (d) = n; d"ci+...+nrd" c;) Wenote that f can be equiv-
alently rewritten as f(d) = dTE, where ¢ = nyicqy + ... + nicg. Therefore

|f(d1) — f(da)| < fgiﬂé(sva)mdl —da|1.

Multi-objective MDP, max (f (d) = max;c(1,... »} d"¢;) Theresult follows by noting that letting
L = max;eqy,... xy Li yields a valid Lipschiz constant, where L; = max; , [c;(s, a)l, since we are
taking the maximum of Lipschitz functions with Lipschitz constants L1, ..., L.

Multi-objective MDP, min (f(d) = min;c1,.. 1) d'¢;) It holds that

|f(d1)—f(d2)| = | {min c/d — {mink e dy| < e le]/ di—¢; dy| < L||dy —da1,
where L = maxX;eq1,... xy L; and L; = max, 4 lci(s,a)l.

9 Supplementary materials for Sec. 4

9.1 Proof of Proposition 4.2

Lemma 9.1. Foranyw € Q, m € lxy and H € N it holds that |f™ (w) — {5 (w)| < 2Ly

Proof. Forany w € ), w € IIyy and H € N it holds that

(W) = £ (w)] = [f(d"(w)) = F(d™ (w))|

(a)
< Ly [la™(w) fd”%»Hl

0o )H 1
( Z ’Y’Z{ Z,Ytdﬂ'
t t=0 1

—7) HZ
’YH 7

t

1

)df (w) — df(w) thd”

0
=0 1
© 1-4) &
;Lf(g;;zm- At - ar @)l + 0= 3 )
t=0

_ (1= u x
=Liy——7 VH’Y Zvlld w)ll, + Ly

= 2Ly

where: (a) is due to the L -Lipschitz assumption; in (b) we used d™(w) = (1 — ) Y2, 7'd7 (w)
where d a)( w) = 1(s; = s, a; = a) denotes the empirical occupancy induced by the trajectory w

at timestep ¢ and d™ (w) = (1—7)/(1—~) Zt 0 ' 41d7 (w). Step (c) follows from the triangular
inequality. O

Lemma 9.2. For any policy w € Illxy and H € N it holds that |p(f5) — p (f™)| < 2L sy

Proof. From Lemma 9.1 we can infer that, for any w € €, f™(w) — 2Ly < ff(w) < ™ (w) +
2L pH. Thus, from the monotonicity of p we have that p(f™ —2LvH) < p(f5) < p(f™+2L ).
Equivalently, p(f™) — 2L vH < p(fF;) < p(f™) + 2L ¢~v", and the result follows. O

Lemma 9.3. If7}; = argmin, .y, p(fF;), then it holds that OptGap(my;) < 4Ly
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Proof. As shown in Lemma 9.2, [p(f;) — p (f™)| < 2Ly~*, for arbitrary 7 € IIxy. From such
inequality, we can infer that p (%) — 2L v" < p (f™),Vr € Tlnw, i-e., function p (%) — 2L v
lower bounds function p (f™). Let 7, = arg min, .y, p (7). It holds that

* (a) (b) "
P (f};H) — 2Lf'yH = mgnp(f};) — 2Lf7H % minp(f”) <p (f”H) , (6)

where (a) follows from the fact that p (f;) — 2L sy lower bounds p (f™); and (b) from the fact that

min, p (f7) < p (f “l) , V! (from the definition of a minimum). Finally, we note that

(15~ o (57) 202" =0 () =0 () 207"
<o () = (57) [ 20"
<4ALHH.

The above and (6) imply that

OptGap(ny;) = p (f”;f) — rITlri/np (f”’) <ALH.

Proof of Proposition 4.2

Proof. Letny; = argmin, ., p(ff), i.e., 7}, is optimal with respect to the truncated objective. It
holds that,

OptGap(w) = p(f") — min p (f”,)

7 €llnm

— o)~ min p(f“’)\

7' €llnm

7' €llnm

2o )= o)+ |ptr7i) —_pin o (1)

< |o (47) = p(t70)| + 4Ly

(©) *
< Ip (%) = p ()| + |p (6F) = p(E75)| + 4Ly

Cor H 4o (F7) — p(f78)| + 4L o~
< 2Ly p () — p(f™) il

© - . -

< 2Ly + |p (tf) — p(fHH)( + ‘p(fH“) — p(f H)‘ +4Lgy"
(f) -

< 2Ly + ‘p (ff) — p(fHH)’ + 2Ly 4L

= p(EF) — min {p(fF)} + 8Ly,
7/ €TInm

where (a) follows from adding and subtracting p(f”tff) and applying the triangular inequality; (b)
follows from Lemma 9.3; (c) follows from adding and subtracting p (£7;) and applying the trian-

gular inequality; (d) follows from Lemma 9.2; (e) follows from adding and subtracting p(f}TIH) and
applying the triangular inequality; and (f) follows from Lemma 9.2. O

9.2 Proof of Lemma 4.4

Proof. Random variable {7, as defined in (4), is associated with the probability space (2, F,P)
and random variable J7°, as introduced in Sec. 4.2, is associated with the probability space
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(Qo, Fo, ]P’go). Random variables f7; and J go are equal in distribution if, for any y € ),

Pr [ffy <] = PO,[15 <y

We start by noting that, for any trajectory wo = ({s0, 00}, ao, {s1,01},a1,...,{sm,on}) € Qo,

P9 [wo] = po.o({s0,00}) - 7o (aol{s0,00}) - P§°({s0, 00}, {s1,01}) - ...
molan—1|{su—1,0m-1}) - P5" ' ({su—1,0u-1},{su,on}).

@ po(s0) - 1(0g = [0,...,0]) - mo(ao|{s0,00}) - P* (50, 1) - 1(01 = 0(s0,00,a0)) - - ..
~molag—1|{sa-1,05-1}) - P** ' (spg_1,5m) - 1(og = 0(SH—1,0H-1,aH-1))

® po(so) - 1(0g =10,...,0]) - w(aplho) - P*(s0,51) - 1(01 = (80,00, a0)) - ...

~m(ag—1lhE—1) - P""*(sg—1,8m) - 1(og = 0(sg—1,08-1,8H-1))

P, [w]- P (s—1,5m) - Lo = [0,. ., 0]) - (01 = 0(s0,00,a0)) - - -

-1(og = 0(sp-1,0H-1,aH-1)),
where in (a) we note that component o of the state is initialized as a zero vector and then determin-
istically evolves according to o; any sequence of o-vectors that does not evolve according to o has
zero probability under probability measure IP’QO. In (b) we used the fact that any stationary policy
mo € Ilg for Mo can be mapped to a particular non-Markovian policy 7 € Iy in M. In (c)

we recall that, for w = (sg, ag, $1,a1, ..., SH-1,a8-1), Px [w] = po(s0) - w(aolho) - P*(so, $1) -
7T(a1|h1) - P (51, 82) ... PaH-2 (SH—27 5H—1) . 7T(aH_1|hH_1).

Now, for any y € ) and stationary policy 7o € Ilg, it holds that
P2, <yl = P2 [{wo : J5° (wo) < y}]
= > P2 woll (JF(wo) <)

wo €S0
= 2 Po ot (f(ll_LOH) Sy)
wo €0 7
= Z P [w]- P (sg_1,8m) 1(og =10,...,0]) - 1(01 = o(s0,00,a0)) - - ..
wo€QNo
1 —~
1(om = o(sg-1,00-1,am-1))1 (f (1 7H0H> < Z/)
@ Z P, [w] - P~ (sg_1,8m) - 1(0p = [0,...,0]) - 1(01 = 0(s0, 00, a0)) - - - -
wo€No

. 1(OH = O'(SH_1,0H_1,CLH_1))1 (f (dﬂ’H(w)) < y)

CY P WIL(F@T@) <y D D P (saosn)

weN 00,01,...,00€EOQ sgES

1(og =10,...,0]) - 1(01 = 0(s0,00,a0)) - ... - 1(og = o(sg—1,0H-1,aH-1))

DS TR W)L (f (477 () <)

weN
=) Prlw1(ff (w) < )
= Z Pr [{w : ff (w) < y}]
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1
(b), we split the sum over wg € 2o as a sum over w € €2, a sum over each possible vector o € O
across all timesteps, and a sum over the final state sy € S (not included in w). We also rearranged
the sums by noting that some terms do not depend on some of the sums. In (c) we note that the inner
sums over the o-vectors and sz equal one. O

where in (a) we noted that, for any wo € o, 1 (f ( 1__71, OH> < y) =1 (f (d’T’H(w)) < y) In

9.3 Proof of Theorem 4.5

Proof. From Lemma 4.4, for any horizon H € N and policy m € IIny, it holds that {7 L J go, where
mo is the stationary policy for Mg associated with the non-Markovian policy 7 for M. Thus, for
any risk-measure p : £ — R, it holds that p(ff;) = p(J§°). Also, from Lemma 4.3 there exists a
one-to-one mapping between non-Markovian policies for M and stationary policies for Mg since
every state in Mg is uniquely associated with a particular history in M (and vice versa). Given
these two results, we have that, for any 7 € TInw,

OptGapy(r) = p(f) = min p (1) = p(IF) — min p(35°).

7/ €llnm mHElls

and the conclusion follows. O
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10 ERM-MCTS pseudocode

We display in Algorithm 1 the pseudocode for the ERM-MCTS algorithm.

Algorithm 1 ERMg-MCTS for finite-horizon MDPs with terminal costs.

Inputs: s (root node), H (horizon), n (number of MCTS iterations), and {0; };c(1,... m—13 (explo-
ration constants).

Initialization: X(,, ,) =[], Vt € {0,...,H — 1}, s, € S,a € A (Initialize list to store sampled
terminal costs starting from (s, a)). N(s;) =0, N(s¢,a) =0, V€ {0,...,H—-1},s€ S,ac A
(Initialize visitation counters).

1: for j € ndo

2: fort €{0,...,H—1}do
3 if N(s;,a) = 0 for some a € A then a; = a.
4 else

5: Select an action according to:

6: a; € arg mi { H -0 ()

: t EMINge 4\ P(sy,a),N(si,a) t\/ N(s¢,a) (°
7 where (e, o) v = 10 (g St exp (8x) ).
8: end if

: Sample and transition to next state s;1 ~ PJ"(+]s;).

10: end for

11: At depth H observe terminal cost co(sg).

122 forte {H—-1,...,0} do

13: Update visitation counters:

14: N(st) = N(s¢) + 1.

15: N(st,at) :N(St,at)+1.

16: Store sampled terminal cost:

17: Store Xg\?t(:t;t) = co(sm) in X, a,)-
18: end for

19: end for

11 Experimental Results

Our code is available at https://github.com/ghOstwin/risk—-aware—gumdp.

11.1 Baselines

In the context of standard MDPs, the ERM-BI baseline exploits the dynamic programming decom-
positions of the ERM put forth by (Lin Hau et al., 2023). In particular, Lin Hau et al. (2023) show
that the optimal value function V* = {V;* };¢0,... i} and the optimal policy 7* = {7} }+eqo,.... H—1}
satisfy, for all s € S,

Vi'(s) = min {ERMg: (cr(s,a) +9V7 ()} Ve € {0, H =1}, Vii(s) = en(s),

71 (s) = argmin {ERMg.+ (ci(s,a) + vV ()}, vVt € {0,...,H —1}.
acA

In the context of standard MDPs, we perform backward induction from timestep ¢ = H backwards
until timestep ¢ = 0 to extract the optimal risk-aware policy. We also note that the occupancy MDP
is undiscounted (i.e., v = 1) and, hence, 57 = 3 for all timesteps.


https://github.com/gh0stwin/risk-aware-gumdp
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11.2 Hyperparameters

For implementation purposes, we let the ERM-MCTS parameters 6, = 6 forallt € {0,..., H—1},
see Sec. 4.3. We display in Tables 2 and 3 the hyperparameters used in our experiments, where N
denotes the number of independent runs of ERM-MCTS, n is the number of MCTS iterations per
timestep for ERM-MCTS, and 6 is the ERM-MCTS exploration constant. Under MDPs, we also
run NV independent runs of the oracle baseline ERM-BI.

Environment " i N " 0
(Discount) (Horizon) (Num. runs) (MCTSiter.) (Expl. const.)
MDP 0.9 20 100 500 1
MSEE 0.9 20 100 500 1
IL 0.9 20 100 2 000 1
MO 0.99 20 100 500 1

Table 2: Hyperparameters used for the illustrative environment experiments.

Environment v a N " 0
(Discount) (Horizon) (Num. runs) (MCTSiter.) (Expl. const.)

MSEE 0.99 200 128 1024 V2

IL 0.99 99 128 1024 V2

MO 0.99 40 128 1024 V2

Table 3: Hyperparameters used for the grid environment experiments.

11.3 Illustrative environments

We display in Fig. 2 an overview of the illustrative environments. In the remainder of this section,
we detail the GUMDPs used for each task, regarding their state space, action space, dynamics, and
cost function used.

11.3.1 Standard MDP (Fig. 2 (a))

We employ a four-state MDP where the agent needs to tradeoff at the initial state (sg) between: 1. a
risky action (aq) that can lead to a low-cost state (s2), but with some probability the agent ends in
a high-cost state (s3); and 2. a safe action (a;) that deterministically leads to a medium-cost state
(s1). The agent resets to the initial state with 10% probability while not in the initial state. The
cost function is given by ¢ = [c(so), c(s1), c(s2), c(s3)] where c(sg) = 0, c(s1) = 1, c(s2) =
&, c(s3) =1. Welet f(d) =d'c.

11.3.2 Maximum State Entropy Exploration (Fig. 2 (b))

The task is similar to the motivating example from Sec. 1, where the agent aims to explore an
environment as uniformly as possible but there is chance that the agent transitions to an absorbing
state (s4). The agent starts at state s;. We let f(d) = d' log(d).

11.3.3 Imitation Learning (Fig. 2 (a))

The dynamics of this environment are the same as the standard MDP (Appendix 11.3.1). The agent
aims to imitate the empirical occupancy induced by the trajectory of an agent that selected twice
the risky action (ag) under the standard MDP and then selected the safe action (aq) for all the
remainder timesteps. The trajectory to imitate had a rather lucky outcome, as it never ended up in
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Table 4: Grid environment parameters used in the MSEE and IL task. Grid positions are defined
using 0-based indexing and (0, 0) position it at the top-left corner.

Parameter Value
Grid size 10 x 10
Agent starting position (9,0)
Difficult terrain positions (6, 0), (6, 1), (6, 2), (6, 3), (6,4), (8, 3), (9, 3),
(1,5),(1,6),(1,7),(1,8),(2,5),(2,6),(2,7),
(27 8)7 (7’ 5)7 (37 5)’ (37 9)7 (97 1)7 (5’ 2)
Prrap 0.1
Duntrap 0.01

the absorbing state (s3). Hence, the agent needs to trade off between imitating the behavior policy
in states (sg, s1, s2) and risking being absorbed into s3, or only imitating the behavior policy in
the less risky states (sg, s1). To be precise, the empirical occupancy to imitate is dy, (s, ag) =
0.20605099, d, (s0,a1) = 0.30175732, dr,(s1,a0) = 0.17054104, d,(s1,a1) = 0.15004508,
dr, (82,a0) = 0.10245629, d, (s2,a1) = 0.0829896, d, (s3,a0) = 0.0, dx, (s3,a1) = 0.0. We let
f(d) =||d —dx,|3.

11.3.4 Multi-Objective MDP (Fig. 2 (¢))

The environment is inspired by the FishWood environment (Roijers et al., 2020), where the agent
needs to trade off between two cost functions. Each cost function penalizes different behaviors. The

cost function ¢; is defined as ¢1(sg) = 0, c1(s1) = —1, c1(s2) = 0.5, c1(s3) = 0, c1(s4) = 0.
The cost function cg is defined as ca(sg) = 0, ca(s1) = 0, ca(s2) = 0, ea(s3) = —0.2,
co(s4) = 0.2. The agent starts at state so. Any action at states s1, S2, S3, and s4 takes the

agent deterministically back to the initial state. We consider three utility functions: (i) weighted,
where f(d) = d'c; + d' ¢y; (ii) max, where f(d) = max(d ¢1,d’ ¢;); and (iii) min, where
f(d) =min(d" ¢;,2-d" ¢).

11.4 Grid Environments

11.4.1 Maximum State Entropy Exploration

Table 4 contains the hyperparameters used in the environment employed in the MSEE task. The
environment dynamics are described in Sec. 5.2.1.

11.5 Imitation Learning

We reuse the environment and corresponding hyperparameters defined in the MSEE task (Ap-
pendix 11.4.1). Additionally, we compute the occupancy of the behavioral policy d, after the
agent performing the sequence of actions depicted in Figure 8. As already mentioned in Sec. 5.2.2,
we ensure that the behavior policy never gets trapped inside difficult terrain squares. Under this ap-
proach we make sure that ERM-MCTS can model different behaviors (with distinct risk awareness)
by considering which difficult terrain squares to visit, if any.

11.5.1 Multi-Objective

As stated in Sec. 5.2.3, we use the resource-gathering environment (Barrett & Narayanan, 2008) as
our multi-objective task. Here, the agent has three objectives to maximize. The first two objectives
address picking and delivering resources R; and Ry to the home location, respectively. The last
objective attends to the possibility of the agent getting defeated when stepping inside squares that
contain enemies. Aiming to model the necessary information that is required for the reward func-
tions, we define the environment state as a 5-tuple, s = ((x,y), hr,, R, Pstart; Penemy). Where



Risk-Aware General-Utility Markov Decision Processes

Figure 8: IL (grid environment): Sequence of actions taken by the behavior policy 7. Agent starts
in position (9, 0), assuming 0-based indexing and (0, 0) position it at the top-left corner.

(z,y) € N? holds the agent’s position, hg,,hr, € {0,1} assign if the agent is carrying the
corresponding resource, hy.y € {0,1} indicates whether the agent left the initial position, and
henemy € {0, 1} indicates if a clash with an enemy occurred. Regarding environment dynamics, the
agent can move in all directions, plus we define a slippery condition where, with pg;, probability, the
agent moves instead perpendicularly to the selected direction. Additionally, resources are collected
when the agent enters the resource’s square, setting h, = 1, where r € {R;, Ro}. Furthermore,
when the agent steps inside a square that contains an enemy, with pgefear probability, Aepemy becomes
1. In the case when hepemy = 1, the agent loses immediately and transitions to an absorbing state
until the end of the episode. Regarding reward modeling, we define three different reward functions
r1,...,73 € RISIAL where all entries are 0 except in specific states:

(i) For 7y, the states s € {((Zhome; Ynome)s 1, 0, 1, 0), ((Zhome, Yhome ), 1, 1, 1,0)} receive 1 to com-
pensate for delivering R; to the agent’s home position (Znome; Yhome )-
(ii) Analogously, 7o accounts for the cases where Ry gets transported to (Zhome, Yhome ), thus as-
signing the states s € {((Zhome, Ynome)s 05 1, 1,0), ((Zhomes Ynome ), 1, 1, 1,0) } with reward 1.
(iii) To account for when the agent loses as the consequence of an enemy clash, 73 sets the reward
to —1 for any state s having hepemy = 1.
Subsequently, we combine all rewards by applying the following non-linear function, f(d) =
1
(rle) > +ryd+ 7, d. With f(d)!, we assign higher priority when retrieving Ry, e.g., simulating

it being more valuable than Rs.

The environment hyper-parameters are defined in Table 5.

11.6 Compute

The illustrative environments were simulated on a laptop CPU (Intel 11th Gen i5-1135G7) with
16 GB of RAM. Additionally, the experiments for the grid environments were deployed on a server
with a dual CPU (AMD EPYC 9224 24-Core) and 770 GB of RAM. In the latter, due to the large
number of CPUs, we effectively parallelize every experiment, allocating one CPU per independent
run. Tables 6 and 7 display the runtime obtained when running ERM-MCTS on the illustrative and
grid environments, respectively.

ITransforming this objective to handle costs, we first set ¢; = —r;,Vi € {1,...,3} and then use f(d) =
1
sign(c{ d)|cf d|? +¢] d+cj d.
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Table 5: Grid environment parameters for the resource-gathering environment (MO task).

positions are defined using 0-based indexing and (0, 0) position it at the top-left corner.

Parameter Value

Grid size 5% b

Agent starting position (4,2)

Home position (Znome; Yhome ) (4,2)

R, position (0,2)

Ry position (1,4)
Enemies positions (0,3),(1,2)

Dslip 0.05

Ddefeat 0.025

Table 6: ERM-MCTS runtime on illustrative environments.

Environment Runtime
MDP (140.50 £ 6.22) s
MSEE (165.75 £ 25.73) s
IL (897.75 £ 66.13) s

MO (weighted) (136.50 & 1.80) s
MO (max) (134.75 £ 7.76) s
MO (min) (142.25 £ 4.76) s

Table 7: ERM-MCTS runtime on grid environments.

Environment Runtime
MSEE (2302.19 £ 30.89) s
IL (593.00 £10.35) s

MO (318.18 £17.31)s

Grid



