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Summary

Collaborative multi-armed bandits (MAB) has emerged as a promising framework that
allows multiple agents to share the burden of exploration and find optimal actions for a shared
task. While several recent results demonstrate the benefit of collaboration in minimizing per-
agent regret, prior works on collaborative MABs implicitly assume that all participating agents
behave truthfully. However, the case of strategic agent behavior—where an agent may free-
ride on the information shared by others without performing exploration—has received limited
attention. Such free-riding strategies can lead to a collapse in exploration, resulting in a high
regret for all honest agents. Our paper addresses this problem of collaborative multi-armed
bandits in the presence of strategic agent behavior.

Contribution(s)

1. Our main contribution is to design mechanisms for the principal and arm-playing algorithms
for the agents so that truthful behavior, i.e., performing sufficient exploration and reporting
feedback accurately, is a Nash equilibrium.

Context: To the best of our knowledge, this is the first mechanism for collaborative multi-
agent bandits that provably disincentivizes free-riding while preserving optimal collabora-
tive regret guarantees under strategic behaviour of the agents.

2. Under this Nash equilibrium, the per-agent regret with collaboration is lower by a factor of
v'M compared to the non-collaborative case, where M is the number of agents.
Context: As /M is the best possible factor of regret reduction even when agents are
altruistic/non-strategic, our results establish that it is possible to achieve the benefit of altru-
istic collaboration even in the presence of strategic agents who may want to free-ride.

3. For the single communication-event setting, we exhaustively characterize the set of all Nash
equilibria induced by our protocols and show that no equilibrium permits free-riding.
Context: This characterization rules out unintended equilibria involving free-riding and
ensures that dishonest behaviour cannot arise as part of any Nash equilibrium under our
mechanism.

4. Our experiments empirically validate our theoretical findings. A free-riding agent enjoys
lower regret, but suffers significantly higher penalty, thus disincentivizing him from free-
riding.

Context: Not applicable.
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Abstract

Collaborative multi-armed bandits (MAB) has emerged as a promising framework that
allows multiple agents to share the burden of exploration and find optimal actions for
a shared task. While several recent results demonstrate the benefit of collaboration
in minimizing per-agent regret, prior works on collaborative MABs implicitly assume
that all participating agents behave truthfully. However, the case of strategic agent
behavior—where an agent may free-ride on the information shared by others without
performing exploration—has received limited attention. Such free-riding strategies can
lead to a collapse in exploration, resulting in a high regret for all honest agents.

This paper addresses the problem of collaborative multi-armed bandits in the presence
of strategic agent behavior. We design a statistical penalty mechanism that incentivizes
truthful behavior—namely, performing sufficient exploration and accurately reporting
feedback—by making such behavior a Nash equilibrium. Furthermore, under this Nash
equilibrium, the per-agent regret with collaboration is smaller by a factor of /A com-
pared to the non-collaborative case, where M is the number of agents. Our results show
that near-optimal collaborative regret can be retained even in the presence of strategic
agents who may otherwise be incentivized to free-ride. Our experiments empirically
validate our theoretical findings.

1 Introduction

The multi-armed bandits (MAB) framework models scenarios where an agent repeatedly faces
the explore-exploit dilemma—whether to gather new information or act optimally based on cur-
rent knowledge (Lattimore & Szepesvéri, 2020). This framework has broad applications, including
clinical trials (Thompson, 1933; Villar et al., 2015), recommendation systems (Li et al., 2010), ad-
vertising (Buccapatnam et al., 2013), dynamic pricing (Trovo et al., 2018), portfolio selection (Huo
& Fu, 2017), hedging (Cannelli et al., 2023), auctions (Sharma et al., 2012), and resource allocation
(Krishnasamy et al., 2021).

Recent interest has surged in collaborative MABs (Dubey & Pentland, 2020; Wang et al., 2019;
Li & Wang, 2022; He et al., 2022) driven by the potential of data sharing and interoperability to
boost both individual and societal outcomes (Mancini, 2021). In this setting, multiple agents jointly
solve a bandit problem by sharing information, allowing them to distribute the burden of exploration
and act based on the collective information. Practical examples include hospitals collaborating in
vaccine trials (Rieke et al., 2020; Flores et al., 2021), NGOs coordinating mobile interventions
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for healthcare (Ou et al., 2022), cities tackling common issues like waste management (Mao &
Perrault, 2024), autonomous vehicles jointly learning safe routes (Ferdowsi et al., 2019), and content
recommendation platforms sharing aggregate statistics to enhance user personalization (Bouneffouf
etal., 2020). Prior work shows such collaboration significantly reduces per-agent regret (Wang et al.,
2019).

However, these benefits often rely on the unrealistic assumption that all agents truthfully share in-
formation and contribute to exploration. This assumption is arguably idealistic and can be easily
violated in practice due to the presence of self-interested strategic agents who might be tempted
to ‘free-ride’ on the information shared by others. For instance, Jung et al. (2020) showed that an
agent observing the actions and rewards of another regret-minimizing agent can adopt a ‘free-riding’
strategy which suffers negligible regret. Hence, as many agents may be tempted to adopt such free-
riding strategies, this behavior can ultimately lead to a collapse of exploration and the breakdown of
collaborative regret minimization.

Despite its importance, the issue of strategic ‘free-riding’ remains underexplored in collaborative
MABs. This paper addresses the question:

Research Question. Is it possible to incentivize strategic agents to truthfully participate—
and avoid “free-riding"—in collaborative multi-armed bandits?

To study this, we combine insights from two areas of research: mechanism design and multi-agent
MABs. We propose mechanisms that a central principal can use to incentivize truthful behaviour in
a linear stochastic MAB setting with M agents and time horizon 7'. Each agent’s aim is to minimize
their own regret on the bandit instance. We use monetary penalty as the main device by which the
principal can incentivize truthful behavior. The principal acts as a central coordinator who collects
(and shares) information from (to) agents and also enforces the mechanism to penalize the agents.
Importantly, the principal does not directly observe the actions or rewards collected by agents and
must instead infer deviations statistically from reported estimates. The principal’s objective is to
minimize the social regret—the sum of all agents’ regrets. Communication occurs in synchronized
rounds between principal and agents.

1.1 Our contributions

We design two provable mechanisms: (i) LSHON (Low-Switching Honest protocol) for the agents,
and (ii) MONPEN (Monetary Penalty protocol) for the principal. Together, these mechanisms en-
force truthful behaviour—namely, diligently performing the prescribed exploration and accurately
reporting the information required by LSHON. Our main contributions are as follows.

A. Incentive-compatible collaboration. When the principal follows MONPEN under common
knowledge, it is a Nash equilibrium for all agents to follow LSHON (Theorem 1). To the best of our
knowledge, this is the first mechanism that provably disincentivizes ‘free-riding’ in collaborative
multi-armed bandit settings. Because LSHON prescribes truthful behaviour and because honesty
constitutes a Nash equilibrium under the maintained assumptions, the induced protocol pairing is
Bayesian-Nash incentive compatible (BNIC).

This guarantee relies on a key design principle in MONPEN: the principal performs carefully con-
structed statistical manipulations—despite not knowing the true model parameter—and applies a
penalty function whose expected value converges for honest agents but diverges for dishonest or
free-riding agents.

B. Optimal regret under strategic behaviour. Under the equilibrium where all agents follow
LSHON, every agent achieves an order-wise optimal regret of O(d+/T/a) (Theorem 2) while in-
curring an arbitrarily small (non-negative) expected penalty. Here, d denotes the ambient dimension
of the action space. Compared to the per-agent regret of O(d\/T) achievable without collabora-
tion (Abbasi-Yadkori et al., 2011), this represents a v/M-fold reduction in per-agent regret—even
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when agents behave strategically. Achieving this guarantee requires LSHON to employ a low-
switching bandit policy (Abbasi-Yadkori et al., 2011), which enables synchronized arm selections
across agents and facilitates efficient information sharing.

C. Characterization of all Nash equilibria in the single communication-event case. Beyond
establishing the truthful equilibrium, we characterize the set of all possible Nash equilibria induced
by MONPEN for a single communication event (Theorem 3). We show that a strategy profile forms a
Nash equilibrium only if all agents apply the same/identical bias to their reported estimates while not
free-riding on exploration. This characterization rules out equilibria involving free-riding, although
coordinated equilibria involving a shared bias remain possible.

D. Empirical validation. We complement our theoretical results with experiments in a semi-
synthetic environment derived from the MovieLens dataset (Harper & Konstan, 2015). Our exper-
iments show that although free-riding agents may temporarily achieve lower regret (higher utility)
than truthful agents, the penalties imposed by our mechanism ultimately reduce their overall utility
below that of honest agents, thereby discouraging dishonest behaviour.

1.2 Related Work

Stochastic linear bandits. The stochastic multi-armed bandits (MAB) framework models the
exploration-exploitation trade-off in sequential decision-making. In linear bandits, actions are rep-
resented as vectors in a d-dimensional space, and expected rewards are a linear function of these
embeddings. This setting is well-suited to problems with contextual or side information (Chu et al.,
2011; Wang et al., 2021; Moradipari et al., 2021). A standard solution approach is the ‘Optimism
in the Face Of Uncertainty’ paradigm (Auer et al., 2002). For linear bandits, the OFUL algorithm
(ak.a. ‘LinUCB’) (Abbasi-Yadkori et al., 2011) achieves a regret of O(dﬁ ) even when actions
sets changes over time horizon T'. It is optimal (up to log factors) as it matches the Q(dv/T') lower
bound (Dani et al., 2008).

More recently, linear bandits have been Table 1: Contrast of our work with the literature.
studied in multi-agent settings where

agents communicate via a central principal Regret- Collabora- Strategic
(Hillel et al., 2013; Tao et al., 2019). Wang Work optimal?  tive?  agents?
et al. (2019) introduced DISLIHUCB, a Abbasi-Yadkori et al. (2011) X X
multi-agent extension of LinUCB, which Wang et al. (2019) X
achieves a O(dv/MT) social regret—i.e., Our Work

a per-agent improvement by a factor of
1/v/M over single-agent settings. However, these works assume all agents are truthful, and do not
account for strategic behaviour such as free-riding. We juxtapose our work against these in Table 1.

Strategic agents. A growing body of work addresses strategic behavior in collaborative MABs.
Free-riding arises when an agent benefits from another agent’s exploration or shared information
without contributing back. Jung et al. (2020) show that an agent observing other no-regret learners
can attain O(1) regret (in 7', but with an 1/A factor otherwise) by estimating rewards solely from
observations shared by other agents. This challenge intensifies when data sharing incurs costs—
as studied in linear bandits (Wei et al., 2024) and supervised learning (Karimireddy et al., 2022;
Murhekar et al., 2024). In such cases, agents may opt out unless incentivized. A common approach
is to design mechanisms offering payments that offset agents’ costs and rewards their contributions;
for example, Krishnamurthy et al. (2026) study how learning algorithms should behave to offer fair
payouts to the agents.

Our work differs from these approaches in two important ways. First, we study incentives for truth-
ful exploration rather than merely participation or communication. Second, we establish regret
guarantees at equilibrium and characterize strategic behavior induced by the mechanism.

For the interested reader, we also provide a more detailed literature survey in Appendix B.
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2  Setting & Preliminaries

Communication setup. We consider M agents and a single trusted principal. The communication
network between these agents and principal is set up according to a star topology. More specifically,
every agent can communicate with the principal by sending and receiving packets, but the agents
cannot communicate amongst themselves directly. The communication happens synchronously over
rounds, i.e., the principal will coordinate upon a time-step at which all agents will send packets to the
principal, and after receiving all packets, the principal will then respond to each agent. We denote
the sequence of time-steps when communication events happen by 7 = (71,72, ..., 74). The total
communication cost is the total number of real numbers sent/received by the principal across all the
communication events.

Multi-agent linear bandit setting. Each agent a € A is faced with the same linear bandit instance
with time-horizon T'. At each trial/time-step ¢ € [T'], the agent needs to choose an action x, ; from
the decision set X; C R that spans R<. Note that X; is identical across all agents, but can vary
over time. Upon playing action z, ;, the agent observes its reward y, ; = (6%, xq,¢) + 7a,1, Where
6* € R% is an unknown parameter (and no agent has auxiliary information, such as a prior, about 6*)
and 1,¢+ ~ N (0, 1) is zero-mean i.i.d. random noise. Given knowledge of 6*, the optimal action at
trial ¢ is 2} = argmax, ¢y, (0%, ) and the expected cumulative reward of such optimal actions is
given by Zthl (6%, 7). We will measure the regret of the agent against this optimal strategy, i.e.,!

Ra(T) =3 (0% a7) — (6. 20) (1)

t=1

To analyze regret, we make standard assumptions: ||0*||, < 1 and ||z||, < 1forall z € X; for all ¢.

We next introduce some quantities that are typical to the LinUCB algorithmic approach (see, e.g.,
Lattimore & Szepesvari (2020)). Each agent a¢ maintains statistics of arms played and rewards
observed by him in two quantities: the ‘design’ matrix V;?, := 23:1 xa,qx;q, and the ‘results’
matrix B, = 22:1 Tq,qYa,q» SUpETSCript s denotes ‘self-play’. Additionally, denote by V7, :=
2 befar Vo and BGy := 3¢ a\ (41 By 4 the design and result matrices from statistics of all other
agents put together, the superscript ¢ denotes ‘collaboration’. Further, let 8, ; be the estimate (to be
elaborated in Section 3.1) of the unknown 6* that agent ¢ computes at time ¢.

Strategic Agent. A rational agent might not truthfully follow the arm play algorithm prescribed
by the principal and instead devise their own strategy to ‘free-ride’ (see Definition 1) on the other
agents’ statistics provided to him by the principal. Write V7 to be the design matrix that agent a will
have had at time 7 if he completely adheres to arm playing algorithm of LSHON. But, by deviating
from this algorithm to free-ride, he would end up with another design matrix V3¢ = V2 +e)
where SZT € R¥? quantifies this strategic deviation.

Definition 1 (Free-rider). A rational agent a € A is said to free-ride if, by some communication
event T € [T, he explores not as much as LSHON requires him to, i.e., V>:r < V2. Equivalently,

an agent with a deviation 51‘;’7 < 0 that is negative definite is a free-rider.

While this work primarily studies the aspects of agents free-riding (deviating design matrices), we
also consider it possible for agents to misreport (bias) their parameter estimates, albeit with some
restrictions captured in Assumption 2. So, the agent a reports his estimate as 07 . = 0, - + 6277_,
with a bias f _ € R%.

Assumption 2 (Agent knowledge and behaviour). At any communication step T, the knowledge and
behaviours of all agents a € A are constrained by the following:

1. The agent does not have any prior/auxiliary information about the linear bandit model parameter
9* € R

I'This notion of regret is sometimes referred to as pseudo-regret in the literature.
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2. The agent shall compute his estimate 0, ; using all samples from self-play By, . until the current
time-step and samples from collaboration By, ., until the preceding communication event T <,
and (as a consequence of Item 1) not from any other information .

3. To the estimate 0, ., the bias added by an agent ezj € R? is some constant value independent
of quantities used in Item 2.

Assumption 2 restricts the strategic behavior available to agents. In particular, we consider devi-
ations through under-exploration and additive reporting bias independent of locally observed data.
Studying richer classes of strategic manipulation remains an important direction for future work.

While an honest protocol-adhering agent a implicitly has EZ)T =0, e}l/ﬁ = 02 for all communication
rounds 7, a rational agent a shall pick (Egﬂ_, EXT) strategically. Denote by short-hands €, » = 0 the
honest strategy of 5277 = 0and EXT = 0, and by €, - # 0 any free-riding dishonest strategy where
el #0ore) <0.

Agent-principal contract. The goal of the principal—despite the agents being strategic—is to
minimize the social regret, i.e., the cumulative regret ) Ro(T') of all agents. However, to guard
against such free-riding strategies and ensure agents act truthfully, we consider a setting where a
contract exists between the agents and the principal. Under this contract, the principal can levy
enforceable monetary penalties at communication events based on a statistical assessment of the
agent’s adherence to the protocol. In this case, the goal of every agent a is to minimize the sum of
his regret and penalty levied on him: R, (T") + P,(T), where P,(T) is the overall penalty levied on
agent a.

2.1 Framework

Algorithm 1 Framework for multi-agent linear bandits with rational agents

1: for time-stept =1,2,...,7 ..do

2: for all agents a € A do

3 [Agent] Chooses and plays arm z,,+ and observes reward yq,¢.

4: if Communication event occurs at 7 <— ¢ then

5: [Agent] Reports estimate 65 . to principal.

6 [Principal] Shares back aggregated statistics V;; ., By'% to agent a.
7 [Principal] Levies penalty P, - on agent a.

8 end if

9: end for

10: end for

We summarize the interactions and data flow in Framework 1. Each agent individually plays the
bandit instance using its locally available statistics (line 3). The chosen arms and observed reward
remain private and are not shared by default with other agents or the principal. At certain time-
steps 7, the principal initiates communication events (line 4). During these events, agents report
0 +s as their current parameter estimates (line 5) to the principal, and then, the principal sends the
aggregated statistics (design and results matrices) back to the agents and imposes a penalty P, »
(lines 6-7). This setup resembles that of Wang et al. (2019), with some differences in the nature of
statistics transferred and how communication is triggered. These communication events naturally
induce a game among agents, which we formalize in normal form as follows:

Definition 3 (Principal-agent bandit game). Let I' = [A, (S4)aca, (Ua)ac.a] denote the normal
form principal-agent bandit game , where

1. The set of players is the finite set of agents A.

2. Each player a € A chooses strategy s, = ((€4 ,e¥ ) :7€T) € S, C (R? x RdXd)q.

a,7)<a,T

2We simplify notation and overload 0 to denote different quantities (vector, matrix, tuples of quantities) of all zeros,
disambiguated by the 1.h.s. quantity compared to.
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3. Then, each player a € A receives utility

ua((sa)aEA) = 7Ra(T) - Pa(T)> ()

where R, (T') is the regret as in Equation (1), and P,(T') = ) . Pa 7 is the penalty as in line 7
of Alg. 1.

The goal of this work is to jointly design mechanisms (and therein the penalty functions) for the prin-
cipal to use and arm-playing algorithms for the agents to use, that dovetail and delicately balance
the following aspects: the principal mechanism should provably induce equilibrium with honest
behaviour that prevent free-riding; arm play algorithms should enable/permit the possibility of de-
signing such mechanisms; the arm play algorithms should have provably good regret guarantees;
and also have low penalty guarantees in conjunction with the principal mechanism.

3  Our Mechanism and Algorithm

We introduce protocols LSHON for the agent behaviour (Algorithm 2) and MONPEN for principal
behaviour (Algorithm 3) that fit into our setting Framework 1.

3.1 Agent Protocol

As part of the contract, the agent is required to adhere to LSHON which prescribes to choose and
play actions in the following way. The agent shall make use of the total statistics Vo » = V7 +
Virand B, = Bp7 + Bg7 from both self-play and from collaboration with other agents, as
of the last communication event at time 7. The choice of actions is based on the low-switching
algorithm of Abbasi-Yadkori et al. (2011) which is similar to the LinUCB algorithm except that it
changes/updates its parameter estimate very infrequently. This algorithm balances exploration and
exploitation by constructing a confidence set around the current parameter estimate and selecting an
optimistic action based on this confidence set. Specifically, the agent computes the ridge regression
(RR) estimator

955— = ()\I + Va,‘r)_l(Ba,‘r>7 (3)

where A > 0 is the ridge regression parameter. Then, the agent constructs the confidence set
d. RR
Cor = {9/ eR: |0 — 0%, < @(5)} , (4)

where [3;(0) is the radius for a confidence parameter 0 (see Equation (36) in Appendix). The agent
uses this confidence set C,_ to choose the arm (breaking ties in some deterministic pre-agreed way)
to play, at all time-steps until the next communication event (line 4).

Algorithm 2 LSHON - Agent’s Truthful Protocol with low-switching arm play.

1: Most recent communication time 7 <— 0.
2: for time-stept =1,2,...,7T do
3: Compute 0, and C, - using Equations (3) and (4) with statistics until last communication event 7.
4: Choose and play arm
Ta,t € argmax max <x7 9'}.
zex;y 0€Cqar

if Communication round is initiated then

Report true OLS parameter estimate 67, ; <— 60q,: as in Equation (5) to the principal.

Recent communication event time 7 < t.
end if
end for

R AN

Since the confidence set is not updated every single time-step, the algorithm is said to follow a
‘low-switching’ or ‘deferred update’ paradigm where feedback from playing arms is processed in
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batches only during communication events. As a result of this, the choices of arms played are
independent of the reward noise from the ongoing bandit play (since the last comm. event), and
thus is a deterministic function of the set C, .. This property enables the principal to compute
the sequence of actions an agent will play through the ongoing bandit play, and thus compute the
anticipated design V| every agent a that obeys LSHON shall have at communication event 7

Finally, whenever a communication event is initiated, the agent shall compute Ordinary Least
Squares (OLS) parameter estimate using all locally available statistics (from self-play until current
time ¢ and from collaboration as of preceding communication event 7) as

0ot = (V;f + Vi, ) (B“’ S+ BS 5) )

and report it to the principal (line 6). Here, while the free-rider’s design V.7 can be non-invertible,
we assume the honest design matrices V;? . are full-rank and invertible by every communication
event 7. Note this can also be explicitly achieved by having a dedicated phase of d time-steps,
wherein every agent plays a sequence of actions to span R? which make the design matrices full-
rank and invertible, at the beginning of arm-play after a communication event.

3.2 Principal Protocol

As per MONPEN, the principal initiates communication events whenever sufficient new statistics
have been generated (line 4), i.e., when the determinant value of the cumulative global design matrix
VA = > aca Ve has increased by a multiplicative factor of (1 4-c;) since the last communication
event 7. Note thls initiates at most O(dlogT) communication events. During a communication
event 7, the principal receives parameter estimates from all agents (line 6). As the parameter esti-
mates ¢ s are from statistics from both self-play and other agents’ statistics provided to agent a
(as per Equatlon (5)), the principal attempts to recover the agent a’s self-play statistics as follows:

B;Zi = (Vas‘r + V;,T’) 92,7’ - Bng’" ©

where the pr1n01pal is aware of V7, B:%, as the statistics it sent to a in the last (preceding) com-
munication event 7/ < 7, and the prmcipal can compute V7 due to the determinism of the choice
of arm played by the low-switching algorithm in LSHON. Since the principal observes only reported
parameter estimates and not the underlying actions or rewards, reconstructing self-play statistics is
non-trivial and relies crucially on the low-switching determinism of LSHON. The principal, then,
shall return to every agent a the complete aggregate statistics

> v wd BEe Y BT )
beA\{a} beA\{a}

of all other agents (line 8). Note in each communication event O(d?) floating-point values are
exchanged between each agent and the principal, thereby bringing the overall communication com-
plexity of the protocol to O(d®>M log T').

Statistical test. Next, the principal evaluates probabilistically the extent of dishonesty/deviation
of every agent a and assigns (line 13) a commensurate monetary penalty to the agent by performing
a statistical test as follows.

We introduce some notations to capture the design and result matrices corresponding to intervals

[7/,t] of time: V< . = Vi — Ve, By, = ByS — Byo,. Analogously define V5,
and B}, .. Observe that V;T = Yobeafa} Vi and BYT =370 gy Byt Wealso

summarize all our notations in Appendix A.

The principal computes the statistics of all other agents b € A \ {a} in the time period since the
preceding communication event 7’ until the current communication event 7 as V,¢ ,._ and By’ ET -
and attempts to compute its/their corresponding OLS estimate

055, = (Vi) 'ByS (8)

(lTT (ZTT
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Algorithm 3 MONPEN - Principal’s protocol with monetary penalty

Parameters: ¢c; > 0,c2 > 0, A > 0.

Input: Estimate 0, . from every agent a € A at every communication event 7.

Output: Statistics sent back and penalty P, - for every agent a at every communication event 7.
1: Most recent communication event time 7 < 0.

2: for time-stept =1,2,...,7T do

3: Compute agent designs V,;’;s as per LSHON, compute global design VA,

4 | if det(M + ViA) > (1+c1) - det(A + Vi) then

5: Initiate communication event, 7 < t.
6
7
8
9

Get parameter estimates 6, . from all agents a.
for all agent a € A do

Send to agent a the statistics V;; ., Bg’5 of all other agents as in Equations (6) and (7).
: Compute intermediary vector z, as in Equation (9).
10: for dimension ¢ € [d] do
11: With z « (z¢)?, compute component-wise penalty P’ = __vamz exp (E) -1
’ @ (z + 1)1+e2 2 ez’
12: end for
13: Levy monetary penalty P, - = é > P? on agent a.
14: end for
15: end if
16: end for

Next, the principal compares this derived estimate to agent a’s reported estimate ¢ . to get an
intermediary d-dimensional vector z, (line 9) as

T W) (005 ©)

2= ((Vir +Vir)
Finally, the components of z, are fed to a hand-crafted penalty function (lines 10-11) to get the
penalty for agent a at this communication event 7. We shall later show that the specific expo-
nential form of the penalty function is not arbitrary—it is carefully designed to amplify statistical
inconsistencies between an agent’s reported estimates and what would be expected under truthful
exploration. By making the penalty depend exponentially on the squared magnitude of the reshaped
estimate components, the mechanism creates a sharp separation between honest and dishonest be-
havior: the expected penalty for an honest agent remains bounded, whereas that of a free-rider
diverges. Notice that this penalty assigned to an agent, P, -, depends not only on the agent’s own
actions and estimates but also on those of the other agents that agent a can’t observe beforehand.

4 Results and Discussion

We establish in Theorem 1 that the principal’s protocol MONPEN is designed in a way such that
it induces an equilibrium of honesty (adherence to protocol) among all agents when prescribed to
follow protocol LSHON.

Theorem 1. Let the principal follow MONPEN in common knowledge and agents adhere to As-
sumption 2. Then, the strategy profile of all agents being honest, s* = ((&:Zﬁ =0, 5aV’T =0):Vr e
T)aca, is a Nash Equilibrium of the principal-agents bandit game T'.

With this explicit specification of the equilibrium strategy profile, we note it is this equilibrium
behaviour that is incorporated in LSHON for the agents. Thus, the above establishes that the protocol
pairing MONPEN-LSHON, our principal protocol and agent algorithm, is Bayesian-Nash Incentive
Compatible wherein it is beneficial for each agent to reveal their true parameter estimates as long as
the other agents are also doing so. Next, we consider the trajectory where this equilibrium occurs
and analyze the bandit regret for an agent from playing the stochastic linear bandit instance.



Collaborative Learning under Strategic Behavior

Theorem 2. [Regret at Equilibrium] In the collaborative linear bandits problem, let the principal
follow MONPEN and all agents follow LSHON. Then, the expected regret of every agent a € A is

B Tlog(TM)
R.(T) =0 <d M) .

And, the expected penalty P,(T') of every agent is O(1).

Our result shows that we can attain the same regret bound as that of altruistic collaboration even
when all agents are rational and self-interested. Wang et al. (2019) showed that if the agents are
implicitly altruistic, then O(d\/ MT) social regret is achievable. Here, Theorem 2 shows that the
same social regret of O(d\/ MT) is attained when agents are strategic.

The Theorem 2 immediately leads to the following:

Corollary 1 (Utility at Equilibrium). In the principal-agent bandit game I', when the principal
follows MONPEN and all agents follow LSHON, the negative utility of every agent a € A is upper

bounded as —u,(s*) = O (d\/ Tk’g[\(/[m) at NE strategy profile s* (mentioned in Theorem 1).

If each agent operates individually without the collaboration, they can achieve an O(d\/T ) ex-
pected regret using the LinUCB algorithm (Abbasi-Yadkori et al., 2011). However, our Theorem 2
(sim. Corollary 1) shows an improvement of the expected regret (sim. negative utility) bound to
O(d\ /T /M) when all agents participate in the collaboration adhering to the mentioned equilibrium
behaviour. Upfront, the agents are better off participating in this collaboration than abstaining, de-
spite the threat of a monetary penalty. Thus, our protocol pairing is ex ante Individually Rational
(IR) in equilibrium. Further, from the single agent lower bound of Dani et al. (2008), it follows
that even with communication event at every time-step and complete sharing of statistics, superflu-
ously set up as a single agent playing for MT" time sequentially, the per-agent regret bound is lower
bounded as Q(d+/T/M). This shows that our algorithm attains minimax optimal regret guarantee.

While we designed the MONPEN, LSHON tailored to show that honesty is a Nash Equilibrium in
the game T, it is imperative to ask if these protocols also induce other unintended equilibriums to
which agents might converge. We answer this question in Theorem 3 for the single communication
event case, where we explicitly enumerate all possible NEs.

Theorem 3. [All Nash Equilibria] Let the principal follow MONPEN in common knowledge. If
there is one communication event in the principal-agent bandit game T, then the set of all Nash
equilibria is

S C { (EZ, 54

V)peu | ¥ AOand3B R st Va € A <) =B}

In words, a strategy profile is a Nash equilibrium only if all agents apply the same identical bias
B € R? to their reported estimates, and do not free-ride in it (€7 £ 0).

This crucially establishes that any free-riding strategy can not be a part of any Nash equilibrium.
Further, although the strategy profiles where all agents uniformly apply a certain non-zero bias to
their reported values constitutes an NE, these strategy profiles fare poorly in regret minimization as
all agents together mislead the principal.

However, note that our Nash Equilibrium (discussed in Theorem 1) leads to a per-agent optimal min-

imax regret as mentioned above, and this leads to a socially optimal regret bound of 0] (d\/ TM )

Owing to this optimality, even when other equilibria exist, they cannot have a better/lesser minimax
social regret guarantee. In fact, this shows that no hand-crafted strategy profile for the set of agents
(even if they do not constitute an equilibrium) can lead to a better minimax social regret, showing
that our Nash equilibrium of honesty is socially optimal.

We discuss some limitations of our setting and results in Appendix H. Deferring the formal proofs
to Appendices D to F, we provide brief proof sketches next.
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4.1 Proof sketches

Proof Sketch of Theorem 1 [Nash Equilibrium of Honesty. ] We want to show that when all other
agents are honest, agent a enjoys the highest utility when he is honest in every single communication
round. Towards this, we shall show that the expected penalty of an agent is O(1) if he is honest
(Lemmas 10 and 17) and that it doesn’t converge (tends to +o00) otherwise (Lemmas 13 and 19).

This result primarily hinges on the principal’s ability to distinguish between an honest and dishonest
agent, probabilistically, from their reported parameter estimates ¢, s without actually knowing the
true parameter value ¢*. Building on the intuition that a free-rider’s parameter estimate 07 . will
be generally ‘poorer’ (or less statistically reliable) than that of honest agents’ as they don’t perform
the requisite exploration, the principal computes a specific statistical quantity z, € R? (in line 9 of
MONPEN) by comparing the estimate of agent a with the aggregate estimate of all other agents’
new statistics that is yet to be given to agent a. We shall show that this z, doesn’t depend on
the unknown 6*, and conditioned on the honesty of all other agents, z, follows a 0-mean Gaussian
distribution with all components having a marginal variance 1 if a was honest, but if @ was dishonest
and free-riding, some component’s marginal variance goes strictly above 1 (Claim 14).

Taking advantage of this distinction, the principal computes the penalty of agent a as function of
these components of z, (in line 11) specifically designed such that its expected value converges to
a constant for variance 1 (for an honest agent) and doesn’t converge for variance more than 1 (for a
dishonest agent). O

Proof Sketch of Theorem 2 [Regret bound at honest behaviour. ] The key idea is that all (honest)
agents shall explore and contribute equally to the collaboration. This holds due to the determin-
istic nature, across all agents, of the arm playing algorithm in LSHON between two communication
events. As the learning only occurs in batches during the times of communication, all agents use the
same confidence set C,  for the entire period until the next communication event. Thus, we shall
show (in Lemma 22) that choice of arm played (in line 4) is the same across all agents leading to all
agents maintain an identical design matrix V, ;. This shall establish that all agents share the burden
of exploration equally.

We shall then quantify the benefit of collaboration among M agents as an improvement (reduction)
in individual regret by a factor of v/M for all agents, by using this fact that all agents contribute
equally to the collaboration. The remainder of the proof shall then broadly use the line of argument
in Abbasi-Yadkori et al. (2011) as follows: First, we shall upper bound the instantaneous regret r, ;
of an agent at time ¢, and shall then use it to bound the total regret of agent a to get the desired bound
of R.(T). O

Proof sketch of Theorem 3 [Characterizing all Nash Equilibriums. 1 The principal’s mechanism
MONPEN is constructed so that the expected penalty of an agent remains finite only when the statis-
tic z, computed by the principal follows the reference distribution z, ~ A (0, I;); otherwise the
expected penalty diverges to +00. Hence, given the strategies of other agents, any best response
of agent a must ensure that the induced distribution of z, satisfies this condition. We therefore
characterize best responses by enforcing the two requirements E [z,] = 0 and Var [z,] < I,.

First, analyzing the mean condition shows that the best response bias of agent a must equal the
average bias of the other agents. Consequently, any strategy profile that is a fixed point of best
responses must have a common bias 52 = [ for all a. Second, we analyze the variance condition by
introducing a scalar slack variable f, that captures deviations in the design matrix and corresponds
to the degree of free-riding. The variance constraint implies an inequality relating f, to the values
chosen by other agents. This inequality forces f, to lie no farther from 1 than the deviations of the
other agents. Iterating this best-response relation shows that any self-consistent profile must satisfy
fa = 1 for all a, which corresponds to the absence of free-riding (equivalently, €V %4 0). O
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Figure 1: MovieLens problem instance (a) Regret of agents as a function of time ¢. Note that
regrets are identical for all honest agents. (b) Penalty of agents as a function of communication
rounds. (c) Negative utility of agents.

5 Experiments

We demonstrate the effectiveness of our approach in disincentivizing ‘free-riding’ under two
different linear bandit environments: (1) synthetically generated, (2) based on the MovieLens
dataset (Harper & Konstan, 2015). We give details of bandit environment setup in Appendix G.1.

Presence of free-rider. The purpose of this experiment is to demonstrate the usefulness of our
Protocol for multi-agent stochastic linear bandits problem in the following sense. Existing algo-
rithms are not immune to the presence of strategic agents, i.e., a strategic agent will be able to
‘free-ride’ leading to a bad social outcome over time due to a collective lack of exploration. On
the other hand our algorithm will be able to impose a monetary penalty to the agents, the penalty
serves as a deterrent to such ‘free-riding’ and creates an incentive to be truthful. To elucidate this, in
our collaborative learning setup, we let one of the agents ‘free-ride’ and analyse how the regret and
penalty of the agents behave. Specifically, the free-rider agent, say a, plays the best arm according
to the 6, - based on total statistics from self-play and from communication by the principal during
the preceding communication event, and does not perform exploration of his own. Specifically, he
plays z,,; = argmax, y, (7, 04, ), while all other agents fulfill the exploration as dictated in (line
4 of) agent protocol LSHON. All agents, including the free-rider, report their current estimate 6, ;
honestly.

Disincentivization of free-riding. We observe that the regret of the free-rider is lower than that
of the honest agents (Fig. 1a). The exploration information that the free-rider obtains during the
communication events more than sufficiently compensates for his own lack of exploration, thereby
letting him enjoy a better regret. At this juncture, we note that the algorithms in the literature (whose
goals were different to that of handling strategic agents) such as Wang et al. (2019) are not immune
to this phenomenon of agents free-riding. However, in our work, we observe that the principal’s
MONPEN penalizes the free-rider significantly more than it penalizes the honest agents (in Fig. 1b).
Hence, this sum of regret and penalty, i.e., the negative utility, is higher for the free-rider than for
the honest agent (in Fig. 1¢), which makes free-riding undesirable.

It is also interesting to note the variation of penalty across the different communication events (in
plots Fig. 1b). The free-rider incurs a lot more penalty than the honest agent in the initial few rounds,
whereas their penalties appear to become similar towards the later stages. This can be attributed to
the inherent nature of the arm play algorithms employed by the two. The free-rider always exploits
the current estimate. The honest agent balances his exploration and exploitation, inherently leaning
towards exploring more in the early stages and towards exploiting more in the later part. Thus,
while the exploitative arm-play of the free-rider starkly differs from the highly exploratory arm-play
of the honest agent in the initial stages and thus results in heavier penalties for the free-rider, it
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should be noted their arm-plays get ‘closer’ to that of each other towards the later stages when both
predominantly (and rightly) exploit, resulting in similar penalties.

Nevertheless, albeit lesser than a free-rider, we observe that even an honest agent incurs some pos-
itive penalty (Fig. 1b). To mitigate this empirical phenomenon, we can consider redistribution of
the accrued penalty equally back among the agents. That is, we subtract from the penalty (add to
the utility) of every agent a uniform value of ﬁ > aca Pa(T). This can be interpreted as the agents
transferring the monetary penalty to one another, as opposed to the principal collecting the penalties
(and keeping for himself). Note that as the total penalties levied over all agents is still non-negative,
the MONPEN remains budget-feasible. As this is a fixed quantity across agents, it doesn’t affect the
separation of curves of different agents witnessed in Fig. lc.

Robustness of MONPEN. Fig. 2 illustrates

the robustness of our penalty mechanism, o

MONPEN, along two key dimensions. First, e B A e 05
we evaluate performance under misspecified re- /_.//"‘ /_/
ward noise, i.e., when the environment has dif- T Honent ety

ferent levels of stochasticity (reward variance) 5 o Fee e rnaty
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ties (both in average and variance), while the Figure 2: Variation of penalty and regret (y-axis)
free-rider receives significantly higher penal- w.r.t. different free-riding extents and different en-
ties when free-riding is extensive (i.e., low play vironment reward noise (x-axis).

fraction). MONPEN penalizes the free-rider

heavily up to a play fraction of 0.75. However,

at higher play fractions (> 0.9), the distinction between the honest agent and free-rider becomes
less reliable. These trends also hold under moderate noise misspecification (noise=1.2).
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On the flip side, the honest agent continues to receive low penalties—comparable to order of regret—
so long as the reward noise remains < 1.2. This suggests that MONPEN is robust to underestimation
of noise up to 20%. Beyond that (e.g., noise = 1.5, 2), both the honest agent and free-rider begin to
incur large penalties, indicating the limits of MONPEN’s tolerance to noise misspecification.

6 Conclusion

This paper studies collaborative linear bandits in the presence of strategic agents and proposes new
protocols for the principal that induce truthful behaviour as a Nash equilibrium. By establishing
minimax optimal regret guarantees at this equilibrium, we show that one can obtain almost the full
benefit of altruistic collaboration despite strategic behaviour from agents.

As future work, we aim to expand our work to consider an asymmetric set of agents with different
action sets, different prior knowledge/beliefs about the model parameter, and alternative communi-
cation frameworks to study the dichotomy between the benefits of collaboration and ill-effects of
strategic agent behaviour.
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A Preliminaries

As the paper is heavy in notations, we summarize the frequently used notations with their mean-
ings/definitions in Table 2.

Table 2: Description of notations frequently used in the document.

Notation Description

A The set of all M agents.

Vi The analytical design matrix of agent a at time ¢ including samples from only self-play as per
LSHON. Principal computes this using deterministic arm-play of LSHON.

V,,‘i’f The actual design matrix of agent a at time ¢ including samples from only self-play (with possible
strategic deviation).

ij The realized results matrix of agent a at time ¢ including samples from only self-play (with possible
strategic deviation).

Var The analytical aggregate design matrix at time 7 including samples from self-play as per LSHON of
all agents other than a. Principal computes this using V7. = D be A\{a} Vi

T Arbitrary time-step of communication.

05‘1 Agent a’s ridge regression estimate of §* from statistics only as of preceding communication round
7—both from self-play and collaboration—as in Equation (3).

Oa,r Agent a’s true OLS estimate of 6* from all locally available statistics—both from self-play and
collaboration—at time 7, as in Equation (5).

0;.+ The estimate that agent a reports to the principal in a communication event at time 7 (with possible
strategic bias).

Bas The recovered results matrix of agent a at time 7 including samples from only self-play (with possi-
ble deviation and bias) of all agents. Principal computes this in Equation (6).

Bgs The aggregate of recovered results matrices at time 7 from samples from self-play of all agents other
than a (with possible deviation and bias).

Virrr Vi - — Vi .. Analytical aggregate of design matrix from self-play as per LSHON of all agents other
than a (with possible deviation and bias) in the period [7/ + 1, 7].

B, Bgs — By%.. Aggregate of recovered results matrices from samples during [7'+ 1, 7] from self-play
of all agents other than a (with possible deviation and bias).

92’,57’:7 The recovered OLS estimate from self-play of agents other than a (with possible deviation and bias)
since the preceding communication event 7/. Principal computes this in Equation (8)

Vat The total design matrix of agent a at time ¢ including samples from both self-play and collaboration
as of preceding communication event 7. V;*, + V7

B, - The total results matrix of agent a at time 7 including samples from both self-play and collaboration
as of preceding communication event 7. By'Z + Bg'S

P, Penalty levied on agent a at communication event 7 by the principal.

VA The global/cumulative design of all agents at time ¢. 3 4 V..
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A.1 Generalized Chi-squared distribution

Claim 1 (Probability density of Generalized x?(1)). Let X ~ N (u,0?) be a univariate Gaussian
random variable. The probability density function of Y = X? is given by

_ 2 _
0= g (5 228) o () o (22

when y > 0, and 0 otherwise.

Proof. The PDF of X is given by fx (z) = —=— exp (_71 (%)2) The CDF of Y can be written
as

Fy(y) =P{Y <y} =P{—y < X <y} = Fx(Vy) — Fx(=Y),
for any y > 0, and 0 otherwise (when y < 0). Then, the PDF of Y can be derived as follows:

friy) = di‘y Fx(v3) - Fx(~v3)]

- 2;@ Fx(VD) + Fx(—vi)]

23@[(7 127rexp<—21(ﬂa—ﬂ)2>+0\}§exp<;<_\/§g_lll>2>]

ﬁ {exp (2_012 (y+p? - 2@/1)) +exp (202 (y+p*+ 2\/?/‘))]
e () o () ()]

This completes the proof of the Claim. Additionally, the final expression can be concisely written
using the hyperbolic cosine function as follows:

fy(y) = %%yexp (; (y + /’1/2)) .cosh (\{gﬂ

The corollary follows.

Corollary 2 (Probability density of x2(1)). When X ~ N (0,1) is a standard normal random
variable, Y = X? follows a chi-squared distribution of 1 degree of freedom whose probability
density is given by

I s

= X
Yy\Y 27Ty p 9 )
when y > 0, and 0 otherwise.

A.2 Matrix Theory
In this subsection, we show some matrix properties/results that shall be used in the proofs of our
Theorems.

Claim 2. Let P, Q) be two matrices such that P - ( is symmetric positive definite, and Q 2 0 is not
negative semi-definite. Then, the matrix PQP 2 0 is not negative semi-definite.
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Proof. As @ is not negative semi-definite, there exists some vector y such that
y' Qy > 0. (10)

To show the Claim, it needs to be shown that there exists some vector z such that the following
inequality holds:

2T (PQP)z2>0 <= (P'2)"QPz>0 é (P2)"Q(Pz) > 0, (an

where (a) uses the fact that P is symmetric. Choosing z = P~ !y leads to

(a)
(P2)"Q(Pz) = (PP'y)'Q(PP™'y) = y ' Qy >0,
which shows Equation (11) and the Claim. Here, (a) is due to Equation (10).
O

Claim 3. Let P, Q) be two matrices such that P > 0 is symmetric positive definite, and (Q >~ 0 is
positive definite. Then, the matrix PQP - 0 is positive definite.

Proof. For any vector z, we have

(a) (b)
) =

2T (PQP)z = (P"2)"Q(Pz) = (P2)"Q(Pz) > 0, (12)

where, (a) uses the condition that P is symmetric, (b) uses the condition that () is positive definite.
Then, Equation (12) shows the Claim. O

Claim 4. For a positive definite matrix A such that A—I > 0 is also positive definite, some diagonal
element of A is greater than 1.

Proof. From A — I > 0, we have that A > I, and then det(A) > det(I) = 1. Let A1,..., A\q
be the eigenvalues of A, then, as the determinant value equals the product of the eigenvalues, we
have IT;c(gA; > 1, and then by AM-GM inequality, we have | icld] A; > d. As the trace (sum of
diagonal elements) of a matrix equals the sum of eigenvalues, it follows that } -, Ai; > d. So, it
holds that A;; > 1 for some i € [d]. O

Lemma 5. Let A, B, and € be three matrices such that A and B are symmetric positive definite, €
is symmetric negative definite, and A + ¢ is positive definite, i.e., A > 0,B = 0,6 < 0, A+ ¢ > 0.

Then, ¥ = (A= + B~Y)"12((A4 ¢)~' + BN (A~ + B~')~"'/2 has some diagonal element
larger than 1.

Proof. As € is negative definite, we start with
Ate<A = A+ ' =A" = (A+et=4"114¢ (13)
for some € > 0. Using this in the definition of ¥, we have
S=AT+B ) VA e+ BTHAT BT
= (A7 4+ BT V(A7 BTYAT 4 BTN Y2 4 (A7 4 BT V2() (A + B2

=I+(A'+B ) 2EA +B)?

(a)
—=Ys1 = Y—-1>0. (14)

Here, (a) uses Claim 3 with a choice of P = (A~' + B~1)~1/2 = 0,Q = € > 0. Then, by Claim 4,
we have that Equation (14) implies that some diagonal element of X is greater than 1. O
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A.3 Linear Regression and OLS

Notations. Denote by N (u,Y) the multi-variate Gaussian distribution with mean p and covari-
ance ¥, and write short-hand N (X) = N (0, X). Let  (X) be a random vector that follows N (X).

Problem. Consider a linear regression problem on an unknown parameter §* € R?, with data
points {(z1,v1),. .-, (Tn,yn)}, where y; = (x;,0%) + n; for all i, where 7;s are i.i.d. N (0,1).
Write V. =31 ;2] = XX where X € R"*4 comprises of row vectors x;s, similarly, B =
Yoy = XTY, where Y € R™*! comprises of rows of single rewards y;s. Then, ¥ =
X6* + N (0,1I,). Additionally denote by proj4) (v) the projection of vector v onto the subspace
spanned by the columns of A.

Claim 6 (OLS estimate). The Ordinary Least Squares (OLS) estimator § = VIB = (X TX)'XTY
follows the multi-variate Gaussian distribution with mean proj x+ x (0*) and covariance V.

When X T X spans R?, it follows the Gaussian distribution with mean 6* and covariance V ~".

Proof. Note that the only source of randomness in 6 estimate is the Gaussian noise in rewards y;s
observed. By working our way upwards from there, we shall show the required distribution of 6 as
follows:

f=X"X)'XTY = X"X)'XT(X0" +7(I,))
= (X" X)IXTX0"+ (X" X)X Tp(I,)

@
= projxTx) (%) + (X " X)X T (1,)

= projixx) (0%) + 1 (X" X)'XT - I, - (XTX)TXT)T)
— projix ) (67) + 1 (XTX) X TX(XTX)T)

(b)

= projxrx) (6*) +n (xTx)h)

~ N (projixx) (0°), (X X)T)

(©
= N (projix (%), (XTX)T) . (15)

Here, (a) is from the following: for a positive semi-definite A, vector AT Az is the projection of
vector = onto column space of A. Equality (b) is due to the ‘weak inverse’ property of Moore-
Penrose pseudo-inverses. This completes the proof. Additionally, (c) is due to the fact that column
space of X T X equals column space of X .

Continuing from Equation (15), if the matrix (of regressors) X has full rank with columns of X T
spanning R?, then X T X is invertible and we have

0 ~N (07, (XTX)™1). (16)

Equations (15) and (16) show the Claim. O]

B Related Work

In this section, we present a more elaborate survey of the related work, complementing Section 1.2
in the main paper.

Stochastic linear bandits. The stochastic multi-armed bandits problem has a rich history of de-
velopment dating back to the work of Thompson (1933). The seminal result of Auer et al. (2002)
shows that the UCB algorithm which is based on the principle of ‘optimism in the face of uncer-
tainty’ achieves a O(\/ KT) regret bound for K -armed bandits. The linear bandits problem has also
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received significant attention due to applications where each arm/action has side information which
can be utilized in reward estimation (Wang et al., 2021; Moradipari et al., 2021). In the stochastic
linear bandits problem, each action is embedded in a d dimensional space and the rewards are a lin-
ear (stochastic) function of these action embeddings. The principle of optimism has been extended
to this setting to obtain a O(v/dT In K) regret bound (Chu et al., 2011), and a ©(dv/T) regret bound
(Dani et al., 2008). The latter bound is independent of the number of actions K and allows for an
infinite number of arms. Finally, Abbasi-Yadkori et al. (2011) proposed the OFUL algorithm (also
loosely referred to as LinUCB) which is based on the same principle of optimism and achieves a
bound of O(d\/T ) even when the (possibly infinite) set of actions changes over time.

Multi-agent settings. Multi-agent multi-armed bandits have similarly been studied under different
settings. Motivated by applications in wireless communication, Kalathil et al. (2014) study a multi-
agent bandits with ‘collision’ problem. In this, if several agents play the same arm at any given
time (collide), then these agents receive no reward (or sometimes a shared reward). The agents are
oblivious to each other’s presence with no explicit/reliable communication channel, and perceive the
presence of other agents only through such collisions from their observed rewards.

Many other works have considered variations of this basic setup, for example, allowing agents to
enter and exit at different times (Rosenski et al., 2016), and allowing arms to be heterogeneous (with
different reward means to different agents) (Bistritz & Leshem, 2018), explicitly informing agents
of collision occurrence (Bubeck et al., 2020), and designed algorithms with regret guarantees.

Another rich line of work assumes agents are co-operative and communicate via an orchestrating
Principal to share helpful information towards achieving a common goal such as regret minimiza-
tion, best-arm identification etc. Hillel et al. (2013) introduced collaborative learning in stochastic
bandits in the the best-arm-identification (or pure exploration) problem. With M agents who can
get together only once to communicate (i.e., R = 2 rounds® of play), a v/M speed-up (in terms
of sample complexity) per agent is achieved. Tao et al. (2019) formalize this setting further and
generalize this result to achieve a speed-up of M"/#~* with R rounds of play. Wang et al. (2019)
comprehensively cover the regret minimization problem in multi-agent (or distributed) linear bandits
with communication guarantees. They show an arm elimination-based protocol for a fixed action set
that achieves O(d\/ T M) regret (overall across all M agents). Further, similar to our setting, they
also look at time-varying action sets and propose a Distributed Linear UCB (DisLinUCB) algorithm
that extends the OFUL algorithm of Abbasi-Yadkori et al. (2011) and achieves a regret bound of
O(dv/MT). DisLinUCB is shown to have a communication cost of O(M*®d?) that is independent
of T' by using a specific dynamic condition to trigger communication events. We juxtapose our
setting and results with very relevant and key pieces of works from the literature in Table 1.

In addition, there have been several variants and extensions of the communication model, for exam-
ple, peer-peer messaging (instead of a full broad-cast) (Korda et al., 2016; Szorenyi et al., 2013),
restricted message sizes (Sankararaman et al., 2019) which prohibits sharing information about al/
arms, and asynchronous communication (Li & Wang, 2022; He et al., 2022) where each agent inde-
pendently and individually communicates with the Principal at different times based on their local
information, as opposed to having a dedicated communication event for all agents.

Furthermore, several works have considered environments that are heterogeneous to different agents,
i.e., where each agent, say a, faces a different bandit instance, like, different linear models 6
(Moradipari et al., 2022; Ghosh et al., 2022) or sets of independent arms (Shi et al., 2021; Kar-
pov & Zhang, 2022).

Finally, there has also been work on the collaborative multi-armed bandits in the presence of adver-
sarial agents who actively try to disrupt the collaboration (Awerbuch & Kleinberg, 2008; Vial et al.,
2021; Mitra et al., 2022). The work of Mitra et al. (2022) considers a linear bandit setup similar
to ours. However, there are differences in motivation/techniques between our work and Mitra et al.

3Typically, the word time-step and round are used interchangeably to denote one arm play and observation. However,
here, we reserve round to mean the series of time-steps between two communication events.
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(2022): they design an algorithm that is robust to adversarial agents by computing robust reward
statistics, while we consider the design of mechanisms for incentivizing strategic agents to perform
sufficient exploration and report truthfully.

Strategic agents. A more recent theme in multi-armed bandits is to study strategic behavior of
agents in a collaborative environment. In collaborative learning setups, the presence of such strate-
gic agents brings about a notion of ‘free-riding’ where an agent gains from the effort of others and
doesn’t contribute back to the collaboration. Specifically, if an agent x is permitted to observe the
actions, contexts, and rewards of other agents (all of whom are assumed to be running no-regret
algorithms themselves) at every time-step, Jung et al. (2020) show that = can achieve O(1) regret
(w.rt. T, but with an 1/A factor otherwise) by estimating its own reward means from observa-
tions from other agents alone. They further argue that the knowledge of other agents’ contexts are
necessary for constant order regret by showing an 2(log T') lower bound in that case.

In the multi-agent bandits with ‘collision’ problem, if several agents play the same arm (collide), the
reward from that arm is ‘shared’ among those agents. Xu et al. (2023); Boursier & Perchet (2020)
show existence of e-Nash Equilibrium behaviours with regret guarantees in such settings. Wei et al.
(2023) suppose that every agent incurs some private cost to share information with the Principal and
compares it against its utility from getting information from other agents and consequently decides
if it should participate in data sharing or not. They show that there exists private cost sequences
which make any data sharing mechanism of the Principal not individually rational to participate
in. To overcome this, Wei et al. (2023; 2024) propose additional monetary payouts (that add to an
agent’s utility) based on honestly reported private costs of the agents to make all agents participate
and achieve optimal O (¢/v/TM) per-agent per-time-step regret rate.

Beyond multi-armed bandits, a closely related line of work (Karimireddy et al., 2022; Murhekar
et al., 2024) considers mechanisms to incentivize data sharing in a supervised learning setting.
However, these works consider the cost of acquiring and sharing data and designs mechanisms
with payments to incentivize agents towards desired behaviour of acquiring and sharing data.

C Technical Lemmas

In this section, we restate some lemmas from the literature that we shall use.

Lemma 7 (Lemma 11 of Abbasi-Yadkori et al. (2011)). Write V; := ~I + >
t € [T), where ||z5||, < 1 forall s € [T). Then,

t

-1
o1 zex) for all

T
i det (V] dy+T ~
> min (1, th||2vfl) < 2log (W) < 2dlog ( ’de > =0 (dlogT).
t=1

Lemma 8 (Lemma 12 of Abbasi-Yadkori et al. (2011)). Let A, B, and C be positive semi-definite
matrices such that A = B + C. Then,

rT Az < det(A)
~ det(B)’

su
:,375% 2T Bz

D Proof of Theorem 1

Proof outline. We want to show that when all other agents are honest, agent a enjoys the highest
utility when he is honest in every single communication round. Towards this, we shall prove in
Lemmas 10 and 17 that the expected penalty of an agent is O(1) if he is honest and in Lemmas 13
and 19 that it doesn’t converge (tends to 4-o0) if he is dishonest or free-rides. This result primarily
hinges on the principal’s ability to distinguish between an honest and dishonest agent, probabilis-
tically, from their reported parameter estimates 67, s without actually knowing the true parameter
value 6*. Building on the intuition that a free-rider’s parameter estimate 6 . will be ‘poorer’ than
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that of honest agents’ as they don’t perform the requisite exploration, the principal computes a spe-
cific statistical quantity z, € R? (in line 9) by comparing the estimate of agent a with the aggregate
estimate of all other agents’ new statistics that is yet to be given to agent a. We shall show that this
z, doesn’t depend on the unknown 6*, and conditioned on the honesty of all other agents, z, follows
a 0-mean Gaussian distribution with all components having a marginal variance 1 if a was honest,
but if @ was dishonest and free-riding, some component’s marginal variance goes strictly above 1
(as in Claim 14 and Claim 20). Taking advantage of this distinction, the principal computes the
penalty of agent a as function of these components of z, (in line 11) specifically designed such that
it’s expected value converges to a constant for variance 1 (for an honest agent) and doesn’t converge
for variance more than 1 (for a dishonest agent).

Theorem 1. Let the principal follow MONPEN in common knowledge and agents adhere to As-
sumption 2. Then, the strategy profile of all agents being honest, s* = ((¢% =0, Ea ,=0):Vre
T)aca, is a Nash Equilibrium of the principal-agents bandit game T.

Proof of Theorem. We shall prove the Theorem by induction over the ordinality of communication
events ;8.

Statement. Let H ( /) denote the following: When all other agents are honest, i.e., follow strategy
profile (7, = 0, = 0) : 7 € T)pea\{a}»

1. The results matrix recovered for all agents b € A\ {a} (in Equation (6)) and other-agents OLS
estimate for agent a computed (in Equation (8)) by the principal are accurate. That is,

-1
c,e _ c c
Bb \Ti BbT and 911 VTie1:Ti (Vaﬂ—i—liﬂi) (Baﬂ'z:fl!ﬂ) :

2. It is the best response for agent a to follow a strategy in which, in the communication event ;,
he is honest, i.e., (€2 . =0,V =0).

a,T;

Write short-hands €, = 0 to denote ((gf . = 0,¢), = 0) : 7 € T)pea\{a}> and €47 = 0 to
denote (¢4, = 0,e} . =0).

Base case proof. The first part of H (1) is shown by the following claim:

Claim 9. When all other agents are honest, i.e., e_, = 0, then, in the first communication event
—1
T =71, we have B> = By . and 077 = (V(LC,T) (B§7T).

Proof. Next, for all other agents b € A\ {a}, the self-play statistics recovered by the principal in
Equation (6) obeys

se . ce (@) . (b)
Bb:T = (VEJST + ‘/E)C,T/)Qbﬂ' - Bb:r/ = (Vbs,r) bt — (‘/lws,f)eb,T
© ) 1 .
= Vi) (Vs + Vi) (Bio +By3)
@ s 5,6 f s © s s 1 s s
= (‘/b,T) (Vb,;—> (Bb,'r> = (Vb,'r) (‘/27,7') (Bb,‘r) = Bb,ra (17)

where (b), (e) respectively use 65 = 0, and VS’6 = V}fT from lemma statement condition
€_q = 0, and (a),(d) are due to Bg 5, =0,V ., = Oas there is no collaboration statistics yet (" =0
pedantically), and (c) is from Equatlon (5) with time-steps ¢, 7 replaced with 7, 7/ respectively.



Reinforcement Learning Journal 2026

Then, OLS estimate from the recovered data of other agents since the last communication round
obeys

(a)
Orters = Vira) " Biiog = (Vi) BiS = (Vi) >0 BiS
beA\{a}

(b) c -1 c

Z BbT - a T) (Ba,'r) (18)

beA\{a}

(©)
~N (0%, (VEDTY, (19)

where, (a) is because 7 is the first communication event (uses 7/ = 0), and (b) is due to Equa-
tion (17), and (c) uses Claim 6. Equations (17) and (18) show the Claim. O]

To complete the proof for H (1) (to show the second statement), what remains to be shown is that in
the first communication event, when an agent a does not have any statistics from the other agents, it
is the best response (in terms of utility maximization) for agent a to be honest, i.e, £, » = 0, where
7 = 7171 18 the first communication event.

To show this, we shall first establish, in Lemma 10, that the expected penalty of agent a converges
to a small constant value when ¢, = 0, i.e,, 52)7 = 0 and EKT = 0. Then, we shall establish, in
Lemma 13, that agent a’s expected penalty, however fails to converge (and tends to infinity) when
agent a unilaterally defects with €, » # 0, i.e. ,ef +#0or ey _=<0.

Lemma 10 (Penalty of Honest Agent). E [Pa77‘(5z77 =0,e) . =0),e_4=0] =O(1).

Proof. We navigate through the sequence of steps in principal’s penalty-levying procedure and ar-
rive at the final expected penalty.

The agent a’s reported OLS estimate obeys

(@ (®) © _
0 = Oar + €0, =0nr = (Vo5 +VE) (Biii + B:i:i,) — (Ve +Ve )T (B;,T + BZ’,i/)

@ . ©

= W) T B M NV, 20)
where (a), (c) use lemma statement conditions 59 = 0 and 5 = 0 respectively, (b) is from
Equation (5) with time-steps ¢, T replaced with 7, 7’ respectrvely, (d) is due to B;: =, =0, Vi =0
as 7 is the first communication event and there is no collaboration statistics yet (7" = 0), and ﬁnally,
(e) uses Claim 6.

Claim 11. Under the assumptions of the Lemma, the quantity z, computed by principal in Equa-
tion (9) obeys z, ~ N (0, I,).

Proof. The two OLS estimates 67  and 0, are independent as the results matrices used B;;
and By . (as in Equations (20) and (19)) contain mutually exclusive observed rewards, and the ob—
served rewards are themselves independent amongst each other. Thus, their difference also follows

a Gaussian distribution of the following form:

0, — 055, ~NO (V)T + (Ve (21)

(LTT
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Subsequently, we have
—-1/2
Za = ((Vas,‘r + Vac,'r/) + (Vacv' T)_1> (96 GZi 7-)

— ((v;,r)‘1 - (V;‘,Trl)_l/2 (95 — 0,5, )

-1

@ _ —1/2 _ —1/2
~N(o,((v:ﬁ) L e e T e () T e ™Y )
=N (0,1;),

where (a) uses Equation (21). O]

Finally, we show in Claim 12 that such a z, leads to the agent having constant penalty to complete
the proof of the Lemma.

Claim 12. E [P, |z, ~ N (0, 1;)] = O(1).

Proof. Write z, = (2!,..., 2%) as a vector of its components. As z, ~ A (0, 1), all these compo-
nents, (for all i € [d]) 2 ~ N (0, 1), are i.i.d. standard normal random variables, and consequently,
x = (2%)? (as in line 11) follows the chi-squared distribution with 1 degree of freedom. Denote by
fx the probability density function (p.d.f.) of x, and by P(x) the penalty realised for a specific
(as in line 11). For any i € [d], the expected value of component-wise penalty P? is given by

E [Pi’za ~N(0,1,)] = /OC P(z) - fx(x) dx

— 00

Q/ V2rz TN ge L
Jo (»TJrl)HCZ Vorz exp 2 v c2

© 1
= dx
/0 (Jc + 1)lte2 =0=

Here, (a) uses the component-wise penalty function in Line 11 (Algorithm 3) for P(x), and uses the
p.d.f. in Claim 1 for fx (x). Thus, the expectation of the total penalty P, , = ézie[ d P? belongs
to O(1). O

This completes the proof of the Lemma. O

Lemma 13 (Penalty of Dishonest Agent). E [P, |eq r # 0,e_, = 0] does not converge/exist (tends
to +00).

Proof. We shall show this lemma in two steps. First, we shall obtain an expression the d-dimensional
vector z, (computed in line 9) and arrive at its covariance and bias based on the Ea _ 5}1/7 values in

Claim 14. Second, we shall argue based on this covariance and bias that the component-wise penalty
(computed in line 11) does not converge/tends to infinity for some component P?, in Claim 15.

The agent a’s reported OLS estimate obeys
o @ -\ e 0
GZ,T = ea,T + Z’;-a,v' = (Vag,f + Vair’) (Bzi:i + BZ:T’) + Ea,‘r

b) ©
= (V) (Bis) + &0 ~ N (projoyes) (0°) + b, (VE)T), (22)

where (a) is from Equation (5) with time-steps ¢, 7 replaced with 7,7’ respectively, (b) is due to
By, =0,Vy,, = 0as 7 is the first communication event and there is no collaboration statistics yet

(r" = 0), and ﬁnally, (c) uses Claim 6.

With the agent’s estimate 6, - behaving as such, we inquire about the consequent distribution of the
the z, quantity next.
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Claim 14. Under the assumption €, , # 0 of the Lemma, i.e., either el £ 0or E};T < 0, the

quantity z, computed by principal in Equation (9) obeys z, ~ N (11, %) such that either . # 0 or
some diagonal element of X is larger than 1.

Proof. The two OLS estimates 65 _ and 65 ., are independent as the results matrices used B;
and By ;. (as in Equations (22) and (19)) contain mutually exclusive observed rewards, and the ob-
served rewards are themselves independent amongst each other. Thus, their difference also follows
a Gaussian distribution of the following form:

0 — 0550 ~ N (projoyes) (0°) + 26, — 0%, (Va4 (V) ™)

(lTT

@ / 1% 1
=N (', (Vi +el )T+ Ve, (23)

where in (a) we introduced p' = projy;s.e) (9*)+5(9L’T—proj(vc ) (6*). Observe that p/ # 0 for any
EZ,T as the agent cannot set his 63’7 as a function of the unknown 6* (by our problem Assumption 2)
to negate the proj(vs ) (0*) — 0* term. Thus, we have p/ = 0 only if (columns of) V.7 spans R?,
in which case V7 is invertible. Subsequently, we have

= (Ve Ve " ) (-0
= ()" (V:,T)‘l)_l/2 (6, — 625

@ ~ .
A (e () ) 0 () ),
(24)

_ /2
where (a) uses Equation (23), and introduces p’’' = ((VasT) gt (Vlf,T)”) @ # 0 when
e #0.

Werite Y to denote the covariance term of z, as in Equation (24). Then, from Lemma 5 with a choice
of A=V: B=V;  ande = 5a - it follows that some diagonal element of X is greater than

1. O

From Claim 14, it is seen that when an agent a is dishonest/free-rides, i.e., £/ _ # 0 or 5‘/ =< 0, the
intermediate quantity z, becomes biased (non-zero mean) or some component of z, has a marginal
variance greater than 1. Finally, we show in Claim 15 that such a z, leads to the agent having an
unbounded penalty.

Claim 15. E [P, |z, ~ N (u, X)] does not converge/exist (tends to +00) when (n # 0 or ¥ has

some diagonal element larger than 1.

Proof. Write pu = (1/")* and 02 = %% to be the mean and variance of component z* for some i € [d]
which satisfies 1 # 0 V 02 > 1 from Claim 14. Note that z = (z%)? follows the generalized chi-
squared distribution with 1 degree of freedom. Denote by fx the probability density function (p.d.f.)
of z and by P(x) the penalty realised for a certain « (as in line 11). The expected component-specific
penalty P’ is given by

E[P|(ef #0ve) <0),e O]:/_OOP(x)fX(m)da;

[ () (e () () e ()
[ Totoee] bl (- - 2] () ()

(25)
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where, (a) uses the component-wise penalty function in Line 11 (Algorithm 3), and uses the p.d.f.
in Claim 1 for fx(x).

In Equation (25), the integral can be seen to diverge as ¢ > 1 or u # 0. Specifically, when o > 1,
the second term does not vanish for any value of y. When o < 1, any u # 0 makes the third term
not vanish. Thus, the expectation of penalty P, = é >, P does not converge. O

This completes the proof of the Lemma about the divergence of the expected penalty of an agent
that is dishonest/free-rides. O

From Lemmas 10 and 13, we see that it is the best response for an agent to have ¢, » = 0 compared
to any other €, # 0. This completes the proof of the Base case.

Induction hypothesis. We assume H (k) holds for some k € [¢]. One of its consequences is

By, = By forallb € A\ {a}, (26)
By= ) Bii= > Bi.=DBi,, 7
beA\{a} beA\{a}

where 7/ = Ty,.

Induction step. All results in the induction step implicitly assume that H (k) hold. We now pro-
ceed to show H(k + 1) holds. The line of proof is very similar to that of the Base case. Write
T = Tpa1 and 7/ = 7, to be time-steps of the current and preceding communication events respec-
tively. The first part of H(k + 1) is shown by the following claim:

Claim 16. When all other agents are honest, i.e., e_, = 0, then, in the communication event
-1
T = Tk+1, We have Bz,f = BbS,T and e(cz’,i’:'r = ( (lC,T/:T) (B(i,T/:T)'

Proof. For all other agents b € A\ {a}, the self-play statistics recovered by the principal in Equa-
tion (6) obeys

(a) (b) ) T )
Byt = (Vi + Vit )0ir = Bys = (Vi + Vie) (Vif + Vi) (Bie + By ) = By
© c s c 1 s c,e c,e
= (Vb,T + va,T’) (Vb,T + ‘/E?,T/) (Bb,‘r + Bb:ﬂ) - Bb:T'
@ s c s c 1 s c c
= (‘/IJ,T =+ Vb,T/) (‘/E),T =+ ‘/b,T’) (Bb,T + Bb,T’) - Bb,T’
= (Bgﬂ' + Bg,‘r’) - Bg,‘r’ = Bg,‘r' (28)

Here, (a), (c) use 0,7 = 0; _and V" = V;®_ respectively, for all b € A\ {a} from the lemma
statement condition € _, (b) uses Equation (5) with time-steps ¢, T replaced with 7, 7" respectively,
(d) uses the induction hypothesis/assumption Equation (27) that result matrices were recovered cor-
rectly at 7/, the preceding communication event.
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Then, OLS estimate (as in Equation (8)) from the recovered data of other agents since the last
communication round obeys

egf—r_(vacr 7') BZiT: a‘rT Z BbTT

beA\{a}
= a‘r ‘r Z (B Blf,)vs")
beA\{a}
(a) _
(VQCT T) ! Z (Bli‘r - Bg,'r’)
bEA\{a}
= aTT Z Bb‘f“l’: a,t’ T) (BgT 7') (29)
beA\{a}
SN (8 wrrr) ) (30)

where, (a) uses By'Z = Bj _ from Equation (28) and B;’,, = B; ., from the induction hypothesis
Equation (26). And (b) uses Claim 6.

Equations (28) and (29) show the Claim. O

To complete the proof for H(k + 1) (to show the second statement), what remains to be shown is
that, it is the best response (in terms of utility maximization) for agent a to be honest, i.e, £ - = 0,
where 7 = 7y is the k 4+ 1th communication event.

To show this, we shall first establish, in Lemma 17, that the expected penalty of agent a converges
to a small constant value when ¢, » = 0, i.e,, 5 = 0 and 5 = (. Then, we shall establish, in
Lemma 19, that agent a’s expected penalty, however fails to converge (and tends to infinity) when
agent a unilaterally defects with €, , # 0, i.e. ,ef -+ #0or ey _<o0.

Lemma 17 (Penalty of Honest Agent). E [P(m‘(s(’ =0,eY, =0),e_,=0] =0(1).

a,T a,T

Proof. We navigate through the sequence of steps in principal’s penalty-levying procedure and ar-
rive at the final expected penalty.

The agent a’s reported OLS estimate obeys

(©)

@ O ' o
= (Vai‘r + Vac,‘r’) (Bg,‘r + BZ:i')

0 = Oor 20, = Oor = (Vi + Vi) (Bos + BLS)

(@ _ (e)
= (V2 4+ VED) T (Bi, +BS) ~N (0%, (Ve + Ve, 31)
where (a), (c) use lemma statement conditions 6 = 0 and 6 = 0 respectively, (b) is from

Equation (5) with time-steps ¢, 7 replaced with 7, 7/ respecnvely, (d) is due to induction assumption
Equation (27), and finally, (e) uses Claim 6.

Claim 18. Under the assumptions of the Lemma, the quantity z, computed by principal in Equa-
tion (9) obeys z, ~ N (0, I,).

Proof. The two OLS estimates 67, _ and 92 .. are independent as the results matrices used B; . +
B¢ o, and B; ... (asin Equations (31) and (30)) contain mutually exclusive observed rewards, and

the observed rewards are themselves independent amongst each other. Thus, their difference also
follows a Gaussian distribution of the following form:

0 =055~ N0, (Ve 4+ V)T + (Vi)™ (32)

(lTT
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Subsequently, we have

= (Ve Ve e ) (0, -0
(0 (Ve 4 V) ™ o W) (O + V) V™) (Vi) ™ 4 V) )

(b)
= N(O, Id) 5

where (a) uses Equation (32), and (b) uses that V* _is full rank. O

Finally, from Claim 12, we have (identical to the Base case) that such a z, ~ N (0, I;) leads to the
agent having constant penalty, to complete the proof of the Lemma. O

Lemma 19 (Penalty of Dishonest Agent). E [P, |eq.» # 0,e_, = 0] does not converge/exist (tends
to +00).

Proof. We shall show this lemma in two steps. First, we shall obtain an expression the d-dimensional
vector 2, (computed in line 9) and arrive at its covariance and bias based on the sfw, Y . values in
Claim 20. Second, we shall argue based on this covariance and bias that the component-Wise penalty
(computed in line 11) does not converge/tends to infinity for some component P? using Claim 15.

The agent a’s reported OLS estimate obeys

9 (a) 1 ce 0
9161,7' = gaﬂ' + 8a,‘r - (VvaST6 + Vac,‘r’) (Bsii + Ba’,'r/) + 6a,‘r
(b) ()
S (VoS V) T (B 1 B+~ N (07 (VIS VEL)TY, (3)

where (a) is from Equation (5) with time-steps ¢, 7 replaced with 7, 7" respectively, then (b) is due
to induction assumption Equation (27), and finally, (c) uses Claim 6.

With the agent’s reported estimate 07, . behaving as above, we inquire about the consequent distri-
bution of the the z, quantity next.

Claim 20. Under the assumption €, , # 0 of the Lemma, i.e., either 52,7 # 0 or 5}{:7 < 0, the

quantity z, computed by principal in Equation (9) obeys z, ~ N (u,X) such that either i # 0 or
some diagonal element of ¥ is larger than 1.

Proof. The two OLS estimates 05 _ and 6%, _ are independent as the results matrices used B; .+

a,7":T

Bg,T, and B¢ (asin Equations’ (33) and (30)) contain mutually exclusive observed rewards, and

a, 7T
the observed rewards are themselves independent amongst each other. Thus, their difference also
follows a gaussian distribution of the following form:

0(81.,7' - 021?”:7’ ~ N (6* + 5(61.,7' - 0*7 (Va‘if + Vacﬂ")il + ( (1(.:,7'/:7')71)

(a)
=N (b (Vo +el 4+ Vi) + (Vi)™ (34)

where in (a) we expand V£ = V7 4 ¢} . Subsequently, we have

s c -1 c —1 —1/2 5 c,e
Za = ((Va,T + Va,‘r’) + ( a,r’:T) ) (Ga,-,— - 9(;77_/:7_)

(a) _ -1/2 _ —-1/2
i N (IU’N7 ((Vas,'r + Vac,T’) ! + ( ac,'r’:T)_1> ((Vai'r + E(‘I/,T + Vvac,‘r’)_1 + ( aC,T/:'r)_l) ((V;,T + Vac,'r’) ' + ( ac,T’:T)_1> ) ’
(35)
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_ —1/2
where (a) uses Equation (34), and introduces 1/ = ((Va‘f, +Ve) Ly (V(ﬁT,:T)_l) el #0
when eg,T # 0.

Write X to denote the covariance term of z, as in Equation (35). Then, (similar to the Base case)
Lemma 5 with a choice of A =V + V7 ,,B=V7 ,  ande = 5}1/,7 shows that some diagonal

element of X is greater than 1. O

From Claim 20, it is seen that when an agent a is dishonest/free-rides, i.e., EZT # 0or EXT < 0, the
intermediate quantity z, becomes biased (non-zero mean) or some componeht of z, has a marginal
variance greater than 1. Then, finally, we see from Claim 15 that such a z, leads to the agent having
an unbounded penalty (similar to the Base case). O

From Lemmas 17 and 19, we see that it is the best response for an agent to have ¢, » = 0 compared
to any other ¢, - # 0. This completes the proof of the Induction step; H (k + 1) holds.

By mathematical induction, we have that when all other agents are honest, ¢, = 0, then it is the
best response for agent a to follow a strategy in which, for all communication events 7 € T, he is
honest ¢, - = 0. Thus, it is the best response for agent a to be honest ¢, = 0 (and not unilaterally
deviate) when all other agents are e_, = 0. As this result holds for any agent a, it follows that
(68, =0,e),=0:7€T) wc .4 18 @ Nash Equilibrium. O

E Proof of Theorem 2

Proof outline. The key idea is that all (honest) agents shall explore and contribute equally to
the collaboration. This holds due to the deterministic nature, across all agents, of the arm playing
algorithm in LSHON between two communication events. As the learning only occurs in batches
during the times of communication, all agents use the same confidence set C, , for the entire period
until the next communication event. Thus, we shall show (in Lemma 22) that choice of arm played
(in line 4) is same across all agents leading to all agents maintain an identical design matrix V, ;.
This shall establish that all agents share the burden of exploration equally. We shall then quantify
the benefit of collaboration among M agents as an improvement (reduction) in individual regret by a
factor of v/M for all agents, by using this fact that all agents contribute equally to the collaboration.
The remainder of the proof shall then broadly follows the line of argument in Abbasi-Yadkori et al.
(2011) : First, we shall upper bound the instantaneous regret of an agent r, ; at time ¢, and shall then
use it to bound the total regret to get the desired bound of R, (T).

We now establish some useful lemmas that are required in the proof of the Theorem.

Recollect from Equation (4) the confidence set of agent a at time ¢ (where 7 is the time of last

communication event) is given by C, » = {9’ eRI: ¢ — Oarrllnrsy, < Bt(d)}, where

/3 1/2
8,(8) = | 2log (det(v“*t) 5detw ) ) +VA=0 (x/dlog(Mt/a)) . (36)

Lemma 21 (‘Good event’ occurs with high probability). For § € (0,1/n), the event

G={Vaec AVte[T]:Cut>06"} 37
occurs with probability at least 1 — 6 M.
Proof. We have in the single agent setting (by Theorem 2 of Abbasi-Yadkori et al. (2011)) that with

probability 1 — 4§, 6* € C, . at all times ¢. By taking a union bound for all M agents over the
probability of failure (i.e., 0* ¢ C, ), we arrive at the lemma statement. ]
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Lemma 22 (Equality of design across agents). When the Principal follows MONPEN and all agents

follow LSHON, then, for every time-step t € [T, the design matrix V1 is the same across all agents
a €A

Proof. We shall rely on the ‘low-switching’ aspect of the arm-play algorithm of LSHON to show
this result. We shall argue using Claim 23 that after every communication event, all the agents
possess identical statistics, and then shall argue that the arm-play is determined by this identical
statistics—agnostic to reward noise since the last communication event—such that all agents play
the same action in a given time-step, which leads to the design matrices being synchronized across
agents always.

Firstly, as all agents follow LSHON and the principal follows MONPEN, the principal shares with
every agent a, all other agents’ statistics V,” , By (note By® = B; as all agents are honest).

Consider any two agents a,b € A. Recall T = (71,72,...,74) to be the time-steps of the ¢
communication events that occur in the entire time horizon. Additionally, write 7o = 0, 7441 = T

Claim 23. After all communication steps T € T, for any two agents a,b € A, we have B, . = By, ;
and Vy r =V 1.

Proof. Initially, B, o = Bpo = 0. At any communication event 7, every agent a sends to the
principal the true parameter estimate 0, - due to the Lemma assumption that all agents adhere to
LsHON. The principal recovers the self-play result matrix By . accurately (as shown in Induction
Statement 1 used in proof of Theorem 1) of every agent and shares back

Bi,= > Bi,. (38)
beA\{a}

the sum of results of all other agents. Thus, every agent a has

(a)
Boy =B, +B., =B, .+ > Bi.=> B, 39)
beA\{a} beA

where (a) uses Equation (38). Now, Equation (39) shows that B,, - is the same quantity independent
of specific agent a. Thus, B, » = By . By an identical argument, we have that V,, , =V, ; for all
TeT. [

Next, we show that the designs of agents are identical at all time-steps ¢ € [T7].
Statement. Let H(t) denote the hypothesis that Vi = Vb‘ft, forall0 <t <t.
Base case. Note that initially V7o = V7, = 0. Thus, H(0) is true.

Induction assumption. Assume H (k) is true, we have Vo = V', Vo, = V5, ... V) =
Ve o, Vi, = Vi, where 7 be the time of the most recent communication event.

Induction step. At time k + 1, as per LSHON, we have that for every agent a, the confidence set
Cy,r is a function of the design V,, ; and results B, ;. We have that V, . =V, ; and B, ; = B~
from Claim 23. Thus, it follows that C, ; = Cj ,. As LSHON’s choice of arm to play (line 4) is a
deterministic function of this confidence set C, ; as of last communication event 7, we have that at
time k 4 1, the arm played by agents a and b are equal/same, i.e., T4 k+1 = Tp k+1. Using this in
(b) below, we have

(a) (b)
s _ s T _ s T _ s T _ s
Va,k+1 = Va,k T Tak+1%q 41 = Vb,k T Tak+1%g gy1 = Vb,k T Ty k1T g1 = Vb,k+1' (40)
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Here, (a) uses the induction assumption V’ = = V. Then, (40) implies H (k + 1) is true. By
induction, H(T) is true, i.e., V), = Vp7, for all times ¢ € [T).

As the above result holds for all pairs of agents a, b, this completes the proof of the Lemma. O

Recall VA := > aea Vi to be the global/cumulative design at time ¢. The corollary follows.
Corollary 3. For all agents a, it holds that V;* = M - V1 at all times t.

We are ready to prove the Theorem now.

Proof of Theorem. Set § = 1/7?m2. Then, event G (Equation (37)) fails to occur with probability at
most 1/m7? as per Lemma 21. As the cumulative/global regret is trivially upper bounded by M T,
occurrence of this event only contributes a O(7~!) summand to the expected cumulative/social
regret, and consequently, to any single agent’s expected regret. Thus, it is sufficient to analyse the
regret of an agent when G occurs to show the required result.

The instantaneous regret at time ¢ is given by

Tat = (2™, 0%) — (xq,4,0")
(<a) max (x*,0) — (z44,0")
=~ 9eCn 5 a,ts
(b) .
< alélgf,, (at,0) — (Tay,0")
©
= <$a,t7 0/> - <$a,t7 9*>

= <za,t7 6 — 9*> = <-Ta,t7 6 — 0a,t> + <xa,t7 ea,t - 0*> .

Here, (a) is due to 8* € C,; as G occurs, (b) is due to x, ; being the optimistic (i.e., the expected
reward-maximizing) choice w.r.t C ;. Finally, (c) introduces 0’ := argmaxycc, , (Ta,t,0').

Continuing the analysis by applying Holder’s inequality with a choice of conjugates A\I + V;* and
()\I -+ V{‘l)il, we get

Tat SHma,tH(/\I_i_VtA)*l ”9/ - 9a7t||)\I+VLA + Hxa,tl‘()\[_;'_vtf\)*l ||9a7t - G*H)\I-&-V;“

a,t — 0* H)\]-l-VtA)

=l@atll s ppvays (16" =6
@ det (A + VA)
7“1'(1,15“()\I_;’_V't.A)_l‘det()\I+ Va 7—)
® det(A + V,A)
Sl ) Gat (3 + V)

(1" = Gallyryve . + 100 = Ol r v, )
28,(6)

(©)
ﬁumm@HyﬂyLﬂ1+cn@w>

( )

Ly 20 e)se) =

Hxa tH( A I+Ve )*1

© 6() ,
<cs \;M.mln{ , (ﬁI+V;},‘)71}' “1n

Here, (a) is due to Lemma 8 with matrices A\I + VtA >= M + V, ;. Then, (b) is due to the radius
term used in construction of Cy; > €’,60*. Then, (c) is from two things: first, a single agent a’s
design matrix is dominated by the design of all agents (including that agent a) put together, i.e.,
Var = VTA; second, from the condition for principal to initiate a communication event (line 4). The
(d) is from VtA = M.V, as in Corollary 3. The (e) is by trivially upper bounding 74+ < 2.
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Next, we aggregate the total regret of an agent a as follows:

(b) T

< c0.8r(0)y 7 me{1 il s reve )1}

© dxp + T

< ¢3.8r(8)y) — \/Zdl /dA/ )

(d) 1/2 1/2 dA

<es. | 4| 2log (det( Vo) ;et(ﬂ) ) A2 ,/ \/2d1 /XﬁT)

(<) c4.\/d10g(MT).\/E.\/dlog(MT) =0 <d Tlogj\(j\/[T)> . (42)

Here, (a) uses Jensen’s inequality (on concavity of the square root function) or Cauchy-Schwarz
inequality, then (b) follows from Equation (41), then (c) is due to Lemma 7 with v = »/m. Then (d)

uses Equation (36). Then (e) uses det(V, ;) < (MT) d<t,é=(T?M?)"!

Equation (42) establishes the individual agent regret guarantee mentioned in the Theorem. The
expected monetary penalty of an individual agent is O(1) as already shown in Lemmas 10 and 17
when all agents are honest. This completes the proof of the Theorem. O

Theorem 2. [Regret at Equilibrium] In the collaborative linear bandits problem, let the principal
follow MONPEN and all agents follow LSHON. Then, the expected regret of every agent a € A is

B Tlog(TM)
RG(T) =0 (d M) .

And, the expected penalty P,(T) of every agent is O(1).

F Proof of Theorem 3

As per Theorem 1, we have that the strategy of honesty (¢? = 0,eY = 0),c.4 is a Nash equilib-
rium strategy profile of game I'. Note that we explicitly designed the mechanism (the principal’s
statistical tests and penalty assignments) such that the induced game admits this strategy profile as a
Nash equilibrium. However, it is quite possible that this game induces other Nash equilibriums. In
Theorem 3, we enumerate all possible Nash equilibriums by computing the best response strategy
of an agent to an arbitrary strategy profile of other agents.

Theorem 3. [All Nash Equilibria] Let the principal follow MONPEN in common knowledge. If
there is one communication event in the principal-agent bandit game T, then the set of all Nash
equilibria is

SC{(Q,EV aeA‘5Z740and5|ﬁ€Rds.t.VaEA, €2=ﬁ}

In words, a strategy profile is a Nash equilibrium only if all agents apply the same identical bias
B € R? to their reported estimates, and do not free-ride in it (¢} 4 0).

Proof of Theorem. To reduce clutter, we drop the subscript 7. We recap the following. The prin-
cipal’s protocol MONPEN is designed in way that, as shown in Claims 12 and 15, the conditional
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expectation of an agent’s penalty

0 ifpu=0and X =1
E[Palza ~ N (1, 2)] = 4 T s . (43)
diverges to +oo if pu # 0 or X;; > 1 for some 7 € [d].

And, as originally stated in Equation (9),

2o = (Vi + V) J,TI:T)*)*I/Q (5. =055 ) ©)

is a function of not only agent a’s strategy, but also depends on the other agents’ strategies. Consider
an arbitrary strategy profile ((€%,£Y) : a € A) of the agents. To this, every agent a’s best response is

to choose his strategy (€9, eY) such that in conjunction with the other agents’ strategies (££, £} )z,

a’-a

the resultant z, that the principal computes follows z, ~ N (0, Iy) .

\%4

Next, we explicitly calculate this best response in terms of the bias sg and deviation €, .

Elz] =0 < E[Q;T—HC’E }:o

a, 7T

* 1 *
= (0" +¢%) - M_1§9 +el ]l =0

1
= eh=——) ¢ (44)
M-1 o

From Equation (44), we see that the best response of an agent a is to set his bias £% to the aver-
age/arithmetic mean of the biases of all the other agents. By iterative convergence, we have that for
any strategy profile to be a best response to itself, it is necessary that the bias ¢/ = /3 for all agents
a € A for some value 3 € R%.

Next, for the best response in terms of deviation of design matrix, s(‘{ € R¥*d we consider the
following mapping of strategies to a scalar R™, and perform the calculations in that space. Recall
V€ = Vs + £V, and define the ‘slack/free-riding coefficient’ for agent a as

S
fa::inf{fER"':V;’Et‘;l}.

One can observe that in this modified strategy space, f, > 1 (sim. f, = 1 and f, € (0,1))
corresponds to free-riding (sim. adhering to protocol and exploring more than protocol dictates).

We compute the best response in terms of deviation of design matrix so as to comply with Var [z,] <
14 as follows:

Var [z,] < Iy = Var[05° —05°] < (V)" 4+ (Vo)

= Var[0:°] + Var [05°] < 7 1(‘/;)_1
5,6\ — 1 $,6\ — s\ —
= V) G 00T S g v
b#a
M 1
s,e\—1 o sy—1 5,6\ —1
= (V) 2T - G T @)

b#a

The second line uses V¢ = (M — 1)V,# from Lemma 22, third line makes use of the variance of the
estimates as in Claim 6. Expressing these variance quantities in terms of the controlling strategies
fas, we have (V)= < f,(V:5)~! for all a. Then, for the bounds in Equation (45) to hold, the
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agent a has to choose f, such that

fV) M 255V = g D AV

b#a
M 1
= fo<sh - i 2
b#a
1 1
=wa |\ M- 3= Zfb
b#a

= Ml—l M—-1+1- Ml—l Zfb

b#a
1 1
=1t w1~ e 2 o
b#a
= fa<lt g (1= ) ) (46)
b#a

Here, Equation (46) has an interesting interpretation. It says that the deviation of f,, from 1 has to
be lesser than 1/(M — 1) fraction of the average deviation from 1 of all other agents combined,
albeit in the opposite direction. This implies that the best response value of f, is not farther from
1 than any other f; is from 1. By iterative convergence, this implies that any strategy profile that is
a best response to itself must necessarily have f, = 1 for all a. In the original strategy space, this
translates to

VEE = Vi = Vitel =V = &Y ~0.
e¥ = 0 is a sufficient condition to say agent a does not free-ride (¥ 4 0). O

G Additional Experiments & Details

This section provides additional experiment details and explanations that were not a part of the main
paper.

G.1 Bandit Environment Setup

MovieLens environment. We simulate a realistic movie—recommendation scenario where mul-
tiple platforms share the burden of exploration while remaining robust to strategic behavior. The
action sets {X;}: are generated by jointly embedding users and movies in a d = 100-dimensional
latent space. Each X represents the set of movies available for recommendation to a given user,
with |X;| = 1682. The ground-truth parameter §* € R0 is obtained as the minimizer of the
least-squares error between the predicted and true ratings.

In Fig. 1, the reward for selecting an arm z € X; is {x,0*) + n, where n ~ A(0,0.1) is drawn
independently each round. We consider M = 10 agents and a time horizon of 7' = 4096, averaged
over 3 independent runs. The regularization and penalty coefficients are setto A = 1, ¢; = 1.4,
and co = 0.1. Our implementation extends the linear bandits module from the PEARL library (Zhu
et al., 2023) to the multi-agent setting.

Synthetic environment. For the experiments in Figs. 2 and 3, we generate the true parameter 6*
and action sets { X} }; randomly: each coordinate of * and of every x € X} is sampled uniformly
at random from [—1, 1] independent of all previous samples. The random seed used is 0. We use an
embedding dimension d = 50, action sets of size |X;| = 100 for all ¢, and a total of M = 25 agents.
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Noise variance and free-riding parameters are varied systematically. All results are averaged over
10 repetitions.

In other synthetic experiments, the data is similarly randomly sampled for the appropriate problem
parameters such as agent count, action set size, and dimensionality.

G.2 Additional Results and Analysis

Time=8192, Dimensions=100, Noise=1, Play frac.=0.5, Comm. ratio base=1.5,

Arms = 100 Arms = 200 Arms = 500
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(a) Ambient dimension d = 100.
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(b) Ambient dimension d = 50.

Figure 3: Agent ablation: A plot of how regret and penalties vary as a function of the total number
of agents, fixing different action set size, dimension parameter values. A transposed visualization is
given in Fig. 6 where the number of agents and dimension are fixed, and the variation with action
set size is plotted.

Ablation on Agent Count, Action Set Size, and Dimensionality Figure 3 shows how the pro-
posed mechanism MONPEN scales with the number of participating agents (M € {3,5,10,25}). In
all cases, free-riders incur substantially higher penalties than honest agents across different dimen-
sions and action-set sizes. Both honest and free-rider regrets decrease as M increases, since larger
populations generate richer shared statistics. The same data are presented in a transposed format in
Fig. 6 for comparison.

Comparison with Wang et al. (2019). For completeness, we compare the learning performance
of our LSHON with DISLINUCB (Wang et al., 2019) in Fig. 4. The averages (with error bars) are
computed across agents rather than repetitions. Under LSHON, all agents experience identical regret
trajectories because arm plays are fully synchronized through the principal. Parameter estimates
0., also coincide across agents, as updates occur only during synchronized communication rounds
under the low-switching rule. In contrast, DISLINUCB exhibits variability across agents in both
regret and parameter estimates. While LSHON achieves lower regret and faster convergence, these
results are not directly comparable: DISLINUCB explicitly trades off performance for reduced
communication, disseminating information more slowly by design.
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Figure 4: The cumulative regret and estimation error ||6* — 6, ||, with all honest agents when run
with DISLINUCB Wang et al. (2019) versus our LSHON. Note that estimate ¢, ; in LSHON is the
estimate ¢, » where 7 is the time-step of the most recent communication event before ¢.
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Figure 5: Transpose of Fig. 2 analysed in the main paper. We draw similar insights as given for the
original plot.

H Limitations

Limitations of Results. While our Theorem 1 guarantees that all agents adhering to LSHON is
a Nash Equilibrium, it is not a dominant strategy. That is, it is not the best response for an agent
to truthfully follow LSHON when other agents do not. This limitation stems from the principal’s
inability to recognize and appreciate an agent’s honesty when he himself doesn’t know what the true
0* is, and having to settle for using approximations based on other agents’ parameter estimates.

Our MONPEN is not ex post individually rational (only ex ante IR in equilibrium), as we only bound
the a priori expected penalty, and not the final realized penalty. This is because, although the penalty
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(a) Ambient dimension d = 100.
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Figure 6: Transpose of Fig. 3. We draw similar insights as given for the original plot.

function is deterministic given the reported estimates of agents, the reported estimates themselves
inherently contain the randomness from the noisy bandit feedback, and this affects the penalties.

Limitations of Setting. Firstly, our work involves monetary penalty in the design of mechanism.
While it is possible to execute in a real-world environment, it would be interesting to see if one
can design a payment-free mechanism. Secondly, we assume that the agents play the same bandit
instance, that is, all agents have the same set of actions at each time-step. It would be interesting
to allow for arbitrarily different actions sets for each agents. With arbitrarily different action sets,
the very /M -fold benefit of collaboration, however, is not understood in the literature even when
agents are not strategic. Lastly, our work does not consider competition between different agents
which is a possibility in a real-world scenario.



