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Summary

RLVR methods such as GRPO reweight sampled completions by reward without explicitly
tracking epistemic uncertainty. We study a stylized explanation for when such updates can nev-
ertheless work by analyzing annealed softmax over empirical means in a many-armed Bayesian
Bernoulli bandit. Under a 5-regular upper-tail condition, we prove Bayes regret O(m +T/m),
yielding O(v/T) when m = ©(v/T) and matching empirical-mean greedy up to logarithmic
factors. The key mechanism is the abundance of near-optimal arms, which makes softmax
probability assigned away from the empirical best relatively inexpensive. This contrasts with
the fixed- K’ Boltzmann failure mode and suggests a structural analogy to RLVR when the base
policy already assigns non-negligible probability to correct or near-optimal completions.

Contribution(s)

1. We prove that annealed softmax over empirical means achieves Bayes regret O(m +T/m)

in many-armed Bayesian Bernoulli bandits under a 3-regular upper-tail condition, yielding
O(VT) when m = ©(V/T).
Context:  This provides a positive regret guarantee for uncertainty-agnostic softmax
reweighting in a many-armed Bayesian regime, matching the near-greedy benchmark of
Bayati et al. (2020) up to logarithmic factors, without using uncertainty bonuses or per-arm
confidence intervals.

2. The mechanism behind this guarantee is the abundance of near-optimal arms under (-

regularity: with high probability, many arms maintain empirical means close to the opti-
mum throughout learning, so when softmax samples an arm other than the empirically best,
that arm tends to be another near-optimal one rather than a clearly inferior one.
Context: This contrasts with the fixed-K failure mode of monotone-temperature Boltz-
mann exploration studied by Cesa-Bianchi et al. (2017), where the same softmax policy can
suffer linear regret. The many-armed Bayesian regime changes its behavior because the
prior puts substantial mass near the optimum.

3. We identify a structural condition—g-regularity—under which uncertainty-agnostic soft-

max achieves near-greedy Bayes regret, and note a natural analogue in RLVR: a base policy
with nontrivially high pass@Fk already assigns non-negligible probability to correct or near-
optimal completions.
Context: This is a structural analogy rather than a characterization of GRPO. Our theorem
is proved only in the non-contextual Bayesian bandit setting, and extending the analysis
to the contextual or sequential settings in which RLVR methods operate remains an open
question (Shao et al., 2024; Liu et al., 2025b; Yue et al., 2025; Cui et al., 2025).
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Abstract

Reinforcement learning with verifiable rewards (RLVR) and group-based policy opti-
mization methods such as GRPO update a stochastic policy by sampling multiple com-
pletions per prompt and increasing the policy’s probability on those with higher reward,
regularized by a KL penalty toward a reference policy. These updates do not include
explicit mechanisms that track epistemic uncertainty. This paper studies a stylized ex-
planation for why such uncertainty-agnostic updates can nevertheless be effective. We
analyze an annealed softmax (Boltzmann) policy that selects actions according to a soft-
max of empirical mean rewards in a many-armed Bayesian Bernoulli bandit. Under a
[-regular upper-tail condition on the prior, which implies an abundance of near-optimal
arms, we prove that annealed softmax greedy achieves Bayes regret O(m +T/m), and
in particular O(\/T) when the number of active arms scales as 7 = ©(+/T'), matching
the rate that empirical-mean greedy achieves in the same regime. Under S-regularity,
many arms maintain empirical means close to the optimum throughout learning, so
when softmax samples an arm other than the empirically best, that arm tends to be
another near-optimal one rather than a clearly inferior one. By contrast, with a small
number of arms, the same kind of softmax policy can suffer linear regret (Cesa-Bianchi
et al., 2017). The result also provides a structural analogy to RLVR, where a base pol-
icy with a non-negligible probability of producing a correct completion plays the role
of [-regularity.

1 Introduction

Reinforcement learning with verifiable rewards (RLVR) is now a common component of language-
model post-training pipelines. In RLVR, a model is treated as a stochastic policy over candidate
solutions and is trained using rewards that can be checked automatically, such as exact-match ac-
curacy in mathematics or unit-test success in code. This makes it possible to optimize behavior at
scale without relying on human preference labels. Group-based policy optimization methods such as
Group Relative Policy Optimization (GRPO) are prominent examples of this paradigm (Shao et al.,
2024).

RLVR sits somewhat outside the classical exploration picture in reinforcement learning and bandit
theory. In those settings, performance is often tied to epistemic uncertainty: the learner must gather
information to distinguish promising actions from poor ones. Group-based RLVR pipelines, by
contrast, sample multiple completions per prompt, raise the policy probability of those with higher
reward, and apply a KL penalty toward a reference policy; the randomness comes from repeated
sampling rather than from an uncertainty-aware exploration rule. Under verifiable rewards, such
updates can be viewed as iteratively amplifying the probability of already successful outputs, with
the gain coming largely from redistribution within the model’s existing support (Liu et al., 2025b).
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This raises a basic question: when can uncertainty-agnostic reweighting work well in problems that
seem to require exploration?

A related discussion concerns the base model’s coverage of good solutions. Here pass@Fk denotes
the probability that at least one of k£ independent samples from the model is correct, with pass@1
being the per-sample success rate. One line of work reports that RLVR often improves pass@1
while making little progress on pass@k for large k, suggesting that rewarded reasoning paths may
already be present in the base model’s output distribution (Yue et al., 2025). Other recent work
reports settings where RLVR does extend reasoning performance, indicating that the empirical pic-
ture depends on training details and evaluation choices (Cui et al., 2025). We do not try to resolve
that broader debate. We instead study a simplified model that isolates one mechanism by which
reweighting alone can be effective.

1.1 A stylized lens: many-armed bandits and annealed softmax

We consider a stochastic many-armed bandit model with Bernoulli rewards and Beta priors, where
each arm represents a “completion mode” and reward corresponds to a verifiable success event.
Within this model, we analyze an annealed softmax policy that, at each time step ¢, selects an arm
with probability proportional to exp(n;m; ), where m; , is the empirical mean reward of arm ¢
at time ¢ and 7, is an inverse-temperature schedule that increases over time, a setup referred to as
annealing. The policy does not use an optimism term, a posterior sample, or per-arm confidence
intervals.

A classical result of Cesa-Bianchi et al. (2017) shows that this type of exploration (also referred to
as Boltzmann exploration) can suffer linear regret with a small number of arms under any monotone
temperature schedule, and that strong guarantees in that regime typically require schedules that
adapt to arm-specific information. The standard failure mode is “cooling too fast”: early noise gets
amplified, causing premature concentration on suboptimal actions. At first glance, such results argue
against exactly the kind of uncertainty-agnostic annealing that appears in RLVR practice.

The many-armed Bayesian setting allows a different possibility. If the prior places enough mass
near the optimum, the action space contains many arms whose rewards are already close to optimal.
Even if the algorithm spreads probability across several arms, many of them are good enough that the
regret cost remains small. This idea is studied in the many-armed bandit literature, where greedy-
style procedures achieve Bayesian regret guarantees under upper-tail regularity conditions on the
prior (Bayati et al., 2020).

1.2 Main results and perspective

The question we study is therefore: can annealed softmax, despite ignoring epistemic uncertainty,
inherit the regret behavior of greedy methods in the many-armed Bayesian regime?

The answer is yes for the Beta-Bernoulli model under an upper-tail regularity condition on the prior.
Informally, this condition implies that near-optimal arms are sufficiently abundant: with many active
arms, many of them are close to the optimum. Under this condition, a time-only annealing schedule
suffices for annealed softmax to achieve the same Bayes regret scaling as the many-armed greedy
benchmark, up to logarithmic factors.

Annealed softmax differs from greedy only because it places some probability mass on arms that
are not currently empirically best. Under the upper-tail regularity condition, this leakage is cheap:
most of the diverted probability lands on arms that are themselves near-optimal.

1.3 Connection to RLVR and pass@Fk

Although the formal results are proved in a bandit model, they map to one structural view of RLVR
with group sampling. In language modeling, “actions” are not literal discrete arms, but the base
policy still induces a distribution over candidate completions of varying quality. Metrics such as
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pass@Fk probe the upper tail of that distribution. If correct completions occur with non-negligible
probability, repeated sampling surfaces them reliably, and subsequent reweighting can improve
pass@1 without an explicit uncertainty-aware exploration rule.

Our result is far from a model of what happens in GRPO. The setting is a standard multi-armed
bandit, with no context and no sequential structure. The connection it suggests is structural, and
extending the analysis to the contextual or sequential settings where GRPO operates is an open
problem.

1.4 Paper organization

Section 2 reviews related work. Section 3 introduces the many-armed Bayesian Bernoulli bandit
model, the S-regular prior assumption, and notation. Section 4 presents the greedy baseline and the
annealed softmax greedy (ASG) algorithm. Section 5 states the main regret theorem and its exten-
sions. Appendix A contains the proofs, and Section 6 concludes with discussion and limitations. We
complement the theoretical analysis with simulations on Bernoulli bandits in Appendix B.

2 Related Work

Our paper connects three strands of literature: the theory of Boltzmann exploration in bandits, the
many-armed bandit framework with “free exploration,” and the empirical RLVR/GRPO pipeline
for LLM post-training. We give a concise overview here and defer a comprehensive survey to
Appendix C.

Boltzmann exploration and its limitations. Boltzmann (softmax) action selection is a standard
randomized alternative to greedy or optimistic policies in bandits and RL. Cesa-Bianchi et al. (2017)
prove that, for fixed-K stochastic bandits, any monotone temperature schedule can be forced into
suboptimal behavior—either exploring too long or committing too early—and propose per-arm
learning rates that explicitly track uncertainty as a remedy. This negative result is the starting point
of our analysis: we identify a structural regime (many arms, thick-tailed prior) that circumvents the
impossibility without requiring uncertainty-aware schedules.

Many-armed bandits and free exploration. When the number of arms is large relative to the
horizon, the distribution of arm qualities (rather than per-arm estimation) governs achievable regret.
In the Bayesian setting, Bayati et al. (2020) show that under an upper-tail regularity condition on
the prior (“S-regularity”), a subsampled greedy policy achieves Bayes regret O(max{m,T/m}),
yielding O(v/T) with m = ©(v/T) arms. The key mechanism is free exploration: discarding a
poorly performing arm still leaves many near-optimal alternatives. Our work extends this viewpoint
from greedy to annealed softmax policies, showing that the same prior-tail structure suppresses the
“softmax leakage” that causes failures in the fixed-K regime. Related infinite-armed formulations
include Berry et al. (1997); Wang et al. (2008); Carpentier & Valko (2015).

RLVR, GRPO, and the ‘“bounded-by-base” phenomenon. Reinforcement learning with verifi-
able rewards has become a core post-training technique for reasoning-oriented LLMs. GRPO Shao
et al. (2024) performs group-sampled policy updates under KL regularization, and recent analyses
relate its dynamics to iterative soft reweighting of completions Mroueh (2025); Liu et al. (2025b).
A central empirical observation is that RLVR often improves pass@1 while failing to improve, or
even degrading, large-k pass@Fk, suggesting that optimization primarily redistributes probability
mass within the base model’s existing support rather than discovering new reasoning paths Yue
et al. (2025); though subsequent work argues this picture is nuanced and depends on training de-
tails and evaluation choices Cui et al. (2025); Wen et al. (2025); Liu et al. (2025a). Our bandit
model provides a stylized formalization of this “bounded-by-base” effect: the §-regular tail condi-
tion translates “good pass@k” into “many near-optimal arms,” under which softmax reweighting
suffices without explicit exploration.
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3 Problem Setup

This section sets up the model and the notation. More specifically, it formalizes the bandit model,
defines the prior regularity condition and the Bayes regret criterion, and introduces the empirical-
mean notation used in the algorithm. Throughout the paper we assume 7' > m.

3.1 Many-armed Bayesian Bernoulli bandit

Fix a time horizon T' € N and consider m € N arms indexed by ¢ € [m] := {1,...,m}. Each arm
has an unknown mean y; € [0, 1] drawn i.i.d. from a prior I" on [0, 1]. Conditional on p;, each arm
1 has an i.i.d. sequence of Bernoulli rewards

Xis | S Bernoulli(p;) (s=1,2,...),

where X  is the reward from the s-th pull of arm 7 (s is arm-specific, not the global time index). At
each round ¢ € [T, a policy selects an arm A; € [m] (possibly randomized and history-dependent)

and observes X 4, Na, (t)» where
t

Ni(t) = > 1{A, =i}
s=1
is the number of pulls of arm 7 up to time ¢.

3.2 Prior regularity: S-regular upper tail

We assume I" has a polynomially thick upper tail near 1.
Definition 3.1 (5-regular prior near 1). A distribution I" on [0, 1] is 8-regular if there exist constants
0 < co < Cp < ooandeg € (0,1) such that, for all € (0, &),

coe? < T(1—-g1]) < Coel.

We will present the main theorem first for the linear tail case § = 1 (which is the regime treated in
Bayati et al. (2020) for simplicity), and then state a clean general-$ extension as a corollary/remark.

3.3 Bayes regret and a convenient surrogate

Let f14 := maxX;e[y, pi- The (frequentist) regret of a policy 7 given p = (i1, . . -, fimm) is

RT(T( | l"’) = Z :u’At

t=1
The Bayes regret is

BRy,m(7) = E[Rr(r | p)],
where the expectation is over u ~ I'®™ (i.e., i1, ..., i, are ii.d. draws from T, so T®™ is the
m-fold product measure on [0, 1]™), reward randomness, and any internal randomness of 7.
We will also use the standard surrogate “regret-to-1”

m

T
r(mlp) =Y (1—pa) = Y (1—m)Ni(T), (1)
t=1

i=1
which satisfies the exact identity
Ro(r| ) = Re(r|p) — T(L - p.). @)
Thus _ B
BRrn (1) = E[Rr(m | p)] — TE[l —p.] < E[Rr(n | p)]. 3)
Under 1-regularity, E[1 — ] is of order 1/m (Lemma A.9 below), so the exact identity can sharpen
constants, but our main upper bound only needs BR ,, (1) < E[Rp(r | ).
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3.4 Empirical means

Let S;(t) be the number of observed successes of arm 7 up to time ¢, so 0 < S;(t) < N;(t). Because
every arm is pulled once during initialization in Algorithms 1-2, we have N;(¢) > 1 throughout the
greedy/softmax phase. We therefore use the empirical mean

S;(t
Hig = () 4)

as the score of arm 7 at time ¢.

Asymptotic notation. Throughout the paper, O() hides polylogarithmic factors in 7" and m.

4 Algorithms

This section presents the greedy baseline and the annealed softmax greedy (ASG) policy that is the
main object of analysis.

4.1 Greedy baseline on empirical means

We begin with the natural greedy benchmark, shown in Algorithm 1. After pulling each arm once
so that every arm has an initial estimate, the policy always selects an arm with the largest empirical
mean. This is exactly the many-armed greedy rule analyzed by Bayati et al. (2020), and it serves as
the baseline throughout the paper.

4.2 Annealed Softmax Greedy on empirical means

Our main object of study is a randomized analogue of greedy, given in Algorithm 2. Instead of
deterministically choosing the empirical-best arm at each round, the policy samples from a softmax
distribution over empirical means. Arms with higher empirical means are more likely to be selected,
but lower-ranked arms still receive some probability mass. The amount of randomness is controlled
by a nondecreasing inverse-temperature schedule {7; }¢>1.

Algorithm 1 Greedy (Empirical-Mean Greedy)

Require: Arms [m], horizon T'
1: Initialization:

2. fort=1,...,mdo

3:  Pull arm A; = ¢; observe reward X; ;

4: end for

5: Greedy phase:

6: fort=m+1,...,7 do

7. Compute empirical means fi; ;1 = 21((1:11)) forall i € [m]

8: Pull arm A; € arg MaX;e ] Hit—1 (ties broken arbitrarily)
9:  Observe reward X 4, Na, (t)

10: end for

This policy can be viewed as interpolating between uniform sampling and pure greedy behavior.
When 7, is small, the softmax distribution is relatively flat, so the algorithm spreads probability
more evenly across all arms. As 7, grows, the distribution becomes more concentrated, and the
policy increasingly resembles Greedy. The key question for the rest of the paper is whether this
softmax sampling rule, which is agnostic to epistemic uncertainty in arm quality, can achieve near-
greedy regret in the many-armed Bayesian regime.

ASG uses exactly the same empirical information as the greedy baseline; it neither estimates uncer-
tainty explicitly nor uses per-arm temperatures that depend on the pull counts N;(¢). Cesa-Bianchi
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Algorithm 2 Annealed Softmax Greedy (ASG)

Require: Arms [m], horizon T, nonnegative nondecreasing inverse-temperature schedule {7;}+>1
with 9, — oo
Initialization:
fort=1,...,mdo
Pull arm A; = ¢; observe reward X 1
end for
Softmax phase:
fort=m+1,...,Tdo
Compute empirical means fi; ;1 for all i € [m]
Sample arm A; = ¢ with probability

X DN A RN

e 11—
mxp(nt /“‘LZytA 1) (6)
=1 exp(ne flj—1)

pt(z) = Z

9:  Observe reward XAt,NAt 0)
10: end for

et al. (2017) prove that any monotone temperature schedule shared across arms can suffer linear
regret in some small-arm instance, and propose per-arm scalings as a remedy: their Boltzmann—
Gumbel Exploration uses o/+/N;(t), so less-pulled arms have noisier scores and are favored for
exploration. We study the unadjusted version because it matches the structure used in group-based
methods such as GRPO, where the policy does not adapt its per-completion sampling temperature
to historical counts.

Concrete schedules. For the analysis, it is convenient to choose a logarithmically increasing
schedule of the form

c
= gnlog(t\/2), 5)

where ¢, > 1is a fixed constant and ¢ is a threshold parameter that will be tuned as a function of
(T, m) in the regret bound. Intuitively, § sets the scale of what counts as a meaningfully suboptimal
arm in the proof. With this choice, exp(—n:d) = (¢ V 2)~ 7, so the probability weight placed on
arms that are worse by at least § decays polynomially in time. In particular,

T
Z eXP(—Ut5) = O(l)a
t=1

which is exactly what we need to make the total softmax “leakage” summable. In the linear-tail case
(8 = 1), for example, the relevant choice is § =< (logT)/m, leading to the O(m + T/m) Bayes
regret rate (Theorem 5.2).

5 Main Results

This section presents the main Bayes regret bound for ASG.

Before stating our main theorem, we recall the result for the greedy policy (Algorithm 1). In the
Bernoulli many-armed setting with a linear upper tail, Bayati et al. (2020) show that empirical-mean
greedy achieves near-optimal Bayes regret.

Proposition 5.1 (Greedy benchmark in the Bernoulli, 5 = 1 regime (Bayati et al., 2020, Theo-
rem (Bernoulli))). Assume Bernoulli rewards and a 1-regular prior T (Definition 3.1 with 8 = 1).
Then Greedy (Algorithm 1) achieves

~ T
BRy,m (Greedy) < O(m + m) ,
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and in particular for m = ©(v/T) one has BRy,, (Greedy) = O(V/T).

5.1 ASG matches greedy up to a leakage term

We now turn to our main result for ASG. At a high level, the theorem shows that ASG behaves
like greedy plus an additional softmax leakage penalty: the probability mass assigned away from
the empirically best arms. The key technical point is that in the many-armed, thick-tail regime,
this leakage remains controlled because when softmax samples an arm other than the empirically
best, that arm tends to be another near-optimal one rather than a clearly inferior one. The extra
randomization introduced by softmax therefore does not change the leading Bayes regret scaling.

The bound below decomposes regret into several interpretable terms. The terms m and 79 are the
same coarse baseline contributions that already appear in greedy-style many-armed analyses. The
logarithmic term m(1+log(1/4d)) reflects the cost of integrating over the upper tail. The summation
term % Ethl exp(—n;0) is the softmax-specific leakage term, controlled by the cooling schedule.
Finally, the exponentially small term 7 exp(—cmd) corresponds to the bad event that too few of
the m arms are near-optimal. In this sense, ASG is essentially greedy up to a leakage penalty that
becomes small under suitable annealing.

Theorem 5.2 (ASG Bayes regret, Bernoulli, linear tail). Assume Bernoulli rewards, and assume
the prior T is 1-regular (Definition 3.1 with 8 = 1) with regularity constants (cg, Co,eq). Fix any
§ € (0,00] with 69 < min{1/8,e0/8} (which also ensures 6 < 1/6, the condition required by
Lemma A.2). Run ASG (Algorithm 2) with any nonnegative nondecreasing schedule {1, }1>1.

Then there exist constants c,C > 0 (depending only on cgy, Cy, o and on the Bernoulli crossing
constant in Lemma A.2) such that

BRr.m(ASG) < C

T
1
m + T6 + m(1+log(1/d)) + gZexp(—m 0) + T exp(—cmd)]|.
t=1

(7N
In particular, choose

log(T Vv 2
b = min{éo7 Aog(m\/)}7 N = %log(t\/Q) (en > 1), (8)

with A > 1/c. Then

~ T
BRT,m(ASG) = O(m + m) ,

and for m = ©(\/T) one obtains BRy,,(ASG) = O(V/T).

The proof is given in Section A. The main takeaway is that ASG inherits the same leading-order
regret scaling as greedy in the linear-tail many-armed regime. In this sense, the additional softness
of the policy preserves the near-greedy rate; it only introduces a leakage term that can be made
summable by a suitable logarithmic cooling schedule.

Remark 5.3 (General 3 (statement-level)). The linear-tail case 5 = 1 is the cleanest to state, but
the same proof strategy extends to general 3 > 0, paralleling the corresponding generalization of
the greedy benchmark in Bayati et al. (2020). Repeating the proof with Lemma A.3 replaced by
the general-3 analogue p; > ¢d” (which follows from the same crossing argument together with
the B-regularity bound I'([1 — 4, 1]) > ¢od?), and with the corresponding many-good-arms bound
P(M(5) < r) < exp(—emd?), yields a bound of the form

T
~ 1 _ —ems?
BRr.,(ASG) < 0<m + TS5 + m-Mz(8) + 573;_1@ md 4 Tememo ) ,
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where 2tz (J) captures the tail-moment scaling from Lemma A.8. In particular,
My(6) =1+1og(1/8),  Me(d) =0 for >1,  Ms(8) = O~ =) for 5 € (0,1).

Optimizing this bound with § =< (log T'/m)/? (paralleling the 3 = 1 specialization) yields rates
of the form O(m + T(log T/m)'/#) for 8 > 1, matching the corresponding generalization of the
greedy benchmark in Bayati et al. (2020). For 8 < 1, the same procedure yields a similar expression
with an additional 9tz contribution. The optimized rate is not O(m + T/m) outside § = 1. The
qualitative message is preserved: thicker upper tails make softmax leakage cheaper, and thinner tails
give correspondingly slower rates.

6 Discussion and Limitations

Theorem 5.2 identifies a regime in which uncertainty-agnostic reweighting can still be statistically
effective. The key mechanism is multiplicity: when the prior has a sufficiently thick upper tail,
there are many arms whose means lie close to optimal, and a nontrivial fraction of them remain
statistically competitive over time. As a result, the softmax denominator contains many near-optimal
competitors, so probability mass assigned away from the current best arm is not necessarily wasted
on clearly inferior actions. In this regime, “leakage” is cheap because it is spread across many nearly
optimal arms.

This perspective helps reconcile our result with classical negative results for Boltzmann exploration.
In fixed- K settings, annealing can amplify early noise and lead to persistent selection of suboptimal
arms. Our theorem shows that this failure mode is not universal: in a many-armed Bayesian regime
with sufficient upper-tail mass, the same uncertainty-agnostic softmax mechanism achieves near-
greedy Bayes regret. The difference is not just the policy class, but the geometry of the action space
induced by the prior.

The result also suggests a stylized interpretation for group-based methods such as GRPO and, more
broadly, RLVR. We do not analyze language models, sequence generation, or policy-gradient train-
ing. Rather, we isolate one mechanism by which simple reweighting can work well: if the base
policy already has strong upper-tail coverage, then reweighting among sampled candidates may im-
prove top performance without requiring explicit uncertainty bonuses or directed exploration.

Several limitations are important. First, our model is narrow: we study i.i.d. Bayesian Bernoulli ban-
dits, with no context, no shared structure across actions, and no sequential state dynamics. Second,
the guarantees are Bayesian rather than minimax, and rely essentially on upper-tail regularity of the
prior; if near-optimal arms are rare, the multiplicity mechanism weakens. Third, we do not claim
optimality of annealed softmax even in this regime, only that it matches the near-greedy benchmark
up to logarithmic factors under our assumptions. Finally, the connection to GRPO and pass@¥k
is conceptual rather than literal, since modern RLVR systems involve shared parametric policies,
dependent samples, and non-bandit credit assignment.

A natural next step is to extend this analysis to structured or contextual action spaces, and to sequen-
tial RL settings where “many near-optimal actions” might be replaced by many near-optimal trajec-
tories or completions. More broadly, an important open question is to characterize the boundary of
the phenomenon: precisely when does upper-tail multiplicity make uncertainty-agnostic reweighting
effective, and when do the classical Boltzmann failure modes re-emerge?

Broader Impact Statement

This work is primarily theoretical and studies fundamental properties of exploration strategies in
multi-armed bandits. We do not foresee specific negative societal impacts from the results presented
here.
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A Proofs

The proof technique follows the many-armed analysis of Bayati et al. (2020), adapted to control
the softmax leakage probability. Even when the score vector is already informative, Boltzmann
exploration still assigns some probability mass to inferior arms (Cesa-Bianchi et al., 2017). Under a
1-regular prior and many available arms, we show that the presence of many persistently good arms
suppresses this leakage enough to recover the many-armed regret rate.

Throughout, F; denotes the history o-field generated by actions and observations up to time ¢.

A.1 A Bernoulli “never-crossing” tail event

Definition A.1 (Never-crossing probability ¢ (1)). Fix 6 € (0,1) and p € [0,1]. Let {X,}s>1 be
i.i.d. Bernoulli(y) and let 7i(n) := + 3" | X,. Define

go(p) = P(fi(n) > 0 foralln > 1),

with the convention gg(u) = 0 for p < 6.
Lemma A.2 (Bernoulli crossing bound (Bayati et al., 2020, Lemma 4.2)). Let X ~ Bernoulli(u)
iid andfix9 > 2/3. If u > (1 + 6)/2, then

e—1/2

3

QG(M) Z C(Bern =

A.2 Many always-good arms under a S-regular tail

We now formalize the event that the prior produces many “always-good” arms, which will be used
to control softmax leakage.

Fix § € (0,1/8] and define two thresholds
0:=1-—26, 0 :=1— 30.
For each arm ¢ € [m], define the always-good event
Gi(0) = {m >1 —5} N {ﬁi(n) >0 Vn> 1}, )

where [i;(n) denotes the empirical mean of the first n rewards of arm i (a property of the arm’s
reward sequence, independent of the policy).
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Let

m

M) =) 1G:(5)}

i=1
be the number of always-good arms.

Lemma A.3 (Expected mass of always-good arms). Assume U is 1-regular (Definition 3.1 with
B = 1). There exists 69 > 0 and a constant ¢ > 0 such that for all 6 € (0, do),

ps = ]P’(gl-(é)) = E,~r [l{u >1-4} ql_g(;(,u)] > cé.

Proof. By Lemma A.2, for § < 1/6 and n > 1 — 4, we have q1_25(pt) > Cpern since 1 — § >
(14 (1 —26))/2. Therefore

Ds > CBern'P(,LLZ 1—(5)

By 1-regularity, P(u > 1 — &) > ¢ ¢ for all sufficiently small J, hence ps > CpgernCo 0. O

Lemma A.4 (Many always-good arms with high probability). Under the assumptions of Lemma A.3,
there exist constants ¢, ¢’ > 0 such that for all sufficiently small 0,

]P’(M(é) > 7"((5)) > 1 —exp(—c' md), r(6) = max{l, L%J}

Proof. Across arms, the pairs (4, (X; s)s>1) are i.i.d., so the indicators 1{G;(d)} are i.i.d. Bernoulli
with mean pgs. Thus M (§) ~ Binomial(m, ps).

If mps > 2, then r(§) = |mps/2] and a multiplicative Chernoff bound gives
P(M(0) < r(d)) < P(M(8) < mps/2) < exp(—mps/8).
If mps < 2, then r(§) = 1 and
P(M(0) <r(5)) =P(M(5) =0) = (1 - ps)™ < exp(—mps).
In either case,
P(M(6) < r(5)) < exp(—cmps).

Lemma A.3 gives ps > ¢’§, which yields the stated bound after adjusting constants. [

A.3 A Kkey inequality: softmax leakage controlled by r good arms

We next bound how often a suboptimal arm can be sampled when many good arms maintain a score
margin.

Lemma A.5 (Pointwise leakage bound for softmax). Fix time t, scores {s;}7_; C R, an inverse
temperature n; > 0, and an integer v € {1,...,m}. Let pi(i) x exp(nes;). If there is a subset
J C [m] with |J| = r such that s; > s* forall j € J, then for any 1,

: exp(1:$:) 1 «
< — " 7 = - — — S, .
Pl = gy — P (0T 00)

Le—mA,

r

In particular, if s* — s; > A > 0, then p:(i) <

Proof. Immediate from Z;nzl exp(nes;) > D e 7 exp(nes;) > 1exp(ms™). O
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A.4 Bounding pull counts of suboptimal arms: spikes + leakage

We now use a simple “spikes + leakage” decomposition for empirical means.

Fix § and thresholds § = 1 — 2§, 0’ = 1 — 34 as above. For a fixed arm i, let

s=1
be the empirical mean of the first n rewards of arm .

Lemma A.6 (Spikes of empirical means are exponentially rare). For any arm mean pu < 6’ and any
n>1,
P(i(n) 2 0" | pi = p) < exp (—2n(8' — n)?).

Consequently,
o0

Zp(ﬁz(”) >0 | i = ,U) < m

n=1

Proof. The first claim is Hoeffding’s inequality for Bernoulli averages. For the second, write a =
6" — p > 0 and sum the geometric bound:

oo 5.2
S et ¢ 2a 11

(& = = S —5

1 —e—2a® 20 _ ] = 22’

n=1

using e” — 1 > xforz > 0. O

Good arms provide a uniform score floor. On the event G;(9) in (9), we have fi;(n) > 6 for
every n > 1. Since each arm is pulled once during initialization, it follows that for every such arm
andeveryt > m + 1,

,ai,t—l = ﬁz (Nl(t — 1)) > 0.
Thus, if M (J) > r, then throughout the softmax phase there are always at least  arms whose current
empirical means exceed 6. This is the key simplification in the empirical-mean proof: no maturation
argument is needed.

A.5 Pull-count bound conditional on having  good arms

We now state the pull-count lemma.

Lemma A.7 (Pull-count bound under r reference arms). Fix an integer v € {1,...,m}, fix §, and
set thresholds 0 =1 — 26,6’ =1 — 38. Foreacht € {m+1,...,T}, define the F;_1-measurable
event

&= {HJ C [m] with |J| = r such that ji;,_1 > 0Vj € J}.

Then for any arm i and any horizon T,

T (e R ) 1 T )
E Ni(T)l{t:QHEt}] < 1+nz=:1]P’(,ui(n)29)+;t=;_1exp(—nt 0—6)). 10

Proof. Let 7;,, be the time of the n-th pull of arm ¢, with 7; ,, = oo if the n-th pull never occurs. If
Ti;n+1 < T, then at time 75 , 1 — 1 the arm has been observed exactly n times, hence

ﬂi7‘ri,n+1*1 = //jl(n>

Therefore
T o) T
Ni(T) 1{ ﬂ 5t} < 1+Z 1{Ti,n+1 <T, fi(n) > 9’}4- Z I{At =i, flip—1 <8, 5t}~
t=m+1 n=1 t=m+1
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Taking expectations, the first sum is bounded by

(oo}

> B(i(n) > 0).
n=1
For the second sum, note that & € F;_;. Hence
E[1{A;, =i, fip1 < 0, &} = E{l{ﬂi,t_l <0, EVP(A =i | Fi)l.
On & N{fiit—1 < 0'}, Lemma A.5 gives
P(Ay =i | F1) < %GXP (—m(0-0).
Summing over ¢ yields (10). O

A.6 A tail-moment lemma for integrating the spike bound

To convert (10) into Bayes regret, we need to integrate over p the spike penalty. This is exactly
where [-regularity yields logarithmic (for 5 = 1) or polynomial moment control.

Lemma A.8 (Tail-moment bound, general 3). Let ' be B-regular (Definition 3.1) and let i ~ T. Fix
§ € (0,e0/8] and set U := 1 — p. Then there is a constant C' < oo (depending only on (3, ¢y, Cy, €¢)
such that

E [1{U > 46} <1+ U136)] < C-Ms(6),

where
1+1og(1/6), B=1,
Ms(d) =4 1, B>1,
6— (=8, B e (0,1).

Proof. The proof is a straightforward integration-by-parts argument utilizing the S-regular bound
F(u) :=P(U < u) < Cou” for u € (0,&0]. Constants in the bounds below are allowed to depend
on (Ba Co, 007 50)'

Writing
1

1 1
E 1{U > 4 = F
[U—B(S = 6}} /45u—3§d (w),

integration by parts yields the boundary contribution

{F(u) r _ F(1)  F(49)
u—36], 1-36 6

Using the left-limit convention at the lower endpoint, the lower-boundary term is —F'((40)7)/J,
which is non-positive since the CDF F’ is non-negative; dropping it preserves the upper bound (and
automatically absorbs any atom I" may place at u = 44§). The boundary contribution is then at most
F(1)/(1 —36) = O(1). For the remaining integral, since ¢ < ¢¢/8 implies u — 3§ > €¢/2 on
[€0, 1], the contribution from [g¢, 1] is O(1) (with constants depending on eg, using F'(v) < 1). On
[49, £0], the bound u — 36 > u/4 gives

€0 F €o ,,8 €0
/ %du < / U—Qdu:/ u’~2 du,
45 (u—30) 45 U 45

which scales as O(log(1/6)) for 3 = 1, O(1) for # > 1, and ©(6~ =) for # € (0,1). Adding
the constant 1 term from E[1{U > 44}] < 1 completes the proof. O
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A.7 Order statistics: size of the subtraction term

The next lemma records the size of the subtraction term in (3). It is not needed for the upper bound
in Theorem 5.2, but it quantifies how much the exact identity can sharpen constants.

Lemma A.9 (Expected gap to 1 of the best of m arms). If I is S-regular (Definition 3.1) and
[y = MaX;<m [, then

C

E[l—p] < /B

Sor a constant C' depending only on (8, co, Co, €o). In particular, for 8 = 1, E[1 — pu,] < C/m.

Proof. Let U; := 1 — p; and U, := min;<,, U; = 1 — p,.. By S-regularity, for small v we have
P(U; < u) > cou®, hence

P(U, > u) =PU; > u)™ < (1 — cou’)™ < exp(—comu?®)  (u < ).
Integrating,
> = —comu® —-1/B
E[U,] = P(U, > u)du < e M du + (1 — 0)P(Us > g9) < Cm ,
0 0
using the change of variables v = comu’. O

A.8 Proof of Theorem 5.2

Proof. Let
0:=1-24, 0 :=1-— 39, ps = P(gi(é)), ri= max{l, {%J } .

Define the event

E:={M(8)>r}
By Lemma A .4,
P(&°) < exp(—cm).
Foreacht € {m + 1,...,T} let & be the event from Lemma A.7. If £ occurs, then there are at

least r arms j such that G; (6) holds. For each such arm and each ¢t > m + 1,
fiji—1 = i (N;(t = 1)) > 0,
so & C ﬂ?:m 41 &t Hence Lemma A.7 implies that for every arm 4,

EN(DIEY] < 1+ P = 0) + 2 3 an

t=m-+1

Write U; := 1 — p;. Decompose the surrogate regret on £ as

Rp1{&} = Em: U;N;(T)1{E}1{U; < 46} + zmj U;N;(T)1{EY1{U; > 45}.
i=1

i=1

For the near-optimal arms,

i=1 =1
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hence
m

E{Z U N;(T)1{E}1{U; < 46}| < 4T%. (12)

i=1

For the remaining arms, we redo the pathwise decomposition from the proof of Lemma A.7, this
time keeping the factor U;1{U; > 46}. On & C ﬂtT:m +1 &, that proof gives the pathwise inequality

00 T
Ni(T)1{E} < 14> Yai(n) 20+ > A =i, i1 <0, &}
n=1 t=m-+1

Multiply both sides by the nonnegative quantity U;1{U; > 44}, sum over i, and take expectation.
The first two pathwise terms give the spike part on the right-hand side of (13) below; these will
be handled by conditioning on y;. For the leakage part (the last sum), use the pathwise bound
U;1{U; > 46} < 1 before taking expectation, and then repeat the conditioning step from the proof
of Lemma A.7: on & N {fi;1—1 < 0'}, Lemma A.5 bounds P(4; =i | Fy—1) < %e_"t‘s. The result
is

]E[f: UiN(T)HEN{U; > 45} < Em:IE[l{UZ- > 40} Ui (1+ f: Wjis(n) 2 0'})] + = ETI e
i=1 i=1 n=1 f=m+1

13)

Now condition on ;. Since the summands in the spike series are nonnegative, Tonelli’s theorem
justifies interchanging the expectation and the infinite sum. If U; > 46, then u; < 1—46 < ', so
Lemma A.6 gives

o] 1 1
~ > ¢ ) < = .
7;:1]1)(#1(") >0 | pi) < 200" — ;)2 2(U; — 36)2

Therefore

E[l{Ui > 48} Ui(l + i 1{fii(n) > e'})} - ]E[I{Ui > 48} Ui(l n iP(ﬁi(n) >0 | ui))}

= n=1

< E[I{Ui > 46} U,;(1 + 2((1%5)2)}

On {U; > 46} we have U; — 36 > ¢ and U; < 4(U; — 30), hence

Ui(Hm) < AU =30+ Ul-i?)é <6(1+ Ul-i?)é)'

Applying Lemma A.8 with 8 = 1 yields

E[l{Ui > 45} U (1 + i 1{7is(n) > o’})] < C(1 +log(1/3)). (14)

n=1
Summing (14) over ¢ and combining with (13) gives

m T
E[ZUiNi(T)l{E}l{Ui > 45}} < Cm(L+1log(1/0) + 2 3 e (15)

i=1 t=m+1

By Lemma A.3, ps > ¢ for all sufficiently small §. If mps > 2, then » = |mp;/2| and therefore

¢
.

m 4
7S7
r Ds



Reinforcement Learning Journal 2026

If mps < 2,thenr = 1 and

m< — <
bs

so again m/r < C/é. Combining (12) and (15),

)
> Q

[RTl{S}] < C|Té+m(1+1og(1/6)) Ze_"t 1 ,
where we enlarged the sum from¢t =m+ 1tot = 1.
Finally, B N N N
E[RT] = ]E[RT 1{5}} =+ E[RT 1{56}] < E[RT 1{5}] + T]P)(EC),
o)

E[Rr] < C

+ —cmd
m—+T6 4+ m(1+log(1/4)) 626’7 +Te ]

Using (3), we have N
BRr.m(ASG) < E[Rr],

which proves (7).

For the specialization (8), set § = min{dy, Alog(T'V2)/m} with A > 1/c, and n, = (¢, /) log(tV
2) with ¢;, > 1. Then Zthl e~ = O(1).

If Alog(T V 2)/m < 8o, then § = Alog(T V 2)/m and Te~™® = T'~4 < 1 since cA >
1. The other terms in (7) are m, T§ = Alog(T V 2) - T/m, m(1 + log(1/d)) = O(m), and
(1/8) 3, e~™ = O(m), summing to O(m + T/m).

If Alog(T'V 2)/m > & (i.e., m < Alog(T V 2)/do), the cap binds and T'/m > 60T /(Alog(T
2)) = Q(T), so O(m + T/m) already absorbs the trivial bound BR,,, (ASG) < T.

In both cases, BRr,,(ASG) = O(m + T/m). O

B Simulation Experiments

We complement the theoretical analysis with simulations on Bernoulli bandits. The experiments are
designed to (i) empirically validate the multiplicity mechanism of Theorem 5.2, (ii) probe the role
of the sharpness (inverse temperature) parameter, and (iii) stress-test the assumptions underlying the
Bayes regret guarantee of Theorem 5.2 by varying the informativeness and accuracy of the prior.
Throughout, we compare four algorithm classes:

* Classic Thompson Sampling (TS). At each step, sample 0, ~ Beta(ag + S;, Bo + F;) indepen-
dently for each arm and pull arg max; 6;.

* Pure Greedy (emirical-mean greedy). Pull arg max; m;,, corresponding to the baseline of
Section 4.

* Softmax empirical mean. Sample arms with probability 7 () o< exp(n - m; ), wherep > Ois a
fixed sharpness parameter. This is a constant-temperature analogue of the ASG policy in (6).

* Softmax + KL penalty. A KL-regularized variant that anchors to a reference policy mo(i) o
exp(s - m; o) derived from the prior means, selecting arms via (i) o 7 (%) exp(s - m; ). This
models the KL-regularized objective structure common in GRPO-style updates (Section 1).

All experiments use Beta—Bernoulli conjugacy: each arm ¢ has an unknown probability 1;, rewards
are Bernoulli(;), and the empirical after observing S; successes and F; failures in N; pulls is
Beta(ag + S;i, Bo + F;). Results are averaged over independent trials (200 for Experiment 1, 100
for Experiments 2—4).
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Regret over Time: Classic TS vs Empirical Means (m = 10, Uninformative)

350 1 == Classic TS
= Pure Greedy (Empirical)
= Softmax Empirical (n=1)
300 4 -+ Softmax+KL Empirical (n=1)
Softmax Empirical {n=5)
Softmax+KL Empirical (n=5)
2507 —— Softmax Empirical (7 =10)
-+ Softmax+KL Empirical (n=10)
—— Softmax Empirical (n=20)

-+ Softmax+KL Empirical (n=20)

200 4

—— Softmax Empirical (7 =50)

150 1 -+ Softmax+KL Empirical (n=50)

Cumulative Regret

100 +

50 1

Steps (t)

Figure 1: Cumulative regret over 7' = 1,000 steps with & = 10 arms and uninformative Beta(1, 1)
prior. Higher sharpness s drives the Softmax policy toward greedy behavior. Under a uniform prior,
Softmax+KL coincides with Softmax (overlapping curves).

B.1 Experiment 1: Effect of sharpness (uninformative prior)

We fix K = 10 arms, horizon T = 1,000, and an uninformative prior Beta(1,1) (i.e. uniform
on [0, 1]). We vary the sharpness parameter € {1, 5,10, 20,50} for both the Softmax and Soft-
max+KL algorithms.

Figure 1 shows cumulative regret over time. At low sharpness (n = 1), the Softmax policy explores
nearly uniformly and accumulates regret linearly, behaving essentially as a random policy. As 7
increases, the policy concentrates mass on arms with higher empirical means, and regret curves
flatten toward the Greedy baseline. By n = 50, the Softmax algorithm is nearly indistinguishable
from Pure Greedy. Classic TS achieves the lowest regret in this small- K regime, consistent with its
known near-optimality for fixed, moderate K.

Under the uninformative prior, the Softmax+KL algorithm reduces to the standard Softmax algo-
rithm (since 7 is uniform), confirming that the KL penalty is inert when the prior carries no useful
information. This is visible in the overlapping solid and dotted curves of the same color in Figure 1.

Theorem 5.2 requires 77y — oo (i.e. increasing sharpness over time) to make the leakage term
>, exp(—n.d) summable. Experiment 1 illustrates the static-sharpness analogue: higher 7 reduces
leakage but with diminishing returns, and the transition from exploration-dominated to exploitation-
dominated regret is smooth.

B.2 Experiment 2: Scaling with the number of arms (uninformative prior)

We vary K € {10, 50, 100, 200, 500, 1,000} with 7' = 5,000 and an uninformative Beta(1, 1) prior.
Figure 2 reports the final cumulative regret Rt as a function of K.

The most striking feature is the performance inversion between Classic TS and the greedy-type
algorithms as K grows. For small K, Classic TS dominates all other methods. However, as K
increases past roughly K = 200, the Softmax algorithms with high sharpness (n = 20, 50) and
Pure Greedy achieve lower regret than Classic TS, whose regret grows approximately linearly in K.
In contrast, the Softmax (n = 50) and Greedy algorithms exhibit sublinear scaling, with regret
plateauing or growing slowly.
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Performance vs Number of Arms (m) (Uninformative)

1000 7 == Classic TS

= Pure Greedy (Empirical)
—— Softmax Empirical (7 =10)
- Softmax+KL Empirical (n=10)

800 1 Softmax Empirical (n=20)

5000

Softmax+KL Empirical (n=20)

—— Softmax Empirical (n=50)

- Softmax+KL Empirical (n=>50)
600

400

Final Cumulative Regret at T

200+

0 200 400 600 800 1000
Number of Arms (m)

Figure 2: Final cumulative regret at 7' = 5,000 vs. number of arms K (uninformative prior). Greedy-
type policies scale sublinearly, consistent with the O(+/T') rate of Theorem 5.2 when K = O(v/T).
Classic TS regret grows roughly linearly in K.

This is the empirical counterpart of the “many-armed” regime analyzed in the paper. With K =
1,000 i.i.d. Uniform]0, 1] arms, the best arm has p. ~ 1 —1/K with high probability (Lemma A.9),
and many arms cluster near p.. The S-regularity condition (Definition 3.1) holds with 3 = 1 for
the uniform distribution, placing us squarely in the regime of Theorem 5.2. Classic TS wastes pulls
exploring clearly suboptimal arms because its posterior sampling randomization scales with the full
action space, whereas greedy and high-sharpness softmax policies exploit the multiplicity of near-
optimal arms, precisely the mechanism formalized in Lemmas A.4 and A.S5.

B.3 Experiment 3: Informative priors

We repeat the scaling experiment of Section B.2 but initialize the prior using information correlated
with the true arm probabilities:

g =14 cp, Boi=1+c(l—p), c=2.

This yields informative Beta priors whose means « ;/(co,; + Bo,;) approximate the true ;.

Figure 3 shows that informative priors dramatically improve all exploitative algorithms. Pure Greedy
achieves near-zero regret across all values of K, since the prior already identifies the best arm with
high accuracy. The high-sharpness Softmax algorithms (s = 50) and, notably, the Softmax+KL al-
gorithms benefit substantially as well. The KL-regularized variant now outperforms standard Soft-
max at every sharpness level, because the reference policy my encodes accurate prior information
that the KL penalty preserves. In effect, the KL anchor “doubly exploits” the informative prior,
compounding the prior-mean signal with the empirical-mean signal.

This experiment illustrates the role of the prior quality in the -regular framework. When the prior
accurately reflects the reward landscape, the “always-good” arms of Lemma A.4 are identified al-
most immediately.The KL-regularized variant, while not analyzed in our theoretical framework,
suggests that anchoring to an informative prior can further suppress the leakage term, a direction we
leave for future work.



Annealed Softmax Greedy in Many-Armed Bayesian Bandits

Performance vs Number of Arms (m) (Informative Priors)

== Classic TS
600 1 = Pure Greedy (Empirical)
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Figure 3: Final cumulative regret vs. K with informative priors (¢ = 2). Exploitative methods
achieve dramatically lower regret; the KL-regularized Softmax benefits from double exploitation of
the accurate prior.

B.4 Experiment 4: Misspecified priors

We stress-test the exploitative strategies by corrupting the informative prior with Gaussian noise
(o = 0.1) applied to the true probabilities before constructing the prior parameters. This misspeci-
fication means the prior’s “best arm” is likely not the true best arm.

Figure 4 reveals a performance inversion relative to the informative-prior setting. Highly exploitative
algorithms (Pure Greedy and Softmax with large ) suffer increased regret because they commit to
the prior’s (now incorrect) ranking. The Softmax+KL agent performs the worst among all methods
at low sharpness, as the KL penalty actively discourages departure from the misspecified reference
policy, impeding belief correction. Classic TS, while still paying a large exploration cost for high
K, recovers more gracefully because empirical sampling inherently provides the variance needed to
escape suboptimal lock-in.

This experiment probes the boundaries of our theoretical guarantees. Theorem 5.2 assumes a well-
specified i.i.d. prior satisfying S-regularity, and the guarantee relies on many arms being genuinely
near-optimal a priori. When the prior is misspecified, the empirical means are biased, and the
always-good event G;(6) (Equation 9) may fail to hold for the arms the policy concentrates on.
The misspecified-prior experiment thus delineates the regime in which uncertainty-agnostic softmax
policies are effective: they require that the prior (or the initial signal from the environment) provides
a reasonable ordering of arm quality. This parallels the RLVR observation discussed in Section 1:
softmax-style reweighting succeeds when the base policy already covers near-optimal completions,
but cannot compensate for fundamental coverage failures.

B.5 Summary of empirical findings

The simulation experiments support three main conclusions aligned with the theoretical analysis:

1. Softmax matches greedy without estimating uncertainty. In the many-armed, uninformative-
prior regime (Experiment 2), high-sharpness softmax and greedy policies outperform Classic TS
as K grows, empirically confirming the mechanism of Theorem 5.2: the abundance of near-
optimal arms under a 3-regular prior makes explicit exploration unnecessary.
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Performance vs Arms (m) (Misspecified Priors)
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Figure 4: Final cumulative regret vs. K with misspecified priors (¢ = 0.1 noise). Exploitative
algorithms suffer from prior misspecification; the KL penalty amplifies this failure. Classic TS
retains enough exploration to partially recover.

2. Sharpness interpolates between exploration and exploitation. Experiment 1 shows that in-
creasing the inverse temperature 77 smoothly transitions the softmax policy from uniform explo-
ration to greedy exploitation, corresponding to the leakage—exploitation tradeoff captured by the
>, exp(—n;d) term in (7).

3. Prior quality is the binding constraint. Experiments 3 and 4 demonstrate that the effective-
ness of uncertainty-agnostic policies hinges critically on prior accuracy. When the prior is well-
specified, exploitative methods dominate; when misspecified, they fail catastrophically.

C Extended Related Work

This appendix expands on the condensed survey in Section 2, providing additional context and
citations.

Stochastic bandits: optimism and posterior sampling. The modern theory of stochastic multi-
armed bandits characterizes the exploration—exploitation trade-off through regret guarantees and
instance-dependent lower bounds Lai & Robbins (1985); Auer et al. (2002); Audibert et al. (2007);
Bubeck & Cesa-Bianchi (2012); Lattimore & Szepesvari (2020). A canonical Bayesian approach
is posterior sampling (Thompson sampling), originally proposed in Thompson (1933) and analyzed
in modern finite-time settings by, e.g., Agrawal & Goyal (2012); Russo & Van Roy (2016). Re-
lated Bayesian decision rules include Bayesian index policies Kaufmann (2018) and the classical
Gittins index Gittins (1979). Our setting adopts the standard Beta—Bernoulli conjugate model,
which enables a clean comparison between probability matching (posterior sampling) and soft-
max/Boltzmann action selection.

Boltzmann (softmax) exploration and its limitations. Boltzmann exploration (a.k.a. softmax or
Gibbs action selection) is widely used in reinforcement learning and bandits as a simple random-
ized alternative to greedy choice. Despite its popularity, Cesa-Bianchi et al. (2017) show that, for
stochastic K -armed bandits, any monotone temperature (learning-rate) schedule can be forced into
suboptimal behavior: either it explores too long or it commits too early. They propose remedies
including (i) tuned non-monotone schedules that require knowledge of the horizon and gaps and (ii)
per-arm learning rates that explicitly track estimation uncertainty Cesa-Bianchi et al. (2017). This
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negative result motivates our focus on regimes where uncertainty-aware schedules may be unneces-
sary due to structural properties of the arm distribution.

Many-armed and infinite-armed bandits. A long line of work studies bandits with infinitely
many arms and tail-based performance criteria, emphasizing how the distribution of arm qualities
shapes achievable regret. Classical and modern examples include infinitely-many-armed formula-
tions Berry et al. (1997); Wang et al. (2008); Bonald & Proutiere (2013); Carpentier & Valko (2015);
Chaudhuri & Kalyanakrishnan (2018). In the Bayesian many-armed regime, Bayati et al. (2020)
formalize the idea that when the prior places substantial mass on near-optimal arms (via upper-tail
regularity conditions), greedy-style policies can enjoy free exploration: discarding a poorly perform-
ing arm is likely to leave other near-optimal arms available. They show that subsampled greedy can
achieve Bayesian regret scaling of order O(max{m,T/m}) (up to prior-dependent exponents and
logarithms), implying near-optimal performance with m =< /T arms Bayati et al. (2020). Our anal-
ysis builds on this viewpoint, but focuses on softmax/Boltzmann policies that randomize without
explicit epistemic-uncertainty bonuses.

Free exploration beyond non-contextual bandits. Complementary “free exploration” phenom-
ena have been identified in contextual bandits, where exploration can be induced by natural diversity
in contexts and data Bastani et al. (2020); Kannan et al. (2018); Raghavan et al. (2018); Hao et al.
(2020); Abbasi-Yadkori et al. (2011). These works highlight that the need for explicit exploration
is sensitive to structural assumptions (e.g., covariate diversity, smoothed analysis, or rich action
sets). Our work studies an orthogonal mechanism: even without context diversity, the presence of
many near-optimal arms (captured by prior tail regularity) can make epistemic-uncertainty-agnostic
softmax policies achieve near-greedy Bayes regret.

Satisficing and multiple near-optimal actions. When near-optimal actions are plentiful, iden-
tifying the unique optimal action may be information-inefficient. This perspective is formalized in
satisficing and information-theoretic approaches to bandits Russo & Van Roy (2014a;b; 2018). Con-
ceptually, our “many near-optimal arms” regime is aligned with satisficing: regret can remain small
even if the learner settles on an e-optimal arm, provided such arms are sufficiently common under
the prior.

RLVR and group-based policy optimization for LLM reasoning. The empirical motivation for
this paper comes from the rapid adoption of reinforcement learning with verifiable (often binary)
rewards for post-training large language models (LLMs) on reasoning-centric tasks. GRPO was in-
troduced in DeepSeekMath as a memory-efficient alternative to PPO-style actor—critic training for
verifiable rewards Shao et al. (2024); Schulman et al. (2017); it has since become a widely used
baseline for RLVR training at scale DeepSeek-Al (2025); Yu et al. (2025). Several recent works
analyze GRPO/RLVR training dynamics and relate them to KL-regularized reweighting. For exam-
ple, Mroueh (2025) derive explicit optimal-policy forms for variants of GRPO under binary rewards
and show how success probability can be amplified through iterative updates. At the same time,
there is ongoing debate about whether RLVR expands a model’s reasoning support (high-k cov-
erage) or mainly reweights probability mass within the base model’s existing support. Yue et al.
(2025) report that RLVR often improves small-k performance while failing to improve—and some-
times degrading—Ilarge-k pass @k, suggesting a “bounded-by-base” effect; subsequent work revisits
this question and argues that RLVR can extend reasoning boundaries under specific protocols and
metrics Wen et al. (2025); Liu et al. (2025a). Additional analyses emphasize training instabilities,
entropy collapse, and variance reduction techniques in RLVR pipelines Cui et al. (2025); Zeng et al.
(2025); Liu et al. (2025b); Yu et al. (2025).

Pass@F as a tail metric and as an objective. Pass@k was popularized as a functional-correctness
evaluation metric for code generation and is an order-statistic probe of a model’s upper tail over
solutions Chen et al. (2021). Recent RLVR-specific work argues that pass @k is best interpreted as a
diagnostic of exploration/coverage rather than a direct optimization target Yu (2025), and proposes
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alternative objectives to mitigate probability concentration and improve pass@k at larger k Peng
et al. (2025). Our bandit model adopts an explicit tail-regularity assumption on arm quality; this
provides a stylized bridge to pass@k phenomena by translating “good pass@k” into “many near-
optimal arms with non-negligible mass.”

Connections to KL-regularized policy learning. A recurring theme in RLHF/RLVR is that KL
regularization (to a reference or previous policy) acts as a trust-region or mirror-descent constraint,
inducing stochastic policies that resemble Gibbs distributions Schulman et al. (2015; 2017); Ouyang
et al. (2022). Very recent theory work in contextual bandits and RLHF argues that KL regulariza-
tion alone can induce sufficient exploration under suitable coverage assumptions Zhao et al. (2025).
Our contributions are complementary: we identify a distinct mechanism—oprior tail mass / abun-
dance of near-optimal arms—under which uncertainty-agnostic annealed softmax can achieve strong
Bayesian regret, offering an alternative explanation for why soft reweighting can be effective even
without explicit epistemic exploration.

Surveys and resources. For broader perspective on RL for large reasoning models, including
RLVR training recipes, datasets, and open problems, see the recent survey Zhang et al. (2025).
Reasoning Gym provides a large suite of procedurally generated, verifiable environments intended
for RLVR research Stojanovski et al. (2025).



