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Summary

We study when online reinforcement learning can succeed by pure exploitation in episodic
finite-horizon MDPs with known features under linear Bellman completeness. Existing posi-
tive results in linear RL largely rely on optimism or randomization, whereas recent exploration-
free guarantees for GREEDY-LSVI require strong feature-diversity assumptions. We ask for
the exact obstruction to such exploration-free learning. We introduce a decoy: an alternative
environment in the same model class that induces the same full trajectory law under a greedy-
representable policy 7 yet makes 7 globally optimal, even though 7 is suboptimal in the true
environment. We define self-identifiability as the absence of decoys for all suboptimal greedy-
representable policies. Our main theorem shows that decoys are captured by on-policy geom-
etry: up to a mild model-class closure assumption, they correspond exactly to nonzero feature
directions that are invisible under on-policy covariance but still change action comparisons on
visited states. This yields a sharp dichotomy for GREEDY-LS VI: decoys allow bounded linear-
regret instances, whereas self-identifiability yields high-probability O(\/E ) regret and, under
a uniform witnessed margin, O(log K) regret.

Contribution(s)

1. We introduce decoys and self-identifiability for episodic RL in linear Bellman-complete
MDPs. A decoy is an alternative environment in the model class that induces the same
trajectory law under a greedy-representable policy 7 but makes 7 globally optimal; self-
identifiability excludes such decoys for every suboptimal greedy-representable policy.
Context: Prior linear-RL guarantees typically rely on optimism or randomization (Jin
et al., 2020; Zanette et al., 2020; Osband et al., 2019; He et al., 2021). We instead identify a
policy-level obstruction to pure exploitation, extending the decoy viewpoint from structured
bandits (Slivkins et al., 2025) to trajectory-level RL.

2. We prove a geometric characterization of decoys: any decoy yields a nonzero on-policy
covariance-null direction that is action-sensitive on visited states; under Assumption 5.3,
the converse also holds (Theorem 5.4).

Context: This converts trajectory-law indistinguishability into a linear-algebraic criterion;
Appendix A gives a tabular cemetery-state construction showing that Assumption 5.3 is
non-vacuous.

3. We prove a dichotomy for GREEDY-LSVI. Decoys yield bounded linear-regret instances
(Theorem 6.1); under self-identifiability, Assumption 5.3, bounded optimal parameters,
and finite leverage, GREEDY-LS VT attains high-probability O(\/F ) regret, improving to
6(log K) under a witnessed-margin condition (Theorems 6.7-6.9).

Context: Compared with prior diversity-based analyses of greedy LSVI (Civitavecchia
& Papini, 2025), decoy-freedom is the qualitative condition for no-regret learning, while

leverage and margin govern the rates.

4. We separate self-identifiability from stronger diversity assumptions: nullspace-eliminating
feature diversity implies self-identifiability, yet Proposition 6.10 gives a self-identifiable
instance with rank-deficient on-policy covariance.

Context: Existing diversity conditions (Bastani et al., 2021; Civitavecchia & Papini, 2025)
are therefore sufficient, but not necessary, for pure exploitation.
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Abstract

We study online episodic reinforcement learning in finite-horizon Markov decision pro-
cesses with a finite action set, known features, bounded rewards, and linear Bellman
completeness. Our focus is GREEDY-LSVI, i.e., stage-wise ridge regression on Bell-
man targets followed by deterministic greedy action selection, with no optimism or
randomization. We identify the exact information-theoretic obstruction to exploration-
free learning: a decoy, namely an alternative environment in the same model class that
induces the same trajectory law under a greedy-representable policy = while making
7 globally optimal, although 7 is suboptimal in the true environment. We call an in-
stance self-identifiable if no suboptimal greedy-representable policy admits a decoy.
Our main result is a geometric characterization: decoys are equivalent, up to a mild
model-class closure assumption, to the existence of an on-policy covariance null direc-
tion that is nevertheless action-sensitive on states visited by 7. This yields a scoped
dichotomy for GREEDY-LSVI: decoys permit linear-regret instances, whereas self-
identifiability implies O(\/? ) regret over K episodes and, under a witnessed-margin
condition, 6(log K) regret. We also exhibit a rank-deficient self-identifiable instance,
showing that full-rank on-policy covariance is not necessary for pure exploitation to
succeed.

1 Introduction

Exploration is often indispensable in reinforcement learning: an agent may need to take actions that
look suboptimal in the short run to gather information that improves future decisions. In costly or
safety-critical settings, however, deliberate exploration may be limited. This motivates a structural
question: when can online reinforcement learning succeed by pure exploitation?

Under linear structure, explicit exploration can be provably efficient. In episodic linear RL,
optimism-based methods such as LSVI-UCB achieve O(\/T) regret with T' = K H total steps un-
der linear MDP-type assumptions (Jin et al., 2020); Bellman-completeness / low inherent Bellman
error frameworks extend this picture beyond strict linear MDPs (Zanette et al., 2020); and favorable
gaps yield logarithmic regret (He et al., 2021). These guarantees, however, rely on optimism or
randomization.

We study GREEDY-LSVI (Algorithm 1), the natural exploitation-only baseline obtained by perform-
ing least-squares value iteration and acting greedily with respect to the fitted ()-function. Recent
work proves sublinear regret for GREEDY-LSVI under strong feature-diversity conditions (Civ-
itavecchia & Papini, 2025). Those conditions are only sufficient: they do not isolate the exact
obstruction to pure exploitation.

Our perspective is information-theoretic. A decoy is an alternative environment in the same model
class that is observationally indistinguishable under a policy 7 yet makes 7 globally optimal. If
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a suboptimal greedy-representable policy admits a decoy, then any exploitation-only learner that
keeps executing 7 gathers data that cannot refute the hypothesis that 7 is already optimal.

Our main results are threefold. First, we characterize decoys geometrically through on-policy co-
variance nullspaces and action-sensitive directions (Theorem 5.4). Second, we show that decoys
can indeed trap GREEDY-LSVI and yield linear regret on bounded instances (Theorem 6.1). Third,
we prove that once this obstruction is absent—i.e., the instance is self-identifiable—GREEDY-LS VI
achieves O(v/K) regret, and O(log K) under a witnessed-margin condition (Theorems 6.7-6.9).
We also give a rank-deficient self-identifiable example (Proposition 6.10), showing that full-rank
on-policy covariance is stronger than necessary.

2 Related work

Under linear MDP-type structure, optimism-based methods such as LSVI-UCB achieve polynomial-
time learning and O(ﬁ ) regret (Jin et al., 2020); Bellman-completeness / low inherent Bellman
error frameworks extend these guarantees to richer approximation regimes (Zanette et al., 2020);
and favorable gaps yield logarithmic regret (He et al., 2021). Randomized value-function methods
provide an alternative route to deep exploration (Osband et al., 2019).

Closest to our setting, Civitavecchia & Papini (2025) analyze GREEDY-LS VI under strong diversity
assumptions. Our contribution is complementary: we identify a sharp obstruction—decoys—and
a weaker structural condition—self-identifiability—that governs the success or failure of pure ex-
ploitation. This viewpoint is inspired by recent decoy-based characterizations in structured bandits
(Bastani et al., 2021; Slivkins et al., 2025), but in RL the relevant indistinguishability notion must
operate at the level of full trajectory laws.

3 Preliminaries and setup

We consider episodic RL in an unknown finite-horizon MDP with linear action-value approximation
and analyze GREEDY-LSVI (LSVI without bonuses/randomization). Throughout, we fix a deter-
ministic tie-breaking rule on .4 once and for all so that greedy policies are single-valued functions

of Q.
3.1 MDPs, value functions, and regret

An episodic MDPis M = (S, A, H, ju, { P, }L_,, {r;,} 1L |) with finite A and horizon H. In episode
k, a policy 7% = (7F¥)H_, is chosen, and the trajectory evolves as

Sk,1 ~ Wy A~ 7 (| Skn),s Skon1 ~ Pu(- | Skny Ak.n)-
We observe a reward Ry, j, € [0, 1] with E[Ry, p, | Sk, n=s, Ax.n=a] = ry(s, a).

For any policy 7, define

H
Vi (s) == ]E;fv,[ 3 R,
t=h
with V7, = 0. Let V)*(s) := sup, V;7(s) and Qj(s,a) := sup, Q7 (s,a); they satisfy the
Bellman optimality equations

Sy, = s}, Qr(s,a) :==rp(s,a) + Egop,(|s,a) [V,ZZFI(S')}7

QZ(S, a) = ’I"h(S, a) + ES,NPh("S’a)[glgﬁ Q;H-l(slv a'l):|a fo(s) = Zneaj‘( Qz(sa CL). (D

We measure (pseudo-)regret:

K
Reg(K) =Y (Vi =V["), V= Es,u[Vi(S)] @)
k=1

We write P7, and E7F, for the trajectory law and expectation under (M, 7).
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3.2 Linear Q-functions and Bellman completeness

Fix feature maps ¢, : S x A — R< and linear classes Qj, := {(s,a) — (¢n(s,a),w) : w € R4}.
Define the Bellman optimality operator

(EQ)(&G) = Th(57 CI,) + ES’NP;L(-\S@) [an}gﬁ Q(S/7a/):| . 3

Standing assumptions.
* Bounded features: ||¢;,(s,a)|l2 < 1 forall (s,a,h).
* Linear Bellman completeness: for each i and each Q € Qp11, ThQ € Qy, ie., for every

w’ € RY there exists w € R? such that

<¢h(57a)aw> = Th(57a) +Es’~Ph(-\s,a) g}gﬁ<¢h+l(5laa/)aw/> V(s,a). 4

Under (4), Q* is realizable by (Q,)__, by backward induction on (1).

For any policy 7 and stage h, let dj; , be the induced distribution of (Sh, Ay) and define the feature
covariance

Shin = Es aymar, , [00(S, A)pn(S, A)T] € R (5)

M,h

For deterministic 7, this reduces to

Shn =E[¢n(Sh, m(Sh))n (Sh, 7 (Sk)) "]

3.3 GREEDY-LSVI

Fix A > 0. At the start of episode k¥, GREEDY-LSVI computes Wy j, by backward ridge regres-
sion using data from episodes 7 < k. Define Q (s,a) = (én(s,a), W) and Vi p(s) =
maxge A Qr,n(s,a), with Vi, g1 = 0. Targets are

YT(,]Z) = Rey + Vi1 (Srsr) = Rep + Igleaj‘<<¢h+1(57,h+1, a), Wg p1)- (6)

The ridge estimator is

k—1
2
5 — ; _y®) 2
i 1= g i 3 ((0n(S e Ar)w) = Y737) -+ Al ™

equivalently Wy, j, = Vk_}i b, p, with

k—1

k-1
Vien 1= Ma+ > 6n(Srns Arn)n(Srn, Arn) ", brow =Y Sn(Srns Arp) YT(fZ)o ®)
T=1

=1 =
The deployed policy is greedy:

W’ﬁ(s) € arg max @hh(s,a), 9

with deterministic tie-breaking.



Reinforcement Learning Journal 2026

Algorithm 1: GREEDY-LS VT (pure exploitation)

Input: (qﬁh)hH:l, ridge A > 0.

Fork=1,2,... K:

1. Backward fit: Set Wy g4+1 < 0. For h = H,H—1,...,1: form targets YT(,I;L) via (6) and set
ﬁ}k,h — ij;}bk,h using (8).

2. Greedy rollout: Sy, ~ p; forh =1,..., H, choose Ay,n € argmaxaca(®n(Sk,n,a), Wk,n),
then observe (R n, Sk,h+1)-

4 Decoys and self-identifiability

A purely greedy algorithm can fail for an information-theoretic reason: the trajectory distribution
under a fixed policy may not identify whether that policy is suboptimal within the model class. We
formalize this via decoys and define self-identifiability as the absence of such obstructions.

Model class and measurability. Fix (¢5)_, and let M be the class of episodic MDPs on a
fixed measurable state space S (assumed standard Borel) and finite A, satisfying bounded re-
wards/features and linear Bellman completeness (4). When defining indistinguishability, we treat
rewards via conditional kernels v, (- | s, a) supported on [0, 1] so that P7, is a full trajectory law.

Trajectory laws and observational equivalence

A trajectory is 7 = (S1, A1, R1,...,Su, Ay, Ry, Sp+1). For M € M and policy , let P7, be
the induced probability measure on trajectories and [Ej, the corresponding expectation.

Definition 4.1 (Observational equivalence under a policy) Two environments M, M' € M are
observationally equivalent under m if P}, = P7,, as probability measures on trajectories.

Lemma 4.2 (Trajectory-law equality implies equality of on-policy kernels) If P}, = P7,,, then
for each stage h and for p}; ,-a.e. s (the state marginal under 7 in M), the regular conditional law
of (Rp, Sh+1) given Sy, = s and Ay, = p,(s) is identical in M and M'.

Proof. Because S is standard Borel and A is finite, regular conditional distributions exist and are
unique a.s. Equality of trajectory measures implies equality of all finite-dimensional marginals; ap-
plying disintegration at stage h yields equality of the conditional laws of (Ry,, Sp+1) given (Sp, Ap),
and restricting to Ay, = 7, (Sy) gives the claim. [ |

Decoys
Definition 4.3 (Decoy for a policy) Fix M* € M. A Markov policy m admits a decoy (relative

to M*) if there exists M' € M such that (i) PT,. = P7,,, (ii) 7 is globally optimal in M’ (i.e.,
Vi = Vi), and (iii) 7 is suboptimal in M* (i.e., ViTppo < Vi pp0).

Greedy-representable policies and self-identifiability

Fix deterministic tie-breaking on A. For w = (wy,...,wg) € (RY)H, define the deterministic
Markov policy
7 (s) := argmax (¢n (s, a), wy), h € [H], (10)
acA

and the policy class
Hlin-grccdy = {'/Tw Tw e (Rd)H} (11)

By construction, the policy deployed by GREEDY-LSVI in episode k lies in Iljin-greedy-
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Definition 4.4 (Self-identifiability (decoy-freedom)) An instance M* € M is self-identifiable
(relative to 1Ly greedy) if no suboptimal m € 1y _greedy admits a decoy relative to M*.

5 Geometric characterization of decoys

We translate the information-theoretic definition of decoys into a geometric condition expressed
through on-policy feature covariances and action-difference directions.

5.1 On-policy geometry: unexcited directions and action sensitivity

Fix M* € M and a deterministic Markov policy 7. Let p} be the marginal distribution of S, under
Py

On-policy covariance. Define
S () i= Esmpr [61(S, 7(9)) 00 (S, 7 (S)) T]. (12)
Lemma 5.1 (Nullspace as almost-sure orthogonality) For any h € [H] and u € R,

we Null(Zy (7)) <= (u,¢n(S,m(S5))) =0 a.s. under S ~ pj.

Action-difference sensitivity. Let A7 (s,a) := ¢n(s,a) — ¢n(s, m,(s)) and define
Dh(m) = Egepr | Y AF(S,a)AF(S,a)" | (13)
acA
Lemma 5.2 (Action sensitivity as a second-moment test) Forany h € [H| and u € R,

u e Null(Ty (7)) <= (u,A%(S,a)) =0foralla € A, a.s. under S ~ pj,.

Thus, u # 0 with u € Null(X5 (7)) \ Null(T', (7)) is unexcited yet action-sensitive: it is unobserv-
able under 7 but can alter action comparisons on pj, -typical states.

5.2 Model-class closure for the “<” direction

The “decoy = geometry” direction uses only Bellman completeness and observational equivalence.
The reverse direction requires that the model class is rich enough to realize a decoy completion
whenever an unexcited, action-sensitive direction exists.

Assumption 5.3 (Decoy completion / closure) Fix M* € M and deterministic Markov w. When-
ever there exist h € [H] andu # 0 withu € Null(Xy, (7)) \Null(T'y, (7)), there exists an environment
M’ € M such that:

1. P}, = P7, (trajectory-law invariance under ), and

2. m is globally optimal in M’ (so V", = Vi ).

Appendix A gives a concrete sufficient condition (with an explicit construction) ensuring Assump-
tion 5.3 holds for a standard subclass.

5.3 Main characterization theorem

Theorem 5.4 (Decoys <> unexcited action-sensitive directions) Fix M* € M and let 7 €
Iyin-greedy be suboptimal in M*: foM* < Vl*,M*.
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1. (Necessity, unconditional) If 7 admits a decoy relative to M*, then there exist h € [H| and
u # 0 such that
u € Null(Xp, (7)) and w ¢ Null(T'y(n)). (14)

2. (Sufficiency, requires Assumption 5.3) If (14) holds for some h and v # 0, then 7 admits a
decoy relative to M™.

Necessity. Let M’ be a decoy for 7, so PT,, = PT,,, 7 is optimal in M’, and 7 is suboptimal in
M M
M*. Since P}, =P7,,, we have V|"),, = V[",,.. Since 7 is optimal in M’, V}*;,, = V[, ,,. Hence

Vi = Vit < Vi,
80 Vi*ppr # Vi“ps+ and therefore the optimal value functions differ.

Let 0Qn := QF, ap — Qpy ar+ € Qnoand 8V (s) := ViF 1 (s) — Vi 1. (s). Define
h* = max {h € [H]: Ps.,z (3Va(S) #0) > 0}.

Then HDSN/’;:*+1 ((5‘/}”4_1(5) 7& O) =0 (Wlth 5VH+1 = 0)

By Lemma 4.2, for pJ. -a.e. s, the conditional law of (Rp», Sp++1) given Sy~ = sand Ap» = mp+ ()
is the same in M * and M’. Therefore, for Phx-a.€. 8,

0Qn+ (s, mh+(s)) = (Th*,Mf - Th*,M*)(S,Wh*(S)) + ES/NP,L*,M/(~|5,7rh*(s))[vij*+17M’(S/)}
—Esinpye e Clsimns () Vire1,0 (8)]
= ES'NPh*,M* (-Isympx (‘9))[5Vh*+1(3/)] = 07

where the last equality uses 6Vi+41(S") = 0 Ppx pr+ (- | 8, mps(s))-a.s. for p].-a.e. s (a standard
disintegration argument). Hence 6Qp,« (S, mp+ (S)) = 0 a.s. under S ~ pf,.

Write 0Qp+(s,a) (n+(s,a),u) for some u € R? (since §Qn- € Qp+). Then
(Ons (S, mh=(S)),u) = 0a.s.under S ~ pf., and Lemma 5.1 implies u € Null(Zp« (7)).

Finally, by definition of h*, there exists a measurable set B with p7. (B) > 0 such that §Vj,«(s) # 0
on B. If §Qp-(s,a) = 0 for all a, then max, Q. 5,/ (s,a) = maxg QF. 5+ (s, a), implying
Vi« (s) = 0, contradiction. Thus there exists a such that §Qp- (s, a) # 0 on a subset of B. Since
dQn+ (s, mh+(s)) = 0 on B, we obtain

(u, AT+ (s,a)) = 0Qn+(s,a) — 0Qpn+ (s, mp+(s)) #0
on a set of positive pf,-measure. Lemma 5.2 then yields u ¢ Null(T's+ (7)), proving (14). [ |

Sufficiency. Assume (14). By Assumption 5.3, there exists M’ € M with P7,. = P7,, and such
that 7 is globally optimal in M’. Since 7 is suboptimal in M* by premise, M’ is a decoy for 7
relative to M*. u

6 Regret consequences for GREEDY-LSVI

Theorem 5.4 yields a success/failure dichotomy: decoys can trap pure exploitation and allow linear
regret instances, whereas self-identifiability enables no-regret learning by GREEDY-LSVI.

6.1 Failure: decoys can force linear regret

Theorem 6.1 (Decoys imply linear regret for GREEDY-LSVI) There exists M* € M with H =
2, |A| = 2, and d = 2 such that M* is not self-identifiable and, for any A > 0, GREEDY-LS VI with
deterministic tie-breaking satisfies

Reg(K) > 3K  forall K € N.

1
2
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6.2 Success: self-identifiability yields no-regret

A key structural consequence needed for regret analysis is that relevant action differences are es-
timable from on-policy data. This implication uses Theorem 5.4(2) and thus requires Assump-
tion 5.3.

Lemma 6.2 (A deterministic null witness for random violations of a linear span) Ler > > 0
and let Z be a random vector in Re. If P(Z ¢ Range(X)) > 0, then there exists a determinis-
tic u € Null(X) such that P(u" Z # 0) > 0.

Lemma 6.3 (Action differences lie in the on-policy span (for suboptimal 7)) Assume Assump-
tion 5.3. Fix M* € M and a deterministic Markov policy 7 that is suboptimal in M*. If w does not
admit a decoy relative to M*, then for every h € [H] and a € A,

AT (S,a) € Range(Xp (7)) a.s. under S ~ pj.
Definition 6.4 (On-policy leverage of action differences) For deterministic m and stage h, define

Li(r) i= esssup max [ AF(S,0)lm, i alla = VaT s,

S~pp @
Let L := SUPrerry, . oca, MaXne(m) Ln(m) and assume L < co. Define L:=1+L.

Remark 6.5 (Self-identifiability is qualitative; L is quantitative) Self-identifiability is a qualita-
tive property (success vs. failure of pure exploitation). The constant L is the corresponding quan-
titative hardness parameter controlling rates: it can be large when Xy, (w) is nearly singular on
the action-difference span. A sufficient quantitative condition is a restricted eigenvalue bound on
span{ A7 (s,a)}, which implies Ly, () is bounded.

Assumption 6.6 (Bounded optimal parameters (minimum-norm representation)) For  each
h € [H], let w}, denote the minimum Euclidean norm vector representing Q7 in Qp:

wy € argmin{||w||2 : Q% () = (on (-, ), w)}.

Assume ||w}||2 < B for all h, for some B > 0.

Theorem 6.7 (Self-identifiability implies sublinear regret) Assume Assumption 5.3. Fix A > 0
and suppose M* € M is self-identifiable (Definition 4.4) and satisfies Assumption 6.6. Then for
any ¢ € (0,1), with probability at least 1 — §, GREEDY-LS VI satisfies

Reg(K) < CH*L(\/dlog(1+ §) + VAB) \/dK log(%) (15)
for a universal constant C' > 0.
6.3 Logarithmic regret under a witnessed margin

For deterministic 7, define the one-step improvement signal

gh(5) = max (@} (s,a) — Qi (s, mn(s))) = max(wy, Af(s, a)).

Assumption 6.8 (Uniform witnessed margin) There exist yo € (0, 1] and po € (0, 1] such that for
every suboptimal @ € iy grecdy there exists h € [H| with

Ps~pz (97 (S) = 70) = po-
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Theorem 6.9 (Uniform margin implies logarithmic regret) Assume Assumption 5.3. Under the
assumptions of Theorem 6.7 and Assumption 6.8, there exists a universal C' > 0 such that, for any
d € (0,1), with probability at least 1 — 6,
dL? 2
Reg(K) < C'H* * (\/dlog(1+ §) + VAB) 1og(511).
Po o

Proposition 6.10 (Self-identifiable yet rank-deficient) There exists M* € M that is self-
identifiable but for which X, () is rank-deficient for some m € Iliin.greeay and some stage h.

7 Discussion and implications

Theorem 5.4 isolates the minimal obstruction to exploration-free learning in linear Bellman-
complete MDPs: an on-policy covariance null direction that still changes action comparisons on vis-
ited states. Strong diversity assumptions rule out null directions altogether and therefore suffice, but
they are not necessary; self-identifiability excludes only null directions that remain action-sensitive.

The characterization also suggests algorithmic refinements. Rather than generic optimism, one could
inject targeted exploration only when action-sensitive null directions are detected. The main lim-
itation of our sufficiency results is the decoy-completion closure assumption (Appendix A); quan-
titative rates further depend on leverage and, in the logarithmic regime, on the witnessed-margin
parameters.

8 Conclusion

We identify decoys as the precise information-theoretic obstruction to pure exploitation in linear
Bellman-complete RL. This yields a geometric characterization of failure, a linear-regret lower
bound when decoys exist, and sublinear / logarithmic guarantees for GREEDY-LSVI on self-
identifiable instances.

A A concrete sufficient condition for Assumption 5.3
We record a simple subclass in which Assumption 5.3 is provably non-vacuous.

Proposition A.1 (Tabular class with a cemetery state implies Assumption 5.3) Assume S and
A are finite. Fix a distinguished cemetery state Sqeaq € S. Consider the subclass of M consisting
of all bounded episodic MDPs on (S, A, H, 11) such that:

1. rewards are supported on [0, 1];

2. the feature map is tabular at each stage: d = |S| - | A| and ¢n(s,a) = e(s,q), S0 Qp, contains all
functions on S x A.

Then Assumption 5.3 holds for this subclass.

Proof. Fix M*, deterministic 7, and suppose u € Null(3;, (7)) \Null(T', (7)) for some h. Construct
M’ as follows. On every m-reachable state s and stage t, keep the on-policy kernel unchanged:

Wi(- [5,me(5)), P(- | 5,m(s))) = (e (- | s, m(s)), Pl | 5,7 (5)))-

For every off-policy action a # m(s) on a m-reachable state, set deterministic reward 0 and tran-
sition deterministically to Sqeaq; make Sgqeaq absorbing with zero reward; and define unreachable
states arbitrarily subject to the same no-positive-gain pattern. Then P73, = P%,,.

Now consider any policy 7. If 7’ never deviates from 7 on the 7-reachable support, then it induces
the same trajectory law as 7 and therefore has the same value. Otherwise, at its first deviation on
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the m-reachable support, it receives reward 0 and is sent to Sqead, after which all future rewards are
0. Hence no deviation can improve on 7, so 7 is globally optimal in M’. Since the class is tabular,
M' € M, proving Assumption 5.3. |

B Auxiliary lemmas

Proof of Lemma 6.2. Let Py denote the orthogonal projector onto Null(X) and set Y := PyunZ.
Then Z ¢ Range(X) iff Y # 0, since Range(X) = Null(X)* for X = 0. Hence P(||Y ]2 > 0) >
0. With M := E[YYT] # 0, choose a unit eigenvector u € Null(X) of M corresponding to
Amax(M) > 0. Then E[(uT Z)?] = v Mu > 0,50 P(u" Z # 0) > 0. [ |

Proof of Lemma 6.3. Fix a suboptimal deterministic 7, stage h, and action a. If Ps~.,x (A7 (S, a) ¢
Range(Xp(m))) > 0, Lemma 6.2 yields u € Null(3;, (7)) with P((u, A7(S,a)) # 0) > 0. By
Lemma 5.2, 4 ¢ Null(T';, (7)), so (14) holds. Theorem 5.4(2) then produces a decoy, contradiction.
]

C Proof of Theorem 6.1

Proof. Take A = {0,1}, H = 2,d = 2, S; = {s}, S2 = {0, 21}, and deterministic transition
Pi(zo | 5,0) =1, Pi(z1]s,1)=1.
Letry =0, rao(xg,a) = %, ro(x1,a) =1, and
$1(s,0) =e1, P1(s,1) = eq, ¢2(xo,a) = e1, Ppa(1,0) =ex (Va € A).

Rewards lie in [0, 1], || < 1, and Bellman completeness is immediate: 72Q) = ro € Qo, while
for any w’ € R?, (T1Q2..,r)(s,4) = w) fori € {0,1}.

The optimal stage-1 action is 1, so V}*;,. = 1. Run GREEDY-LSVI with tie-breaking toward action
0. Episode 1 therefore picks action 0. Suppose inductively that all earlier episodes also picked action
0. Then every stage-2 sample has feature e;, so Vi 2 and by, o have zero second coordinate; hence
‘A/k}g(azl) = 0. Therefore the stage-1 regression target for action 1 is always 0, whereas the target for
action 0 becomes positive after the first reward observation. Thus @;ﬁl (s,0) > @k,l (s,1) and the
algorithm continues to pick action 0. By induction, it never visits z;.

Each episode therefore earns value 1/2 while the optimum is 1, so Reg(K) > K/2. For the decoy,
change only the unvisited reward to 75 (21, a) = O for all a, leaving everything else unchanged. Then
the trapped policy induces the same trajectory law in M™* and M’, is optimal in M’, and remains
greedy-representable under the fixed tie-break. Since 7% is still linear in ¢, Bellman completeness
is preserved. ]

D Proofs for the upper bounds

We keep only the load-bearing steps for Theorems 6.7 and 6.9; the full filtration-level bookkeeping
appears in the supplement.

Performance difference.

Lemma D.1 (Stage-wise decomposition of regret) For any (possibly history-dependent) policy T,

H
V1* - VlTr = Z ESNP;{[gZ(S)]'
h=1

Consequently,

K H
Reg(K ZZ]E (Sk,n)]

k=1h=1
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Proof. This is the standard finite-horizon performance-difference identity obtained by telescoping
the Bellman equations. n

Greedy gap. For episode k, stage h, let s = Sk 5, ap = 71";(5), and ¢* € argmax, Q} (s, a).

Greediness of Q) 5, gives

Qh(s,a™) = Qj(s, ar) < 2max [(Qrn — Q1) (s,0). (16)

Ridge confidence.

Lemma D.2 (Uniform self-normalized event (Abbasi-Yadkori et al., 2011)) For any § € (0,1),
with probability at least 1 — ¢, simultaneously for all k < K and h € [H|,

|@en = willvi < Brs = c(v/dlog(L+ K/X) + VAB + \/log(H/3) )
for a universal constant c.

Remark D.3 (Bootstrapped targets) Bellman completeness makes each stage-wise regression well
specified; the standard reward-noise and transition-noise decomposition then yields Lemma D.2
exactly as in existing LSVI analyses.

Trace control.

Lemma D.4 (Pseudoinverse control via a trace term) Fix a deterministic policy m and stage h.
Let Y := Xy (m) and let V - 0. If z € Range(X), then

I2llv-1 < [lzllsr VEr(EV1).

Proof. Write z = %.1/2y with v = 21/22. Then
2]} -1 = v B2V IS 20 < u)3 Amax(SY2VTIEY2) < o3 te(SV T,
and [[v]|5 = |12/ n

Proof sketch of Theorem 6.7. Work on the event in Lemma D.2 with §/H in place of d, and abbre-
viate 8 := Bk s/p. If the episode-k policy 7¥ is optimal, the episode incurs no regret. Otherwise,
self-identifiability plus Lemma 6.3 imply

Azk (S,a) € Range(Zy,(7%)) a.s. under S ~ p’,{k.

Using (16), decompose ¢, (S, a) = ¢5 (S, 7r(S)) + Azk (S, a) and apply Lemma D.4 together with
the ridge confidence bound. This yields, for a universal Cy,

k ~
Elgh (Skn) | Fro1] < CoBLA[tx(Zn(x*)V, ).
Summing over k, i and invoking Lemma D.1,

H K
Reg(K) < Co ALY S B[\ fu(ma(r) v )]

h=1k=1

Cauchy—Schwarz and the elliptical-potential identity

K K
> Etr(Sa(m) Vo] = > Elllén(Skon, Ak,h)”%ﬁ] < 2dlog(1 + %)
k=1 k=1 '

then give (15) after summing over h and absorbing constants. ]
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Logarithmic regret ingredients.

Lemma D.5 (Witness count in a block) Fix a suboptimal policy w and let h be the stage given by

Assumption 6.8, so that P, (g7, (S) > 7o) > po. In any contiguous block of n episodes that

repeatedly plays , with probability at least 1 — &', the number N3, of witness episodes satisfies
Nwit 2 %ﬂ,

provided n > p% log(1/4").

Proof. Conditioned on playing 7, the witness indicators are i.i.d. Bernoulli with mean at least py;
apply Chernoff. ]

Lemma D.6 (Switching on a witnessed margin once confidence is small) Fix a suboptimal pol-
icy m and the stage h from Assumption 6.8. If on episode k with Sk, = s we have g} (s) > o
and

max (AT (s, @), @ — w})]| < 22,

acA ’ 4
then the greedy action at (k, h) cannot equal 7y, (s).

Proof. Let a* € arg max, Q} (s, a). Then
Qrnls:0%) = Qrls,ma(5) = Qi(s,0%) = Qi(s,ma(s)) — 1 = =2 >0,
so greediness forces a switch. ]

Lemma D.7 (Confidence shrinkage on witness episodes) On the event in Lemma D.2, for any
fixed T and stage h, every witness episode k obeys

Igleaj(‘(AZ(Sk,m a), We,n — wh)| < Brs L tr(Zh(w)ka}}).
Proof. By self-identifiability, Lemma 6.3 gives A7(S,a) € Range(X (7)) a.s.; then apply
Lemma D.4 and the ridge confidence bound. |

Lemma D.8 (Block length bound for a fixed suboptimal policy) There exists a universal con-
stant C1 such that, on the event in Lemma D.2, any contiguous block that repeatedly plays a fixed
suboptimal © has length at most

d B 5 I* bg(KH)

< Cl
Po ’YS d

n(m) <
Proof. Let h be the stage from Assumption 6.8. Lemma D.5 gives Ny,i; = pon witness episodes in
a block of length n. Summing the witness version of Lemma D.7 over that subsequence and using
the elliptical-potential bound shows that some witness episode in the block satisfies
dlog(l+ K/
t(Sh(m)Vi}) < dlog(1+ K/A)
" Dbon
If n exceeds the displayed bound, then on that witness episode the confidence radius is at most o /4,
and Lemma D.6 forces a deviation from 7 within the block. Hence the block cannot be longer. W

Proof sketch of Theorem 6.9. On the event in Lemma D.2, every contiguous block of suboptimal
play has length at most Lemma D.8. Each episode contributes at most H regret. A standard phase
decomposition over confidence scales—equivalently, geometric decay of the trace budget across
reappearances of the same policy—therefore yields

Reg(K) < H -

dp% ;L KH
5 lo ( ) ,
oo 0

which is exactly the stated bound after substituting the definition of S s and absorbing H -factors
into C". |
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E Proof of Proposition 6.10

Proof. Consider the contextual-bandit case H = 1 with S = {s}, A = {0,1},d = 2, and

$1(5,0) = e1, $1(s,1) = 2e;.

Let rewards be deterministic with means 71(s,0) = ¢ and r1(s,1) = 2¢ for some ¢ € (0,1/2].
Bellman completeness is trivial, and the unique optimal policy chooses action 1. The suboptimal
greedy-representable policy choosing action 0 is induced by w; = 0 under the fixed tie-break.

For this policy,
Yi(m) = ere;] ,

which is rank-deficient with nullspace span{es }. But the only action difference is
A711’(87 1) = ¢1(37 1) - ¢1(3a O) = €1,

so every null direction is action-insensitive: Null(X;(7)) C Null(T';(w)). Hence (14) fails, and
Theorem 5.4(1) rules out a decoy for 7. Since this is the only suboptimal greedy-representable
policy, the instance is self-identifiable despite rank deficiency. |
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Supplementary cover note (reader’s guide)

This document provides auxiliary technical material supporting the main paper “When Can Pure
Exploitation Succeed in Linear RL? Decoys and Self-Identifiability for Greedy LSVI”. All central
claims (the decoy characterization, linear-regret construction, and the stated regret upper bounds
under self-identifiability and a witnessed margin) are proved in the reviewed part of the main paper
(i.e., before the references), in compliance with RLC/RLIJ policy. The purpose of this supplement
is to: (i) record measure-theoretic and linear-algebraic preliminaries used implicitly throughout; (ii)
provide expanded intermediate lemmas, constant-tracking, and alternative proof routes that would
not fit in the page-limited main text; and (iii) document additional examples and variants.

Organization.

* S.1 fixes notation and formal measurability conventions (trajectory space, Markov kernels, filtra-
tions), and records linear algebra facts about PSD matrices and pseudoinverses used repeatedly
(e.g., for leverage bounds).

* Later sections (S.2+) (i) restate the exact concentration tools we use (self-normalized ridge bounds
from Abbasi-Yadkori et al. (2011)); (ii) give expanded proofs of the RL-specific regression steps
and bootstrapped-target handling; and (iii) include additional examples (e.g., alternative decoy
constructions and robustness checks).

No new claims. No statement in this supplement is required to interpret the main contributions;
rather, it supplies additional detail aimed at making the full technical development maximally check-
able and self-contained.

S.1 Notation, measurability, and linear algebra facts

Indexing and basic conventions. Forn € N, we write [n] := {1,2,...,n}. Episodes are indexed
by k € [K] and stages by h € [H]. We write I for the d x d identity matrix. For vectors,
Il - |2 denotes the Euclidean norm. For a symmetric PSD matrix A = 0, define ||z||4 := V2T Az.
The Moore—Penrose pseudoinverse is denoted AT. We use ess sup for the essential supremum with
respect to the relevant measure (specified explicitly).

Measurable spaces and kernels. We assume throughout that (S, B(S)) is a standard Borel mea-
surable space and that A is a finite set equipped with its discrete o-algebra. Rewards take values in
[0, 1] with its Borel o-algebra.

An episodic MDP is
M = (87 -’47 Ha ,Uﬂ {Ph}thla {Vh}}fllzl)a

where (4 is an initial distribution on S, each Py (- | s,a) is a Markov kernel from S x A to S, and
each vy (- | s,a) is a Markov kernel from S x A to [0, 1]. The mean reward is

rp(s,a) :=E[Rp | Sp =s,Ap =a] = /[0 : rup(dr | s,a).

(All conditional expectations and conditional kernels are well-defined under the standard Borel as-
sumption.)
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Trajectory space and trajectory laws. Let the trajectory space be
=(SxAx 0,1 xS

equipped with the product o-algebra. For a (possibly nonstationary) Markov policy m = (mj,)f_ |,
where each 7, (- | s) is a probability distribution on .4 and the map s — m,(a | s) is measurable
for each a € A, the induced trajectory law P7, on (€2, B(£2)) is the unique measure satisfying the
standard product-kernel factorization (Ionescu—Tulcea construction):

Phy(dsy,day, dry, ... dsgyr)
H
= p(ds1) H mn(dap | sp) vn(dry | sn,an) Pu(dspyr | sh,an).
h=1

We write E7, -] for expectation under P7,.

Greedy policies are measurable under finite A. Fix stage h and a weight vector w € R%. As-
sume ¢y, : S x A — R? is jointly measurable. With a deterministic tie-breaking rule on A (e.g.,
smallest index), define

7y (s) € argmax(¢n(s,a), w) (single-valued by tie-breaking).
acA

Lemma S.1.1 (Measurability of tie-broken linear-greedy policies) For finite A and measurable
on (-, a), the map s — 7}’ (s) is measurable.

Proof. For each a € A, define the measurable score f,(s) := (¢n(s,a), w). With deterministic
tie-breaking, the set {s : 7}°(s) = a} can be written as a finite intersection of measurable sets of
the form {s: f,(s) > fp(s)} and {s : fo(s) = fp(s)} (to implement the tie-breaking order). Since
fa — fv is measurable, each such set is measurable, and the finite intersection is measurable. ]

State marginals and covariances. For (M, ), let pj,, denote the marginal distribution of Sy,
under P7,, and let d7, , denote the joint distribution of (S}, Ap). If 7 is deterministic, then A;, =
74 (Sy) almost surely, so d7, , is the pushforward of p7, , under s + (s, 7, (s)). Consequently, the
(stage-wise) feature covariance defined in the main pape’r satisfies

Sirn = Es,aymag, , [00(S, A)n(S, A) ] = Esmpr, , [00(S, 74(S))dn (S, 7a(8)) 7] =: Ta(m)

for deterministic 7 (the latter equality matches the main-paper notation).

A clean conditional-kernel consequence of trajectory-law equality. The next fact is the formal
backbone for steps of the form “P7, = P}, = on-policy reward/transition kernels agree p™-a.s.”

Lemma S.1.2 (Trajectory-law equality = equality of on-policy conditional laws) Fix a Markov
policy 7. If P}, = P}, as probability measures on €, then for each h € [H|, for p7 ,-a.e. s, the
regular conditional distribution of (R, Sp+1) given Sp, = s and A, = 7 (s) is identical under M
and M'. Equivalently, for Pirpd-e. S,

va(- | s,mn(s)) = vi,(- | 5,7n(s)) and  Pu(- | s,7n(s)) = Py(- | s,mn(s))

as probability measures on [0, 1] and S, respectively.

Proof. Fix h. Since P}, = P7,,, all finite-dimensional marginals agree. In particular, the joint law of
(Sh, An, Ry, Sp+1) under P7, equals the corresponding joint law under P7,,. Because S is standard
Borel and A is finite, regular conditional distributions of (R}, S,+1) given (S, Ay) exist and are
unique up to P(Sy,, Ay )-null sets. Hence the regular conditional laws must coincide for dj, ,-a.e.
(s,a). Specializing to a = 7p,(s) yields the claim (and for deterministic 7, d7, ;, concentrates on
a = mp(s)). [ ]
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Bounded noise = conditional sub-Gaussianity. We will repeatedly invoke standard self-
normalized martingale bounds for ridge regression (e.g., Abbasi-Yadkori et al. (2011)), which re-
quire conditionally sub-Gaussian noise. The following elementary fact (Hoeffding’s lemma) will be
used as a one-line justification.

Lemma S.1.3 (Conditional sub-Gaussianity for bounded variables) Let G be a o-field and let X

be a real random variable such that X € [a,b] almost surely. Then X — E[X | G] is conditionally

o-sub-Gaussian given G with o = b*T“, ie.,

A2(b—a)?

E[exp(A(X—E[Xg]))‘g}gexp( - )a.s.forall)\ER.

In particular, if X € [0,1], then the noise is conditionally (1/2)-sub-Gaussian (and hence also
1-sub-Gaussian).

Linear algebra toolkit. We record a few facts about PSD matrices that are used throughout the
proofs.

Lemma S.1.4 (Range—nullspace orthogonality for PSD matrices) If A = 0, then Range(A4) =
Null(4)L. In particular, for any = € R,

r € Range(A) <= u'x=0 Yuc Null(A).

Lemma S.1.5 (Projectors induced by the pseudoinverse) If A = 0, then AA' is the orthogonal
projector onto Range(A) and I — AAV is the orthogonal projector onto Null(A). Moreover, At = 0
and Range(A') = Range(A).

Lsmma S.1.6 (Trace domination) If B > 0, then Ayax(B) < tr(B). Consequently, for any v €
- v Bu < ||[v||2 tr(B).
Lemma S.1.7 (Matrix determinant lemma) IfV € R4*4 is invertible and = € RY, then
det(V +zz") =det(V)(1 + 2"V 'z).
A reusable pseudoinverse-to-empirical-norm inequality. A recurring step in our regret analysis

is to relate norms on the on-policy estimable subspace (Range(X)) to empirical ridge norms (V1)
via a trace term. For convenience, we record the exact inequality used in the main paper.

Lemma S.1.8 (Pseudoinverse control via a trace term) Ler 3 = 0 and V = 0. If z € Range(X),

then
zllv-1 < [zl /t(ZV 1),

Proof. Write z = /2y with v = £1/2z (minimum-norm choice). Then
I2][3-1 = 0TSV IS 20 < 0]|3 Amax(EV2VTIEYZ) < o3 ta( 22V IR,

where the last inequality uses Lemma S.1.6. Finally, [|v]|3 = ||z[|4; and tr(S1/2V~121/2)
tr(ZV L),

S.2 Trajectory-law equality implies on-policy kernel equality

This section supplies measure-theoretic details behind Lemma 4.2 in the main text. The key point
is that equality of trajectory laws under a fixed policy 7 implies equality of the regular conditional
distributions of (R, Spy1) given (Sy, Ap), for each stage h, on the (Sp,, Ap)-support induced by
executing 7. We state and prove a clean version that applies to any Markov policy (deterministic or
stochastic), and then specialize to the deterministic on-policy form used in the main paper.
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Setup. Fix a standard Borel state space (S, B(S)), a finite action set A with its discrete o-algebra,
and the reward space ([0, 1], B([0,1])). Let M = (S, A, H, jt, { Par.n 2o {varn Y ,) and M’ =
(S, A, H, p, {Pae p YL {varr 1 1) be two environments on the same measurable spaces (same
S, A, H, 11). For each h, define the one-step joint observation kernel

kmn(B | s, a) = / /[ ]1{(7", s') € B}van(dr | s,a) Pyrp(ds' | s,a),
sJo,1

B e B(]0,1] x S).

(S.1)

and similarly xps 5. (Equivalently, kpn = varn ® P is a Markov kernel from S x A to
[0,1] x S; see Section S.1 for conventions.)

Fix any (possibly nonstationary) Markov policy m = (75,)L |, where each 7 (- | s) is a probability
distribution on A and s — (- | s) is measurable. Let P7, and P7,, denote the induced probability
measures on the trajectory space €2 := (S x A x [0,1])# x S (constructed e.g. via lonescu-Tulcea).

For a fixed stage h, define the random variables
Xp = (Sn,An) € Sx A, Yy :=(Rpn, Shs1) €[0,1] x S.

Let dj; ,, denote the law of X, under P}, (this is the same object as d7, ,, in the main paper), and
let p; ;, denote the law of Sj, under P7,.

Lemma S.2.1 (Trajectory-law equality = equality of on-policy kernels) Fix a Markov policy m
and a stage h € [H|. If the trajectory laws agree,

P, = Piy  as probability measures on €2,
then the following hold.

1. Equality of one-step conditionals given (Sy,, Ap,). There exists a measurable set Njy, € S x A
with di; , (Nw) = 0 such that for all (s, a) ¢ Ny,

kamn(c | s,a) = Ky n(c|s,a)  as probability measures on ([0,1] x S, B([0,1] X S)). (S.2)
2. Deterministic-policy specialization. If v is deterministic (so Ay, = 7, (Sh) a.s.), then there exists
Nt C S with pfy , (N3Y) = 0 such that for all s ¢ N,

karn(c | 8,7(8)) = Karn(- | 8, mh(s)). (S.3)

3. Consequences for rewards and transitions. Under (S.2), the on-policy reward and transition
kernels agree d7; \,-a.s.: for all (s,a) ¢ Ny,

V]W,h(' | 87(1) = VM’,h(' | s,a) and P]\l,h(' | 87(1) = P]y[/’h(- | s,a).
In particular; the mean rewards satisfy rar n(s, a) = 7y n(s,a) for dy, ,-a.e. (s, a).
Proof. Let P := P7, and P’ := P7,,; by assumption P = P’. Fix h. Let y, denote the joint

law of (X},Y}) under P (equivalently under P’), and let u;, x denote its Xj-marginal. Then
pn,x = diy,, = dip ;, because P = P’ implies all marginals coincide.

Step 1: k7 and K, are versions of the regular conditional law of Y}, given X;. By the
MDP generative process, conditional on (Sy, Ap) = (s,a), the pair (R, Sp+1) is drawn from
vmn(-]8,6) @ Pun(-|s,a) =kmn(-|s,a), independently of the past. Equivalently, for every
bounded measurable f : [0,1] x S — R,

EﬂM[f(Yh) | X}J = /f(y) IiM,h(dy | Xh) P-a.s. (S4)
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Thus kaz,p s a version of the regular conditional distribution of Y}, given X}, under P. The same
reasoning yields the analogous statement for x; j, under P’.

Step 2: uniqueness a.s. implies equality on the X;-marginal. Since S is standard Borel and A is
finite, the product space S X A is standard Borel, and [0, 1] x S is standard Borel. Hence regular
conditional distributions exist and are p, x-a.s. unique (e.g., the disintegration theorem / existence
and uniqueness of regular conditional probabilities on standard Borel spaces; see, e.g., Kallenberg
(2002, Sec. 6)).

Now, kar,n and ks, are both versions of the conditional law of Y}, given X, for the same joint
measure uy, (because P = P’ implies py is common). Therefore, there exists a measurable set
N, € 8 x A with pp x (M) = 0 such that (S.2) holds for all (s, a) ¢ A, This proves item (1).

Step 3: deterministic specialization. If 7 is deterministic, then X = (Sy, m,(Sh)) P-a.s., so
dfr. s supported on the graph {(s, 71 (s)) : s € S}. Define N}* := {s € S : (s,74(s)) € Nu};
measurability follows from measurability of 7. Then pf, ,(NV3') = df;,(Np) = 0, and (S.3)
holds for all s ¢ AP, proving item (2).

Step 4: equality of v and P on-policy. Finally, if x5 (

| karon(- | 8,a) as measures on
[0,1] x S, then their marginals coincide. For any Borel B C

s,a) =
[0,1],

vmn(B|s,a) =kmp(BxS|s,a) =k pn(BxS]|s,a)=vup(B]s,a),

and similarly Pys (- | s,a) = Py op(- | 8, a) by marginalizing over [0, 1]. Taking expectations of
Ry, gives equality of mean rewards on-policy. ]

Remark S.2.2 (What this lemma does and does not claim) Lemma S.2.1 is intentionally on-
policy: it identifies kernels only on the d7; , -support induced by executing m. No equality is implied
(or needed) for (s,a) pairs that occur with zero probability under m. This is precisely the level of
identification required in the necessity proof of Theorem 5.4: a decoy must preserve only what is
observed under .

S.3 Model-class richness / decoy-realizability: concrete constructions

This section makes Assumption 5.3 (“geometry = existence of a decoy in the model class”) maxi-
mally checkable by giving explicit constructions in concrete model classes. The main logical point
is that the sufficiency direction of Theorem 5.4 only needs the following implication:

if a deterministic 7 has an action-sensitive on-policy null direction (Null(X (7)) €
Null(T'y,(m)) for some h), then there exists M’ € M such that P},, = P7,, and 7 is
globally optimal in M’.

Any concrete verification of this implication is necessarily model-class dependent: if the class M
is too restrictive, then even strong geometric witnesses may not be realizable by an alternative envi-
ronment in M.

Two takeaways. (i) In broad “tabular/fully expressive” classes (which are Bellman-complete un-
der tabular features), decoy-realizability is immediate: one can complete the environment off-policy
so that every policy induces the same trajectory law as 7, hence 7 is optimal. This yields a fully
rigorous non-vacuity witness for Assumption 5.3. (ii) In more structured parametric classes (e.g.,
linear MDP models), verifying Assumption 5.3 amounts to checking a closure property under off-
policy edits that preserve the m-trajectory law; see the discussion in Remark S.3.9.
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S.3.1 A generic ‘“policy-collapse” completion that makes 7 optimal

We first record a simple and fully explicit way to make a fixed policy 7 globally optimal while
preserving its trajectory law. The construction is best viewed as a completion of an MDP off the
T-support.

Definition S.3.1 (Policy-collapse of an MDP) Fix an episodic MDP M =
(S, A H, pu, {Py YL {vn}L ) and a deterministic Markov policy © = (mp)E_,. Define
the policy-collapse of M along 7 as the MDP

Coll(M, ) = (8, A, H. i, { B}y {7 HL,)
whose kernels are, for every stage h, state s € S, and action a € A,
Jgh(- | s,a) := Pu(-|s,mn(s)), Uh(- | s,a) == vp(-| s, mh(8)). (S.5)

Thus, Coll(M, ) “forgets” actions: at each (h,s), all actions inherit the transition and reward
kernels of the m-action at that (h, s).

Lemma S.3.2 (Policy-collapse preserves the w-trajectory law) For any MDP M and determinis-
tic Markov policy T,

T _ o
M — IEDColl(M,ﬂ')'

Proof. Under m, the action taken at stage h in state s is a = 7,(s). By (S.5), the conditional law of
(Rp, Sh+1) given (S, = s, Ap, = m(s)) in Coll(M, 7) equals the corresponding conditional law
in M. Since the initial distribution y is unchanged, the induced joint law on the entire trajectory is
identical. ]

Lemma S.3.3 (Policy-collapse makes 7 globally optimal) For any MDP M and any (possibly
history-dependent) policy ',

]Pﬂcroll(M,Tr) = Py
In particular, all policies have the same value in Coll(M, ), and hence T is globally optimal:
Vf,rcou(M,w) = Vl*,Coll(M,ﬂ')’
Proof. Fix any policy n’ (possibly history-dependent). Under Coll(M, ), the conditional law of
(Rp, Sh+1) given Sj, = s and any action A, = a is, by (S.5),

(R, Sn1) | (Sh =8, An = a) ~ (va(- | s,7n(5)), Pu(- | 5, 7n(5))),

which is independent of a. Thus the entire controlled process is in fact uncontrolled: the joint law on
trajectories does not depend on the policy. By Lemma S.3.2, this policy-independent trajectory law
equals PT,. Therefore, all policies have identical return in Coll(M, 7), and 7 is (trivially) optimal.
]

Remark S.3.4 (When is policy-collapse available inside a given model class?) Definition S.3.1
constructs an MDP on the same (S, A, H, 1), but it does not automatically preserve membership
in a structured class M (e.g., a class specified by a fixed feature map and Bellman completeness).
Thus, the relevant “richness” question is: for which classes M does M € M = Coll(M,r) € M
hold for the policies T of interest? The next subsection gives a concrete setting where this closure is
automatic.

S.3.2 Verification in the tabular (fully expressive) Bellman-complete class

‘We now instantiate the above completion in a standard “fully expressive” class where linear Bellman
completeness is automatic.
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Tabular features. Fix finite S and finite .A. For each stage h, take the tabular (one-hot) feature
map
bn(s,a) = e(s,a) € RISHAI’

so that Q;, = {Q : S x A — R} is the set of all real-valued action-value functions. In this case,
Bellman completeness (4) holds for every bounded MDP on (S, A, H, 1), because the Bellman
optimality operator maps Qp+1 into the set of all functions on & x A. This is the canonical “tabular
linear” special case (cf. the role of tabular realizability as a baseline in linear RL (Jin et al., 2020;
Zanette et al., 2020)).

Proposition S.3.5 (Tabular class satisfies Assumption 5.3 (core decoy-realizability)) Assume S
and A are finite and ¢p,(s,a) = e(sq) (tabular features) for all stages. Let M be the class of
all episodic MDPs on (S, A, H, ;1) whose reward kernels are supported on [0,1]. Then for every
M* € M and every deterministic Markov policy w that is suboptimal in M*, there exists a decoy
M’ € M such that P}, = P%,, and 7 is globally optimal in M'. Consequently, the existence part
of Assumption 5.3 holds (and is in fact stronger than stated).

Proof. Fix M* € M and deterministic Markov 7 that is suboptimal in M *. Define
M' = Coll(M*,)

as in Definition S.3.1. By Lemma S.3.2, P},, = P%,,. By Lemma S.3.3, 7 is globally optimal in
M.

It remains to verify M’ € M. The reward kernels of M’ are copied from those of M™* (cf. (S.5)),
hence remain supported on [0, 1]. Finally, under tabular features, linear Bellman completeness holds
for every MDP on (S, A, H, ), so M’ € M. Since 7 is suboptimal in M* by premise, M’ is a
decoy for 7 relative to M* (Definition 4.3). |

Remark S.3.6 (About the ‘““action-sensitive null direction” trigger) Proposition S.3.5 constructs
a decoy for any suboptimal w in the tabular class, independently of whether Null(Xy (7)) \
Null(T'y, (7)) is nonempty. This is consistent with Theorem 5.4(Necessity): whenever such a de-
coy exists, there must exist some stage h and some w # 0 with u € Null(3;, (7)) \ Null(T'y (7). In
tabular features, this witness always exists for deterministic ™ at any visited state, since on-policy
one-hot directions do not span alternative-action one-hot directions.

S.3.3 Avoiding clipping in reward perturbations (when needed)

Some constructions (and some readers’ intuition) benefit from additionally perturbing mean rewards
in a linear manner along a direction u. A recurring technical pitfall is clipping: clipping rewards
to [0, 1] generally destroys linear structure and is best avoided (cf. the discussion around Assump-
tion 5.3 in the main paper).

The following elementary fact records a clean way to keep rewards bounded without clipping.
Lemma S.3.7 (Choosing a perturbation size without clipping) Fix a stage h and a bounded
mean reward function rp, : S x A — [0,1]. Letvy : S x A — [—1,1] be any bounded mea-

surable function. Suppose there is a measurable set U C S x A on which we intend to modify the
mean reward, and define the slack

slack(U) = ( ir;fU min{ry(s,a), 1 —rp(s,a)} €10,1/2].
s,a)€

Then for any scalar o with |«| < slack(U), the perturbed mean reward
T;.L(S,a) = rh(S,a) +a’¢}(87a)7 (S,a) = U7
ru(s,a), (s,a) ¢ U,

still satisfies 1}, (s, a) € [0, 1] for all (s, a).
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Proof. For (s,a) ¢ U, nothing changes. For (s,a) € U, we have |at)(s,a)| < |a| < slack(U) <
rp(s,a) and also |at)(s,a)| < slack(U) < 1 — rp(s,a). Thus rp(s,a) — |atp(s,a)] > 0 and
rh(s,a) + |a(s,a)| <1, proving 7, (s,a) € [0, 1]. [ |

Remark S.3.8 (When does one need Lemma S.3.7?) In our main results, we never need to clip
rewards. If one wishes to explicitly realize an infinitesimal reward perturbation along a witness
direction u (e.g., for interpretability of the decoy mechanism), Lemma S.3.7 is the clean way to
keep rewards bounded: choose U to be the set of off-policy pairs that will be modified and set
P(s,a) = (Pn(s, a),w), which is bounded in [—1, 1] under the standing feature norm assumption.

S.3.4 Discussion: relation to standard linear MDP parameterizations

Remark S.3.9 (Linear MDP / linear-mixture models) The standard “linear MDP” (or “linear
mixture MDP”) parameterizations underlying LSVI-UCB (Jin et al., 2020) are significantly more
restrictive than the fully tabular class: rewards and/or transitions are constrained to be linear in a
known feature map. In such models, verifying Assumption 5.3 becomes a closure question: given
(M*, ) and a null direction u € Null(X,(7)) that is action-sensitive, can one perturb the model
parameters along u in a way that (i) leaves the w-trajectory law unchanged, but (ii) changes off-
policy action values enough to make m globally optimal, all while preserving the model’s parameter
constraints (probability simplex constraints for transitions, reward bounds, etc.)?

This is analogous in spirit to the role of “decoys” as feasible alternative instances in structured ban-
dits (Slivkins et al., 2025), and to the use of Bellman-completeness/closure conditions in linear RL
analyses (Zanette et al., 2020; Civitavecchia & Papini, 2025). The tabular construction above pro-
vides a clean non-vacuity witness; extending it to a specific parametric linear MDP family typically
requires checking that the family admits sufficiently rich off-policy edits while holding the on-policy
trajectory law fixed (often via “feature-orthogonal” perturbations of reward/transition parameters).

S.4 Alternate proof presentation for the decoy characterization

Goal and proof roadmap. This section gives a modular, “AC-checkable” proof of the decoy char-
acterization (Theorem 5.4 in the main paper). The argument isolates the two distinct ingredients: (i)
trajectory-law equality under a fixed policy pins down equality of on-policy kernels (Lemma 4.2, ex-
panded in Section S.2); (ii) linear Bellman completeness implies that optimal action-values are linear
in the known features and therefore differences between optimal (Q-functions can be interpreted as
parameter directions. This yields a short chain of lemmas establishing the necessity direction (de-
coy = unexcited yet action-sensitive direction), which is the substantive part of the theorem. The
sufficiency direction (unexcited yet action-sensitive direction = decoy) reduces to the model-class
richness / decoy-realizability condition verified by the explicit constructions in Section S.3. Con-
ceptually, the logic parallels “decoy” obstructions for greedy learning in structured bandits (Slivkins
et al., 2025), but the RL setting requires trajectory-level equivalence and stage-wise analysis.

S.4.1 Setup and notation

Fix a true environment M* € M and a deterministic Markov policy w. For any environment
M € M and stage h € [H], we write V}*,, and @, ,, for the optimal value and action-value
functions. Under linear Bellman completeness (4) (see also Zanette et al., 2020; Jin et al., 2020), we
have @}, ), € Qp for every h and every M € M, hence there exist (not necessarily unique) vectors

w; py € RY such that

Q;*L’M(s,a) = (¢n(s,a),wj pr) V(s,a) € S x A, Vh € [H]. (S.6)

Given two environments M, M’ € M, define their stage-wise optimal differences

(SQ};, = Q;(L,I\/I' - Q;M S Q}L, 5Vh = ‘/};M/ - Vf:(,M (S7)
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Since 6Q, € Qp, there exists u;, € R? with

0Qn(s,a) = (¢n(s,a),un) V(s,a), Vh. (S.8)

Throughout this section, the on-policy state marginal p and the matrices 3, (7) and I'y,(7) are
those defined in Section 5.1 of the main paper, always with respect to the trajectory law P73, .

S.4.2 Necessity: a decoy induces an unexcited but action-sensitive direction

We restate the necessity direction of Theorem 5.4 in a lemma-chain form.

Lemma S.4.1 (Existence of a “last disagreement” stage) Assume 7 admits a decoy M’ € M rel-
ative to M* (Definition 4.3). Let Vi, := V;* \y) — Vi¥ \r.. Then the set

M= {h € [H] : Pspr (5Vi(S) #0) > 0}
is nonempty, and hence the index
h* = maxH

is well-defined. Moreover,
OVhe41(S) =0 a.s. under S ~ pf. 1, (5.9

with the convention §Vg 41 = 0.

Proof. Since M’ is a decoy for 7 relative to M*, we have P7,, = P7,, and 7 is optimal in M’ but
suboptimal in M™*. Thus

Vi = Vit = Ve < Ve,
$0 Eg,[0V1(S)] # 0, implying Pg.,,(6V1(S) # 0) > 0. Therefore 7 is nonempty and h* is
well-defined. By definition of h*, 6V4+41(S) = 0 holds pf. , ;-a.s., which is (S.9). |

Lemma S.4.2 (On-policy cancellation at the last disagreement stage) Let M’ € M be observa-
tionally equivalent to M* under 7: P%,. = P7,,. Fix any stage h € [H| such that 6V, 41(S) = 0
Phy1-a-S. Then

6Qn(S,mr(S)) =0 a.s. under S ~ pj. (S.10)

Proof. By Lemma 4.2 (proved in full detail in Section S.2), trajectory-law equality P7%,. = P7,,
implies that for pJ-a.e. s, the conditional law of (Ry, Sp4+1) given S, = s and A, = m,(s) is
identical in M* and M’. In particular, for pJ-a.e. s, the mean reward and transition kernels agree
on-policy:

rhoaas (8, 7h(8)) = Thoar (8,7r(s)), Paars (- [ 5,70(5)) = Paoaar (- | 8,7 (s))-

Using the Bellman optimality identity (valid for both MDPs),

QZ,M(&@) = Th,M(Sa a) + ES’~Ph,M(-\s,a)[foH,M(S/)}a

we obtain for pf-a.e. s:

6Qn (s, mh(s)) = (rh,ner — roaas) (5,7 (s))
+Esinp, oo Clsma () Vs, (8)] = Esinp, e (lsmn (o) Vigr,n+ (7))
= Eginpy are (lo,mn(s)[0Vi41(S") -

Now 0Vj,4+1(Sh+1) = 0 holds almost surely under the 7-trajectory law (because Sp+1 ~ pf 1)
hence its conditional expectation given (S, Ap,) is also 0 almost surely. Therefore the right-hand
side above equals 0 for p7-a.e. s, proving (S.10). |
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Lemma S.4.3 (Nullspace witness at the last disagreement stage) In the setting of Lemma S.4.1,
let h* be the last disagreement stage and let v := up+ be the linear coefficient of 6Qpn~ in (S.8).
Then u # 0 and

u € Null (S (7). (S.11)

Proof. First, §V},~ is nonzero on a set of positive p},,-measure by definition of ~*, so §Q)p,« cannot
be identically 0 (otherwise Q}. 1y = Q}. o~ and hence Vi, = Vi 0). Thus u # 0.

Next, Lemma S.4.1 gives 6Vp- 1 = 0 pf., ;-a.s., so Lemma S.4.2 implies 6Qp+ (S, 7+ (S)) = 0
Ph+-a.s. Using (S.8), this is

(n+ (S, 7« (S)),u) =0 as.under S ~ pj.,
and Lemma 5.1 in the main paper yields v € Null(3p,« (7)). [ |

Lemma S.4.4 (Action-sensitivity of the witness) In the setting of Lemma S.4.3, the same u satis-

fies
u ¢ Null (T« (7). (S.12)

Proof. Let B := {s € § : §Vj»(s) # 0}, so p}.(B) > 0 by definition of h*. Fix any s € B. If
dQn+ (s, a) were equal for all a € A, then (since 0Qp+ (s, Tp+ (s)) = 0 by Lemma S.4.2) we would
have 6Qp+ (s, a) = 0 for all a, which implies

max Qhe ar(s,0) = max Qhe v+ (8,0) = Ve (s) =0,

a contradiction to s € B. Therefore, for each s € B there exists at least one action a € A such that
0Qn+(s,a) # 6Qn+ (s, mh+(s)) = 0. Equivalently,

(u, AL (s,a)) = 0Qpn+(s,a) — 0Qn+ (s, mh+(s)) # 0 for some q,

on a set of s’s of positive pJ.-measure. By Lemma 5.2 in the main paper, this implies u ¢
Null(T'p,« (). [ |

Necessity direction of Theorem 5.4 (completed). Assume 7 admits a decoy M’ relative to M*.
By Lemma S.4.1, define h* as the last stage where 6V}, differs on a set of positive pj -measure. Let

u := up~ be the coefficient in (S.8). Then Lemma S.4.3 gives v # 0 and u € Null(X;,« (7)), and
Lemma S.4.4 gives u ¢ Null(T'j,« (7)). This is exactly (14) with h = h*. [ ]

S.4.3 Sufficiency: from a geometric witness to a decoy
We record the sufficiency direction in the same modular style.

Lemma S.4.5 (Geometric witness = decoy under decoy-realizability) Fix M* € M and let
7 € Iliin-greedy be suboptimal in M*. Assume there exist h €& [H] and uw # 0 such that
u € Null(Zp (7)) \ Null(Ty, (). If Assumption 5.3 (decoy realizability) holds, then  admits a
decoy relative to M™*.

Proof. Assumption 5.3 guarantees the existence of an environment M’ € M such that P7,, = P7,
and 7 is globally optimal in M. Since 7 is suboptimal in M * by premise, M’ satisfies Definition 4.3
and is a decoy for 7. ]

Where the “RL-specific”” difficulty lives. The necessity direction above uses only: (i) trajectory-
law equality under a fixed policy (handled formally in Section S.2), and (ii) representability of
@* under Bellman completeness (to convert functional equalities into linear-algebraic constraints).
The sufficiency direction is exactly where model-class closure matters: in RL, preserving an entire
trajectory law while modifying off-policy behavior requires explicit control of transitions/rewards
away from the on-policy support, which is why we isolate this requirement as Assumption 5.3 and
verify it via explicit constructions in Section S.3 (cf. linear MDP parameterizations in Jin et al., 2020
and Bellman-complete frameworks in Zanette et al., 2020).
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S.5 Full regret proof details for the sublinear bound

This section gives a fully detailed, checkable proof of the gap-free (sublinear) regret bound for
GREEDY-LSVI stated as Theorem 6.7 in the main paper. The main technical points addressed
here are: (i) a rigorous handling of bootstrapped Bellman targets in LSVI; and (ii) a careful filtra-
tion/predictability setup enabling the use of self-normalized ridge bounds (Abbasi-Yadkori et al.,
2011) in an adaptive RL data-collection process.

A standard bounded (clipped) implementation. To ensure bounded regression labels and hence
bounded (sub-Gaussian) noise terms at every stage, we analyze the standard clipped variant of LSVI
used throughout linear-RL regret analyses (e.g., Jin et al., 2020). Concretely, after computing Wy, p,
by (7), define the clipped ()-estimate

i _ \ H—h+1 .
Zl’}?(s,a) = [<¢h(s,a),wk7h>}0 , [2]8 := min{b, max{0, z}}, (S.13)
and set V. 5, (s) := maxge4 @zh{: (s,a). The greedy rollout uses @zhf in the argmax (ties broken

deterministically). Targets in (6) use this IA/k,h_H. This guarantees ‘A/kvh(s) € [0,H — h+ 1] and
hence i R
Y9 = Rep + Vi1 (Srnar) € [0, H —h+ 1] as. (S.14)

(Without an explicit boundedness mechanism like (S.13), ‘A/k, » can in principle be unbounded, which
breaks the regression concentration step.)

S.5.1 Filtrations and stage-wise regression view
Write H, for the global history up to the end of episode &, i.e.,
Hp o= 0 ({(Srs Aty Ry Srs1) 1 1 <7 <k, 1< E < HY),
Within episode k, define the stage-h pre-observation filtration
Frp = O'(Hk—h Sk, Ak, Ria,y .o Sk,h,Ak,h),

80 i 1= On(Skny Ak,p) is Fi p-measurable and (Ry p, Sk, n+1) are drawn after Fy, .
For each fixed stage h, it is convenient to treat episode index k as the “time” index of a linear

regression problem with covariates xj, ;, and suitable labels.

S.5.2 True Bellman targets and a valid self-normalized event

Define the (unobserved) frue Bellman targets

Yk*,h = Rypn + V]~f+1(5k,h+1), V;IJrl = 0. (S.15)
Under bounded rewards Ry, , € [0, 1] and finite horizon, V;*, ; € [0, H — h], hence Y;";, € [0, H —
h+1]as.

Lemma S.5.1 (Conditional linearity of true targets) For every stage h and every episode k,

E[Yy ) | Frn) = E[Ren + Viigi (Skons1) | Skony Ak
= Qh(Sk,hy Ak,n)
= (n(Sk,hs Akn), Wh)-

Proof. The first equality is by definition of F}, ;, and the Markov property. The second is the defi-
nition of Q3. The third uses realizability of @}, by O} under linear Bellman completeness, and the
definition of w}, as a representing vector (Assumption 6.6). |
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Lemma S.5.2 (Bounded MDS noise is sub-Gaussian) Fix h. Define the noise
Nie,h = Yk*,h - E[Yk*,h | -Fk,h] = Yk*,h - <$k,haw;>'

Then (i, n)k>1 is a martingale difference sequence w.r.t. (Fy, n)i>1 and satisfies |ng p| < H—h+1
a.s.; in particular, it is conditionally (H — h + 1)-sub-Gaussian.

Proof. By construction, E[n », | Fin] = 0. Since Yy, € [0, H — h+ 1] as. and E[Y}, | Fin] €
[0,H — h + 1], we have || < H — h+ 1 as. A bounded MDS is conditionally sub-Gaussian
with the same scale (Hoeffding’s lemma). |

Now define the ideal ridge estimator that uses the true targets:

k—1 k—1
. . 2 . _
W, p, i= argmmz (@rp,w) = Y2) + Mw]f <= @ = thl Zmr,hyr*,fr (S.16)
weR? T=1 T=1

Lemma S.5.3 (Self-normalized ridge event for the ideal estimator) Fix 6 € (0,1). There is a
universal constant ¢ > 0 such that with probability at least 1 — 6, simultaneously for all stages
he[Hlandallk € {1,...,K},

@kn = willvi, < e((H = h+ 1)y/dlog(1+ 5) + (H = h+ 1)y/log(4) + VAB). (8.17)

Proof. Fix h and apply a self-normalized ridge inequality for adaptive linear regression to the se-
quence (Zg p, Yk*,h)kzl with filtration (F} ;). Lemma S.5.1 gives the linear conditional mean, and
Lemma S.5.2 gives conditional sub-Gaussian noise with scale H —h+ 1. This yields (S.17) for each
fixed h with failure probability §/H. A union bound over h € [H| gives overall failure probability at

most §. We use the standard determinant bound log dgzg\(/: ‘I’s) < dlog(1+ K/)\) (cf. Abbasi-Yadkori

etal., 2011). ]

S.5.3 Bootstrapped targets as a bounded deterministic bias

The actual estimator @y, ;, uses the bootstrapped (clipped) labels Y(];L) =R;n+ XA/k,hH(ST,hH).

Define the target mismatch at stage h (for episode k): ’
AN =YY —vr = Vins(Srnst) — Viga (Srong)- (S.18)

By clipping, Vi, n41(s) € [0, H — h] and V;*,, (s) € [0, H — h], hence

AR <H-h<H  asforall(rk,h). (S.19)

Since ridge regression is linear in the labels, we can write:

k-1
W, — Weyh = Vk_;i Z Trh A(Tk;)l (S.20)
T=1

Lemma S.5.4 (Deterministic bootstrap-bias control in V), ;,-norm) For every k and h,

k—1
Bk — Brnllvi, = || zrn AL
T=1

—1
Vi

< (H - h)

k—1
E 2

X _
=1 || T7h||vk,f1

<(H-h) 2d10g<1 + g)
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Proof. Let X be the d x (k — 1) matrix with columns z, j,, and let A € R¥~! collect A(Tk,)1 Then

k—1
2 - _
||XA||V,;,} = ATXTVk,}%XA < ”AHZOH(XTVk,IiX) = A% Z Hffr,h”%/kf;,

T=1

where we used a ' Aa < ||a||%, tr(A) for A = 0. The bound ||A||. < H — h is (S.19). Finally,
Zf;} ||xT,h||‘2/_1 < 2dlog(l + K/)\) by the standard elliptical-potential/determinant argument

k,h
(e.g., Abbasi-Yadkori et al., 2011). [ |

Combining Lemmas S.5.3 and S.5.4 yields a valid uniform confidence event for the actual estimator
W, p, around wj.

Lemma S.5.5 (A uniform V}, ;,-norm bound for @y, ;, — w}) Fix § € (0,1). With probability at
least 1 — ¢, simultaneously for all h € [H| and k € {1,...,K},

|@k,n — willvi,, < Br(6),
Br(9) = c((H —h+1)y/dlog(1+ %)
(S21)
+ (H — h+1)y/log(4) +\fAB)
4 (H — h) 2dlog(1 + %)

In particular, 8,(8) < B(9) for

B = C, H\/dlog(l + %) + O H,/log(%) + OV B

with universal constants C1,Co,C3 > 0.

Proof. Triangle inequality: ||@k,n — wi v, < [Wkn — willvi, + [ Wk,n — Winllvi .- Apply
Lemma S.5.3 and Lemma S.5.4. [ |

S.5.4 From parameter confidence to one-step suboptimality

Fix episode k and stage h. Let 7* be the deployed greedy policy and write S := S 5. Let aj, :=

78 (9) and let a* € argmax,c 4 Q7 (S, a). A standard greedy comparison gives

Qi(S,a") — Q}(5,ax) < 2max Q% (S, a) — Q5(S.a)). (5.22)

(Clipping can only decrease the magnitude of @kyh(S, a) — Q7 (S, a) because Q7 (S, a) € [0,H —
h + 1] for bounded rewards.)

Using realizability Qj(-,-) = (¢n(-,-),w)) and the definition @thl’ (S,a) =
(60 (S, a), D)5 ~" T, we get the pointwise bound
|Qik (S, a) = Qi (S, )| < [(#n(S, a), @i — w})]. (5.23)

Thus, it suffices to control max, |(¢1, (S, @), ex,n)| Where e p, := Wy, — W}.
On the high-probability event of Lemma S.5.5, for every a,
[(@n (S, a),exn)| < lexnllvi, - 16n(S,a)ly-1 < BE) [ @n(S, a)lly1- (S.24)

.. . Lo _ ko . .
The remaining task is to bound the actionwise V, hl—norms at p; -typical states in a way that is
compatible with self-identifiability and the leverage constant. We reuse the main paper’s notation
35, () for the on-policy covariance under 7.
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A corrected scope for the “action differences in span’ step. Recall that Lemma 6.3 (main paper)
is used only when 7% is suboptimal; when 7* is optimal, the per-episode regret contribution is 0 and
no geometric input is required. Formally, define the suboptimal-episode set

Keup = {k € [K] : Vi > V' 1

For k ¢ Kgup, the episode contributes 0 regret. For k € Ky, self-identifiability implies 7% admits
no decoy, and hence Lemma 6.3 applies.

Lemma S.5.6 (Expected V, ;' -norm of the on-policy feature) Condition on Hj_1 (so ©* and
V., are fixed). Then

E {Hd)h(sk,ha W;’i(Sk,h))H%/k_—;

Hia] = 0(Za () V).

Hior| < \/(Sn(eh) V).

Proof. Under Hy_1, Sk n ~ p}{k and Ay j, = ﬂZ(Sk,h) deterministically. Thus,
E[én(Skns Arn)0n(Skon, Aen) T | Hi—1] = Sa(rF).

Taking trace after multiplying by Vk_}} yields the first claim. The second follows from Jensen. W

Consequently,

E [II(bh(Sk,h, 7 (Sk.n)) v

Lemma S.5.7 (Action-difference ¥V ~'-norm control via leverage) Fix k € Kuu, and condition
on Hy,—1. Then for pgk—a.e. sandall a € A,

18T (5, 0) s < IAT (5, @)1yt \/0(Ea(r) Vi) < Lyfi(Sae) Vi),

Proof. For k € K., ©F is suboptimal and self-identifiability implies 7% admits no decoy.
Lemma 6.3 therefore yields A}{k(& a) € Range(X;(7%)) as. under S ~ pgk. Applying
Lemma D.4 from Appendix D (main paper) with ¥ = 3, (7%), V. = Vi 4, and z = Azk(s, a)
gives the first inequality. The second inequality is the definition of L. |

We can now bound the expected one-step suboptimality.

Lemma S.5.8 (One-step regret bound in terms of tr(XV ~1)) Work on the high-probability event
of Lemma S.5.5. Fix k € [K| and condition on Hy,_1. For each stage h € [H]|,

E[g7 (Skn) | Ham1] < 2600) (1+ L) Ju(Sa(x) Vi),

Proof. If k ¢ Kb, then g}{k (Sk,n) = 0 a.s. for all h and the bound is trivial. Assume k € Kgyp.
Let S := Sy . Using (S.22)~(S.23) and the decomposition ¢y, (S, a) = ¢ (S, 75 (S9)) + Ag’“(s, a),
g7 (S) < 2max|(én(S, a), ern)|
< 2[(¢n (S, 7 (), exn)| + 2 max (AT (S, ), ex,0)]-
By (S.24),
[(@n(S, 755 x| < BO) [0n(S, 75y
(A7 (S.a),exn)] < BO) AT (S, a)lly, -

Take conditional expectations and apply Lemmas S.5.6 and S.5.7:

Elgf (Sk.n) | Hi1] < 25(5)(1 + L) V(SR (T)V).
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S.5.5 Summing over episodes and stages

We now conclude the proof of Theorem 6.7.

Proof of Theorem 6.7 (full details). Fix § € (0,1) and work on the event in Lemma S.5.5, which
holds with probability at least 1 — 6.

By the standard finite-horizon performance decomposition (main paper, Section 6.3),
K H
Res() = 30 S Bl (5.1)
k=1h=1

Applying Lemma S.5.8 and the tower property,

H K
Reg(K) < 28(8)(1 + L) ZZE[ tr(S (7 )Vkﬁ)]. (S.25)

h=1k=1

Use Cauchy—Schwarz in & for each fixed h:

K K
ZE[ tr(Sp (%) k,,})} <VK Z]E[tr(zh(wk)vkj;)}.
k=1

=1

Next observe that, conditional on Hj_1,

(2 (7) Vit ) = [0 (S Arn) I

Hi— 1}

so by the tower property,

K K
ZE[U En(m®) Vy, h)} = ZE“W}z(sk,mAk,h)”%/k—_;} .
k=1 ’

k=1

Finally, the elliptical-potential/determinant bound yields the pathwise inequality

det(VK-t,-l,h)

dot(A) = 2d10g(1 + §>

K
> llén(Skns Ar )|l —1 < 2log
k,h

(e.g., Abbasi-Yadkori et al., 2011), hence taking expectations preserves the bound.

Plugging back into (S.25) gives

Reg(K) < 28(5)(1 + L) }é VE \[2d10g(1+ %) < CH(1+1L)3(0)y/dK log(1+ %)

for a universal constant C' > 0. Substituting the explicit form of 5() from Lemma S.5.5 and using
log(1+ K/X) <log(1+ K H/\) yields a bound of the form stated in Theorem 6.7 (up to universal
constants and the harmless replacement L — 1 + L). ]

Remark S.5.9 (Where self-identifiability enters) In the above proof, the only use of self-
identifiability (via Theorem 5.4 and Assumption 5.3) is through Lemma S.5.7, which asserts that
on-policy action differences lie in the estimable subspace and can be controlled by the leverage
parameter L. Everything else is standard ridge concentration and elliptical-potential calculus
(Abbasi-Yadkori et al., 2011).
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S.6 Full logarithmic-regret proof under the witnessed-margin condition

This section provides a complete proof of Theorem 6.9. The argument is a mistake bound: under
Assumption 6.8, every suboptimal greedy-representable policy m must (with probability at least pg
in an episode) visit a state at some stage where there exists an alternative action improving Q7 by
at least 9. On a high-probability confidence event for stage-wise ridge estimates (Section S.5),
choosing the suboptimal greedy action at such a witnessed state can only occur if a certain on-policy
“information” quantity tr(3 h(ﬂ)Vk_Ji) is still large. The cumulative amount of this information is
controlled via an elliptical-potential argument and a martingale concentration step (cf. the linear
bandit machinery in Abbasi-Yadkori et al., 2011).

S.6.1 Setup and a high-probability confidence event

For each episode k € {1,..., K}, let F;,_1 denote the o-field generated by the entire history up to
the end of episode k — 1, i.e.,

Fio1 = o({(Srs Aris Ry Senin) 17 < k=1, h € [H]})

Then 7% and Vj, j, are Fj,_1-measurable for each h, and (S s, Ak n, Ri.n)E_, are conditionally

independent of F,_; given 7".

We will work on the standard stage-wise ridge confidence event for GREEDY-LS VI established in
Section S.5. For convenience, we restate it in the form we need here.

Lemma S.6.1 (Uniform linear prediction bound for GREEDY-LSVI (from Section S.5))
Assume bounded rewards in [0, 1], bounded features ||¢1,(s, a)||2 < 1, linear Bellman completeness,
and Assumption 6.6. Fix X > 0 and § € (0,1). There exists a (problem-independent) constant
¢ > 0 such that with probability at least 1 — 0, simultaneously for all k € [K|, h € [H], and all
(s,a) € S x A

|Qun(s: @) = Qi(s.a)| = [(9n(s,a), @ —wi)| < BO) on(s, @)l (8.26)

where

B(6) = c H (y/dog(1 + %) + VAB + \/log (). (827)

Throughout the remainder of this section, fix 6 € (0, 1) and condition on the event in Lemma S.6.1
with confidence level §/6; denote this event by Econe. All statements below are on Eons unless
otherwise noted.

S.6.2 Witnessed mistakes force a large trace term

Fix an episode k and a stage h. Define the on-policy feature at stage h in episode k:

T = On(Skhy Arn) = o1 (Skon, T (Sk.n)).
Recall &, (7F) = Eg - [on(S, 78 (9))pn (S, 75 (S)) 7] and define
h

Hi,h = tr(Eh(ﬂk)kag).

Since V4, 5, and 7% are F),_;-measurable and S &,h ~ pp conditionally on Fj_1, we have the identity

.7:]@_1} = E{x;hvk_’}il‘k,h ’.Fk_1:| = tr(Vk_J}E[mkﬁx;h | ]:k—l}) = [k,h-
(S.28)

E[lek,hﬂf/k—;

We now show that, under the witnessed-margin condition, whenever GREEDY-LSVI executes a
suboptimal policy and a witness state occurs, the corresponding ju;, ;, must be large.
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Lemma S.6.2 (Witnessed margin = large ji;, , on Eqont) Assume  Assumption 5.3, self-
identifiability of M™* (Definition 4.4), and L < oo (Definition 6.4). Fix an episode k such
that % is suboptimal in M*. Let h € [H] and s € S satisfy ggk (s) > o and define an improving
action

@' (s) € argmax (@4 (5,) ~ Qi(s, ()

On the event { Sy, = s} N Econt, We have
2
mn > (557) - (8.29)

Proof. Fix k,h,s and set 7 := 7" for readability. On {Sy, = s} the greedy action taken is
Ap r, = m(s). By definition of a*(s) and the witness condition, we have

Qh(s,a%(s)) — Qh(s,mn(s)) = 0. (5.30)
Since 7p,(s) is greedy w.r.t. @k’h,

Qrn(s,mh(s)) = Qrals,a*(s)),

SO

where AT (s, a) = ¢n(s,a) — ¢n(s, m(s)). Rearranging and using (S.30) yields

[(AR(s,a™(s)), Wk.n — wi)| = 0. (8.31)

On Econt, applying (S.26) to the linear functional = AJ (s, a*(s)) gives
AT (5,0 () B — wi)| < B3/6) AT (5,0 ()l

hence

T * 0
I8, a*llviy = 5576 (5.32)

Now use self-identifiability to certify that AT lies in the on-policy span. Because M™ is self-
identifiable, any suboptimal 7 € Il greedy admits no decoy. Thus Lemma 6.3 applies (on sub-
optimal 7), giving A7 (S, a) € Range(X,(m)) a.s. under S ~ p7. In particular, for s in the wit-
ness event support, A7 (s,a*(s)) € Range(X,(m)). Applying Lemma D.4 (with ¥ = X (7) and
V = Vi.n) yields

IAT (s, a*())lly-2 < 1AF (5, 0% ()5, )1 A/t (En(m) Vi) < L /i,

where the last inequality uses the definition of L (Definition 6.4). Combining with (S.32) gives
(S.29). |

S.6.3 Counting witnessed mistakes via an information budget

Define the indicator of suboptimality at episode k:

k
Ik- = l{V{:—M* < VlfM*} .
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For each episode k with I, = 1, Assumption 6.8 guarantees the existence of a stage hy, € [H] such
that

P(QZ:(Sk,hk) > ’]:k—l) > po. (S.33)

(When I = 0, define hy := 1 arbitrarily.) Define the witness indicator
Wi = I - 1{92:(Sk.,hk) > ’Yo} :
Then W, € {0, 1} is Fi-measurable and by (S.33) we have

EWk | Fi-1] > polk. (5.34)

Lemma S.6.2 implies that on .oy, every time Wy = 1 we must have

> p? = L. .
Pkhe = N U] 3(5/6) L (8.35)

Therefore,

K 1 K 1 H K
SWe< 5> ke £ =5 DD bk (S.36)
k=1 k=1

" ==
since hy, € [H| for each k.

We now upper bound Zkl,(zl tx,p, for each stage h by combining (i) a deterministic elliptical-
potential bound on realized squared norms and (ii) a martingale deviation bound that compares
realized squared norms to their conditional expectations.

Lemma S.6.3 (Stage-wise information budget) Fix a stage h € [H]| and define X =

|EFS ‘%/[ﬁ and ., = E[Xypn | Fre—1] as in (S.28). Then for any 6 € (0, 1), with probability
at least 1 — 0,
al K 4. 41
< 4d1 (1 7) 2 (7) $.37
I;,Uk,h < og|(1l+ 3 + o o8l 5 (S5.37)

Proof. We start with the deterministic elliptical-potential bound for the realized norms:

XK:X —i Vi < 2log VK1) oy (1+ K) 5.38)
2 k,h —k=1$k,h k,h Lhh > ng hS og N (S.

where the last inequality uses ||zx,5|l2 < 1 and the standard determinant upper bound det(AI +

Zszl Ik,hl’;,h) < (A + K)9 (see, e.g., Abbasi-Yadkori et al., 2011).

Now define the martingale difference sequence

3

Dy = pr.n — Xi o, M, = Dy,.
k=1

Then (M, ), >0 is a martingale w.r.t. (F,, ), >0 since E[Dy, | Fi_1] = 0. Moreover, since Vj, , = Al
and ||z pll2 < 1, we have 0 < Xy ), < 1/Xand 0 < g, < 1/X, hence

1
|Dy| < 3 as. (S.39)

Let the predictable quadratic variation be
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Using D < X7, + ., and the bound 2? < £z for z € [0,1/], we obtain

1 2
E[D} | Fr1] SE[XZ ) | Foctl + pin < ~E[Xpn | Fre1] + N Hieh = 31 h-

)\

Therefore,

M=

Vi [t h- (8.40)

<2
=3

el
Il

1

We now apply Freedman’s inequality for martingales with bounded increments: for any ¢ € (0, 1),
with probability at least 1 — 4,

My < 1/2Vi log(%> n 371og((15) (S.41)

using (S.39) (increment bound 1/)).
On the event (S.41), combine (S.40) with Mg = ZkKﬂ(#k,h — X} 1) to obtain

K K K 1 1
;Mk,h < ;Xk,h + )\(;/ﬂc,h) log(g) + ﬁlog(é)

Let S := S pns A = Sr_y Xion + o log(1), and C := 4 log(}). Then S < A ++/CS.
Writing iy = /S gives y> — v/Cy — A < 0, hence

and therefore S = y? < 2C + 2A. Thus,
8. /1 i 2 /1
<23 x 1 () Stog(5) =23 X + 5 log (5 ).
;Mkh Z kh+3/\0g6 + 5 log( 5 kz_:l bt gy log( 5
Finally plug in (S.38) and simplify constants; tightening the numerical constant yields (5.37). W

Applying Lemma S.6.3 with §/(6H) and union bounding over h € [H], we conclude that with
probability at least 1 — 6/6,

14H (GH) (5.42)

K
z::k: i < AHdlog(1+ ) + 1 log (%

S.6.4 Witness counting: from witnessed mistakes to total suboptimal episodes

The last ingredient converts the witness probability pg into a bound on the total number of subopti-
mal episodes.

Lemma S.6.4 (Witness counting for an adaptive sequence) Letr (I, Wk)f:1 be as in (S.34).
Then for any 6 € (0, 1), with probability at least 1 — 4,

ka < 7ZW,€ log((ls) (S.43)

Proof. Define the martingale difference

Zy =Wy, —E[Wy | Fema],  My:=Y  Z.
k=1
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Then E[Z), | F—1] = 0and |Z;| < 1 a.s. By Azuma-Hoeffding, for any ¢ € (0, 1), with probability
at least 1 — 6,

1
zmz_zm%g) (S:44)
Using (S.34) and the definition of Mg we have
K K K
> Wi =Y E[Wi| Feoa]+ Mg >po Y Ix + M.
k=1 k=1 k=1

On the event (S.44), rearranging gives

X 1 & 1 1
S — Y Wit /2K 10g(5).
— Po i~ Po o

This bound is valid but not yet in the desired form. To remove the VK term, we use that Wi, < I
and apply the inequality VK < /. VK < By I+ piOK is too loose. Instead, apply Azuma

only to the sub-sequence of indices with I, = 1 via optional stopping (standard): let T" := Zszl Iy,
and enumerate the random indices r1 < --- < k7 where I,;, = 1. Then (W,,, —E[W,, | Fr,—1])i1
is a martingale difference sequence with increments in [—1, 1] and conditional means at least pg.
Applying Azuma—Hoeffding to this length-T" sequence yields that with probability at least 1 — &,

T

K
S Wi=) W, >
k=1

t=1 t

E[Ws, | Fro—1] — 2Tlog(%) > poT — 2Tlog(%).

[M]=

1

fr <=5 1og( ) then (S.43) holds trivially since ) S W}, > 0. Otherwise, /2T log(1/9) < BT
hence Z Wk > BT, ie, T <= Z W. Combining the two cases yields (S.43). [ ]

S.6.5 Proof of Theorem 6.9

Proof of Theorem 6.9. Work on the intersection of the three high-probability events: (i) Econt
from Lemma S.6.1 with level 6/6, (ii) the stage-wise information budgets (S.42) from Lemma S.6.3
union-bounded over h with total failure probability §/6, and (iii) the witness-counting event (S.43)
from Lemma S.6.4 with failure probability §/6. By a union bound, this intersection holds with
probability at least 1 — ¢/2; we may absorb constant factors in 4.

On Eeont, by (S.35)~(S.36) and (S.42),

X ) K\ 14H  /6H 0
ZWk<nQ<4Hdlog(1+/\)+3)\l (5))’ WZW'
k=1

Applying Lemma S.6.4 gives

ka<7ZWk+ 1og(5) p02772 (4Hdlog(1+l/\<>+1§fl (6f)>+p8310g(§).

Finally, since rewards lie in [0, 1], per-episode regret is at most H, hence

K
Reg(K) = (Vl* ) < Hsz~

,_n

Plugging the bound on Y~ I;; and 2 = (3(6/6) L/’yo) yields

Reg(K) < C . 6/6 (d ilog(?)) + 02]%1%((15)7
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for universal constants C1, Cy > 0.

Substituting the explicit form (S.27) and using the crude bound log(1 + £) < log(£E) for K > 2

and § < 1/2, we obtain the stated 6(1og K) dependence and recover the form of Theorem 6.9 up
to universal constants and harmless logarithmic factors. (When X is a fixed constant, the additional
(1/X) log(H/0) term is absorbed by the same polylogarithmic envelope.) [ |

Remark S.6.5 (Where the margin is used) The only use of Assumption 6.8 is in (S.33): it converts
“n* is suboptimal” into a constant-probability event that forces a witnessed advantage of size at
least ~vo. This, combined with Lemma S.6.2, yields a deterministic lower bound on py, p, whenever
Wy, = 1. The remainder of the proof is a counting argument showing that the total )", , [k, p is
bounded by a polylogarithmic information budget. ’

S.7 Relationship to diversity assumptions and additional structural
corollaries

This section records (i) simple sufficient conditions—of the kind commonly called feature diver-
sity | covariate diversity | persistent excitation—under which decoys are ruled out, and (ii) a few
structural corollaries that re-express our geometric obstruction in equivalent forms. These results
clarify precisely what is gained (and what is not needed) by classical full-rank conditions used in
exploration-free analyses of greedy methods in contextual bandits and linear RL (Bastani et al.,
2021; Civitavecchia & Papini, 2025).

S.7.1 Diversity conditions as sufficient conditions for self-identifiability

The most direct way to preclude decoys is to ensure that on-policy covariances never have nontriv-
ial nullspaces. This is stronger than necessary (cf. Proposition 6.10), but it yields immediate and
interpretable corollaries.

Assumption S.7.1 (Uniform on-policy diversity / persistent excitation) There exists Ao > 0 such
that for every deterministic ™ € Iliin.grecay and every stage h € [H],

En(m) = Aol (5.45)
where £, () = Esnpr [05 (S, 74 (S)) o1 (S, 71 (S)) '] is as in (12).

Proposition S.7.2 (Uniform diversity implies no decoys (hence self-identifiability)) Fix M* €
M. If Assumption S.7.1 holds, then no policy m € lljin.greedy admits a decoy relative to M*.
In particular, M is self-identifiable (Definition 4.4).

Proof. Fix any deterministic 7 € Iljjn greedy and any b € [H]. Assumption S.7.1 implies X (7) >
0, hence Null(X; (7)) = {0}. Therefore, there does not exist a nonzero u satisfying (14) at any
stage. By Theorem 5.4(1) (necessity: decoy = witness (14)), m cannot admit a decoy. Since 7 was
arbitrary, no policy in ITjin_greedy admits a decoy, and therefore M ™ is self-identifiable. |

Proposition S.7.3 (Uniform diversity bounds the leverage constant) Under Assumption S.7.1
and the bounded-feature condition ||pp(s,a)ll2 < 1, the leverage constant L from Definition 6.4
satisfies

2
L< —.
Vo
Proof. Fix 7, h. Under (S.45), ¥, (7))t = £p,(7)~! < \; 1. Hence for any (s, a),
AR (s, a)llz _ l#n(s,a)ll2 + l¢n(s, mn(s))ll2

2
< < .
Vol Vo = Vo

Taking max,, then ess SUPg~pr then sup,. ), yields L < 2/ Ao- ]

1A7 (s a) s, (myt <
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Connection to prior ‘““diversity”’ assumptions. Assumption S.7.1 is a strong (uniform) sufficient
condition. It is representative of the kind of feature-diversity / persistent-excitation hypotheses under
which purely greedy methods are known to be no-regret in contextual bandits and linear RL (e.g.,
covariate diversity in contextual bandits (Bastani et al., 2021) and feature-diversity-style conditions
in exploration-free greedy LSVI (Civitavecchia & Papini, 2025)). Our main theorems sharpen this
picture: full-rank covariances are not necessary to rule out decoys; what is necessary/sufficient
(under Assumption 5.3) is the absence of action-sensitive nullspace directions.

S.7.2 Equivalent geometric forms and additional corollaries

This subsection records equivalent ways to state the “no action-sensitive nullspace” condition. These
equivalences are purely linear-algebraic and do not require any RL-specific structure.

Lemma S.7.4 (Equivalent forms of ‘“no action-sensitive null directions”) Fix a deterministic
Markov policy w and a stage h € [H|. The following statements are equivalent:

1. Null(2,(m)) C Null(T'y,(7)).

2. Range(T's (7)) C Range(Xp(7)).

3. Forevery a € A we have AT (S, a) € Range(X, (7)) a.s. under S ~ pf.

Proof. Because X (7) = 0 and ['y(7) = 0, we have Range(M) = Null(M)* for M €
{34 (7),Tx(m)}. Thus (1) is equivalent to Null(T',(7))* C Null(X5(7))+, i.e. (2).

Next, (3) holds iff for every a € A and every u € Null(X, (7)),

UTAZ(& a) =0 as.under S ~ pJ,

since Range(X, (7)) = Null(Xy,(7))t. By Lemma 5.2, the latter statement is equivalent to u €
Null(T'y,()) for every u € Null(X()), i.e. (1). |

Lemma S.7.4 makes explicit what full-rank “diversity” is buying. Full-rank X, () forces
Null(Zp (7)) = {0}, so (1) holds trivially. Our characterization shows that one only needs (1)
(equivalently (3)), which allows rank-deficient Xy, (7) provided its nullspace is action-insensitive on
visited states.

Corollary S.7.5 (Self-identifiability via action-insensitive nullspaces) Assume Assumption 5.3.
Fix M* € M. For a suboptimal m € Iiin._grecdy, the following are equivalent:

1. m does not admit a decoy relative to M™*.
2. For every stage h € [H|, Null(X, (7)) C Null(T'y,()).

Consequently, M* is self-identifiable iff every suboptimal 1 € Ijin.greedy Satisfies Null(X, (7)) C
Null(T'y, () for all h.

Proof. Fix suboptimal 7. By Theorem 5.4, under Assumption 5.3 we have: 7 admits a decoy iff
there exist & and u # 0 with v € Null(X;, (7)) \ Null(T'; (7)), which is equivalent to the negation
of Null(3, (7)) C Null(T'}, (7)) at some stage. [ |

Contextual bandits (H = 1). When H = 1, our trajectory-law notion of observational equiv-
alence reduces to equality of the single-step observation law, and Corollary S.7.5 provides an RL
analogue of “decoy-freedom” / identifiability conditions studied for greedy methods in bandits (Bas-
tani et al., 2021; Slivkins et al., 2025). In particular, any bandit-side covariate-diversity hypothesis
that enforces a uniform lower bound on the relevant on-policy covariances implies self-identifiability
via Proposition S.7.2.
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S.8 Additional examples, robustness, and optional experiments

This section collects (i) additional explicit instances that sharpen the qualitative/quantitative dis-
tinction between self-identifiability and learning rates, (ii) robustness observations about the role
of deterministic tie-breaking and reward noise, and (iii) an optional set of lightweight simulation
protocols that empirically illustrate the theory. None of the statements below are used in the main
proofs; they serve as sanity checks and to clarify scope.

S.8.1 Self-identifiable instances with arbitrarily large leverage constant L

Theorem 6.7 is qualitative in self-identifiability but quantitative in the leverage constant L (Defini-
tion 6.4). The next construction shows that L can be made arbitrarily large even when the instance
is self-identifiable (indeed, even when all relevant on-policy covariances are full rank). This clar-
ifies that self-identifiability alone is not a conditioning assumption; it is only a decoy-elimination

property.

Proposition S.8.1 (Self-identifiable yet ill-conditioned: L can be arbitrarily large) For any p €
(0,1) and any € € (0, 3], there exists a horizon-H = 1 instance M* € M (hence a contextual
bandit) that is self-identifiable relative to Iliiy greedy, yet satisfies L > 1 / \/P- In particular, L can
be made arbitrarily large (by taking p | 0) while maintaining self-identifiability.

Proof. We construct an H = 1 instance with S = {sg,s1}, A = {0,1}, d = 2, and initial
distribution z1(s1) = p, u(s0) = 1 — p. Let e1, 5 be the standard basis of R? and define features

$1(50,0) = ¢1(s0,1) = ey, $1(51,0) = ceq, $1(s1,1) = 2ees.

These satisfy [|¢1(s,a)||2 < 1 because ¢ < 3. Define deterministic rewards with mean
r1(s,a) = (P1(s,a), w*), w* = e,

so that r1(sg,a) = 0, r1(s1,0) = &, and 71(s1,1) = 2¢ € [0,1]. Since H = 1, linear Bellman
completeness holds trivially (the Bellman operator returns 1), and Q7 = r1 € Q; with bounded
parameter norm |[w* |y = 1.

Self-identifiability. The only suboptimal greedy-representable policies are those that choose action 0
at s1 (choices at sg are immaterial since both actions have identical features and rewards there). Fix
any such suboptimal deterministic . Under , the on-policy feature is e; at s and €es at s, hence

1-p O
El(’”) = (17}7) 61€I+p€2€26; = ( 0 p€2>a

which is full rank since p,e > 0. Therefore Null(X; (7)) = {0}, so the geometric decoy witness
condition (14) cannot hold for 7 at stage h = 1. By the necessity direction of Theorem 5.4(1),
m does not admit a decoy. Since every suboptimal m € Il greedy has this same property, M* is
self-identifiable (Definition 4.4).

Large leverage. For the same suboptimal 7, at s; we have
AT(Sl, ].) = ¢1(81, 1) - ¢1(81, 0) = ge€o.

Because X () is diagonal, ¥ (7)" = diag((1 — p)~!, (pe2)~1). Thus

i 1 1
AT (o1, Dl oy =y e2) TR () (eea) = o2 5 = .

Hence L, (7) > 1/,/p and therefore L > 1/,/p by Definition 6.4. [ ]
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Remark S.8.2 (Interpretation and connection to design-dependent hardness)
Proposition S.8.1 is a one-step illustration of a general phenomenon familiar from linear
bandits: even when the model is identifiable, rare contexts (small p) induce ill-conditioned design
matrices and large prediction uncertainty in directions that matter for action selection, which is
precisely what L quantifies in our analysis; see, e.g., Abbasi-Yadkori et al. (2011).

S.8.2 Decoys allow failure but do not force it: instance-level vs. class-level dichotomy

Theorem 6.1 is existential: decoys allow (not force) linear regret. The next simple observation
makes this scoping explicit on the canonical lower-bound instance.

Proposition S.8.3 (Same instance, different tie-breaking: decoy exists but Reg(K) = 0)
Consider the H = 2 instance M* from Theorem 6.1 (Appendix C). There exists a deterministic
tie-breaking rule such that running GREEDY-LSVI on M* yields Reg(K) = 0 for all K, even
though the suboptimal policy m that always selects action 0 at stage 1 admits a decoy relative to
M*.

Proof. Use the same M™ as in Appendix C, but fix tie-breaking to favor action 1 whenever
Qr1(5,0) = Qpr1(s,1). Inepisode &k = 1, Q11 = 0, hence the greedy choice is A;; = 1.
The algorithm visits z; at stage 2 and observes reward 1. It follows that the stage-2 ridge estimate
has a positive es component, so ‘/272(331) > 0, and the stage-1 target for action 1 becomes strictly
larger than that for action 0. Inductively, the greedy action at stage 1 remains 1 forever, and the agent
achieves the optimal value V}* = 1 in every episode, hence Reg(K) = 0.

Separately, the decoy for the trapped policy m = 0 described in Appendix C (modifying the unvisited
branch reward at 1) exists regardless of the tie-breaking rule: it is a property of the instance and the
policy 7, not of the learning algorithm. Thus a decoy exists for a suboptimal greedy-representable
policy, but GREEDY-LSVI need not follow that policy. |

Remark S.8.4 Proposition S.8.3 is the simplest illustration of why our “sharp dichotomy” is
a class-level success/failure characterization (decoys allow adversarial failure), rather than an
instance-level iff guarantee that GREEDY-LS VI must fail whenever any decoy exists.

S.8.3 Robustness to stochastic tie-breaking at episode 1

A common question is whether random tie-breaking suffices to avoid the linear-regret trap. In the
lower-bound construction, random tie-breaking only affects the first episode; afterwards, the algo-
rithm becomes strictly greedy with no ties. Hence linear regret persists in expectation whenever the
“bad” first action has nonzero probability.

Proposition S.8.5 (Random tie-breaking still yields linear expected regret) Consider the in-
stance M™ in Theorem 6.1. Suppose GREEDY-LSVI breaks ties at episode k = 1 by choosing
action 0 with probability q € (0,1). Then for all K,

EReg(K)] = J K.

[\CR Rt

Proof. On M™, the only tie occurs at episode k = 1 and stage 1 when @1’1 =0.If A;; =1, then
the algorithm visits x; and the same inductive reasoning as in Proposition S.8.3 shows it remains
optimal thereafter, yielding zero regret in all subsequent episodes.

If A1 = 0, then Appendix C shows that the algorithm remains trapped and chooses A ; = 0 for
all k, incurring per-episode regret 1 — 1/2 = 1/2. Therefore,

1
E[Reg(K)] = (41,1 = 0) - 5K +B(41,1 = 1) -0 = %K

which proves the claim. ]
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Remark S.8.6 Proposition S.8.5 shows that “random tie-breaking” is not an exploration strategy in
the sense needed to break decoys: it only affects measure-zero events (ties), and on the lower-bound
instance those events occur only at initialization.

S.8.4 Robustness of the linear-regret trap to reward noise

Our lower bound uses deterministic rewards for transparency. The trap is not an artifact of deter-
minism: it arises from the fact that the algorithm never observes the relevant feature coordinate. The
following variant makes this explicit.

Proposition S.8.7 (The trap persists under stochastic rewards with the same means) Consider
the H = 2 construction in Appendix C, but replace the deterministic stage-2 reward at xqy by
an independent Bernoulli reward with mean 1/2 (keeping all other rewards deterministic as in
the construction). Then, with the same deterministic tie-breaking toward action 0 at episode 1,
GREEDY-LSVI still satisfies E[Reg(K)] = 3 K.

Proof. The key property used in Appendix C is that, as long as the algorithm never visits 1, all
stage-2 feature vectors are eq, so the stage-2 ridge estimate always satisfies (ea, Wi 2) = 0 exactly.
This remains true regardless of reward noise. Indeed, by » in (8) is always a multiple of ey, so the
second coordinate of Wy, 2 = kazl by, 2 1s identically zero.

Consequently ‘7]%2(3?1) = 0 for all £, so the stage-1 regression target for action 1 remains 0 on
all past data, and the e, coordinate of @wy 1 remains 0. Meanwhile the e; coordinate of Wy ;1 is
nonnegative (since the observed rewards and thus the targets are nonnegative), so the greedy choice
at stage 1 remains action 0 for all episodes. Therefore the agent always receives expected return 1/2
while the optimal return is 1, yielding expected per-episode regret 1/2 and hence E[Reg(K)] = 1 K.

-2
|
S.8.5 Optional experiments: simple simulations illustrating decoys and conditioning

This subsection is optional and purely illustrative (not used by any theorem). The goal is to provide
a minimal simulation suite that (i) reproduces the trap in Theorem 6.1, (ii) visualizes the dependence
of learning speed on the leverage/conditioning parameter in Proposition S.8.1, and (iii) shows the
qualitative effect of adding explicit exploration (e.g., optimism) as in LSVI-UCB (Jin et al., 2020).

E.1 Instances. We recommend the following three families, all fully specified by the preceding
sections.

1. Decoy trap (linear regret). Use the H = 2 instance from Appendix C (deterministic or
Bernoulli reward variants).

2. Self-identifiable but ill-conditioned. Use the H = 1 instance from Proposition S.8.1. Vary
p e {107%,1072,10~ "} to sweep the leverage constant L < 1/,/p.

3. Margin-controlled switching (qualitative). Construct a simple H = 1 instance with a uniform
gap 7o between the best and second-best action on a pg fraction of contexts, to qualitatively
illustrate Assumption 6.8 and the log-regret phenomenon of Theorem 6.9 (compare also the ban-
dit “margin” intuition in Bastani et al., 2021 and the decoy-based perspective in Slivkins et al.,
2025).

E.2 Algorithms. Implement:

1. GREEDY-LSVI (Algorithm 1) with fixed deterministic tie-breaking and ridge parameter A €
{1073,1072,1071}.
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Optionally, an optimistic baseline such as LSVI-UCB (Jin et al., 2020) (same regression back-
bone but with an exploration bonus), to emphasize that optimism breaks the decoy trap by forcing
visits to the unobserved branch.

Optionally, a randomized-value-function baseline (Osband et al., 2019) (for tabular/linear cases
this can be implemented by Gaussian perturbations of regression targets), to illustrate deep ex-
ploration mechanisms outside explicit UCB bonuses.

E.3 Metrics and plots. For each K € {102,...,10%}, plot: (i) cumulative regret Reg(K) (or its
Monte Carlo estimate), (ii) per-episode regret, and (iii) the number of times each action is selected
at each stage. For the ill-conditioned H = 1 family (Proposition S.8.1), also report the empirical
condition number of the design matrix Vk ; and compare it to the theoretical dependence on p.

E.4 Expected qualitative outcomes.

On the decoy trap instance, GREEDY-LS VI exhibits linear regret, while exploration-based meth-
ods (optimism or randomization) escape quickly.

On the ill-conditioned self-identifiable family, GREEDY-LS VI eventually learns, but the sample
size required to reliably distinguish actions at the rare context s; scales inversely with p, consistent
with L =< 1/,/p and the design-dependent nature of ridge regression (Abbasi-Yadkori et al., 2011).

On margin-controlled families, once confidence widths fall below ~g, greedy policies switch
rapidly, qualitatively matching the mechanism of Theorem 6.9.

Remark S.8.8 (Reproducibility) To make the simulations reproducible, fix a pseudorandom seed,
report the number of trials, and include the exact tie-breaking convention. In the decoy trap instance,
the entire behavior of GREEDY-LS VI depends on the first-episode tie-break (Propositions S.8.3 and
S.8.5).



