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Summary

We study model-free policy optimization algorithms for regret minimization in infinite
horizon average reward Markov decision processes. Optimal regret bounds in this setting are
only available under the restrictive uniform mixing assumption which states that, regardless
of the policy one uses, the underlying Markov chain converges to its stationary behavior at a
constant exponential rate. In this paper, we challenge this strong assumption and present the
first provably efficient policy optimization method for infinite horizon average reward Markov
decision processes without any mixing time dependence. Our algorithm achieves the opti-
mal O(\/T) regret assuming only a data coverage condition and the existence of a recurrent
state that is re-visited within a finite expected time under all policies. Our results are obtained
through a novel randomized episode length which allows us to leverage the Markov chain’s
renewal property.

Contribution(s)

1. This paper improves understanding of online policy optimization (PO) in in average reward

Markov Decision processes (AMDPs). Specifically, we present a PO algorithm for online
reinforcement in (AMDPs) with tight regret guarantees without any assumptions regarding
aperiodicity or the mixing time of the underlying Markov chain.
Context: While there are existing algorithms that achieve regret with optimal scaling in
T under general assumptions (e.g. weak communication as in Zhang & Xie (2023)), these
algorithms are not based on PO. Work studying policy optimization in particular for online
learning in AMDPs has relied on the assumption of uniformly bounded mixing time across
all policies to achieve sub-linear regret guarantees (Abbasi-Yadkori et al., 2019; Wei et al.,
2020; Hao et al., 2021).

2. Our algorithm utilizes the Markov chain’s renewal property and a randomized episode
length, allowing sample trajectories to be partitioned into i.i.d. regenerative cycles defined
by visits to a single recurrent state 5. Our results show that this design is provably efficient
under appropriate assumptions.

Context: A similar idea has shown empirical promise for queuing network control prob-
lems (Dai & Gluzman, 2022), but theoretical regret guarantees are missing.

3. We show that our algorithm achieves O (\/ AC,oy hﬁT) regret after T steps, which is optimal
in T. Here & is an upper bound on the expected time to visit 5, Ccoy is a distribution
mismatch coefficient, and A is the number of actions.

Context: To our knowledge, the only policy optimization algorithm for AMDPs with

optimal regret scaling in T is due to Wei et al. (2020) with a bound of O ( & CCOVAT>,

mix

which depends on the mixing time %y
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Abstract

We study model-free policy optimization algorithms for regret minimization in infinite
horizon average reward Markov decision processes. Optimal regret bounds in this set-
ting are only available under the restrictive uniform mixing assumption which states
that, regardless of the policy one uses, the underlying Markov chain converges to its
stationary behavior at a constant exponential rate. In this paper, we challenge this
strong assumption and present the first provably efficient policy optimization method
for infinite horizon average reward Markov decision processes without any mixing time
dependence. Our algorithm achieves the optimal O(ﬁ) regret assuming only a data
coverage condition and the existence of a recurrent state that is re-visited within a finite
expected time under all policies. Our results are obtained through a novel randomized
episode length which allows us to leverage the Markov chain’s renewal property.

1 Introduction

Online reinforcement learning (RL) is a sequential decision making framework in which an agent
attempts to learn an optimal policy to maximize its overall reward through interactions with an un-
known environment. The problem has been extensively studied within the framework of Markov
decision processes (MDPs) in episodic environments with a finite time horizon. However, the pow-
erful “forced reset” property of episodic settings often no longer holds in real-world settings such as
in inventory management (Giannoccaro & Pontrandolfo, 2002) or admission control (Weber et al.,
2024), where decisions must be made ceaselessly over time. The infinite-horizon average reward
Markov decision process (MDP) formulation is more appropriate for such applications.

This work focuses on policy optimization (PO) algorithms for average-reward MDPs (AMDPs).
These algorithms update the policy directly through alternating steps of policy evaluation and pol-
icy improvement. When compared to other methods such as Q-learning, PO enjoys a number of
practical benefits, specifically in high-dimensional settings (Kozlica et al., 2023). For example, PO
naturally adapts to continuous action spaces. Even for large, discrete action sets, computing the
next action is more efficient since we only need to sample from a categorical distribution, rather
than compute an expensive argmax over all actions as in Q-learning. Due to these advantages, many
widely used algorithms, including REINFORCE (Williams, 1992), NPG (Kakade, 2001), and TRPO
(Schulman et al., 2015) fall under the PO framework.

The benefits of PO have spurred significant interest in its theoretical understanding, particularly the
design of no-regret algorithms for online RL. However, because of the unique difficulties involved
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with AMDPs, PO algorithms with optimal regret bounds in this setting have only been obtained
under rather restrictive assumptions.

While model-based algorithms (Jaksch et al., 2010) and model-free Q-learning methods (Zhang &
Xie, 2023) have achieved optimal regret bounds under the widest possible class of weakly com-
municating MDPs, these algorithms are not based on PO. In fact, existing PO algorithms are only
guaranteed to have sub-linear regret under significantly stronger requirements. Namely, prior work
(Abbasi-Yadkori et al., 2019; Wei et al., 2020; Hao et al., 2021) has assumed that the MDP is uni-
formly ergodic over all policies, which means that each policy induces an irreducible, aperiodic
Markov chain, along with a uniform lower-bound on the stationary measure of each chain and a
uniform upper-bound on the mixing time. This latter assumption allows one to approximate every
policy’s stationary distribution by ‘burning in’ a few steps, with accuracy improving exponentially
and uniformly over all policies. But, the worst-case mixing time can be extremely large if some
policy induces an almost periodic chain or even infinite if any policy induces a periodic chain (e.g,
periodic MDP (Aniket & Chattopadhyay, 2024)).

Given this significant gap in our theoretical understanding of PO in AMDPs, this paper is motivated
by the following question.

Question. Is it possible to design a policy optimization algorithm for infinite horizon average re-
ward MDPs with O(\/T) regret guarantees under the weakest possible assumptions (e.g., weak
communication)?

In this paper, we make progress towards addressing this gap. In particular, we show that the mixing
time dependence can be removed. Our key observation is that even in the absence of mixing, under
suitable conditions, we can design an efficient algorithm using only the recurrence properties of the
underlying Markov chain. Specifically, a sufficient property is the existence of a single state 5 which
is visited in average time at most h starting from any other recurrent state. This class of MDPs is
strictly larger than the class of uniformly ergodic MDPs, capturing those with periodic behavior.
Moreover, even if the MDP is ergodic and has a bounded mixing time ¢,ix, the parameter h may be
much smaller than ¢,;x. This is often the case for Markov chains that are almost periodic:

Example 1.1. Consider the simple example of a Markov chain on two states, s1 and s3, where the
chain stays in place with probability 0 < 6 < 1/2, and moves with probability 1 — 6. By analyzing
the spectral gap of the transition matrix, one can show that the mixing time of this chain is ©(51).
However, one can also show that the expected time to visit s started from either state is at most two.
We give more details of this construction in Section 7 of the supplement and show how a family of
similar examples on larger state spaces can be constructed.

Our perspective and analysis of PO algorithms for AMDPs in this work differ significantly from the
literature. We make the following simple yet fundamental observation: The trajectory of an AMDP
decomposes into i.i.d. excursions ( ‘regenerative cycles’) from a regenerative state s back to itself due
to the strong Markov property. We view each regenerative cycle an effective ‘episode’ embedded in
AMDP, but with the key complication that the episode length is random. The worst-case expected
episode length is what we control by the hitting time /. This approach naturally does not rely on any
notion of mixing. Notably, a version of PPO (Schulman et al., 2017) leveraging a similar algorithmic
structure was implemented for larger scale queuing network tasks by Dai & Gluzman (2022) and
showed empirical success. In this paper, we show that this approach is provably sample efficient.
Our contributions are summarized below.

Contributions

* We improve the understanding of PO in AMDPs by designing an efficient, model-free algorithm
for online learning in AMDPs. To our knowledge, our method is the first PO-based algorithm to
guarantee provably accurate, efficient estimates without the assumption of aperiodicity or mixing.
We achieve this by randomizing the episode length such that sample trajectories can be partitioned
into i.i.d. regenerative cycles defined by visits to a single recurrent state 5. In this way we can
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construct uncorrelated value function estimates for variance reduction without knowledge of the
mixing time.

* Combining our policy evaluation procedure with optimistic mirror descent, we show that our
algorithm achieves o) (\/ACCOVhGT) regret after ' steps, which is optimal in 7. Here h is an
upper bound on the expected time to visit S, C,y is a distribution mismatch coefficient, and A is
the number of actions.

Notation. We let P be the probability distribution of the Markov chain induced by policy 7 con-
ditioned on starting from state s and let ET denote the expectation with respect to this measure.
Similarly, PPY , and ET , are the probability measure and expectation conditioned on starting from
state s and taking action a. For two real numbers a, b, we use a A b for min{a,b}. We use the
notation X = O(Y) and X < Y if there is an absolute constant C' that does not depend on X or
Y such that X < CY. The notation X = O(Y’) omits logarithmic terms. Given a finite set X, the
notation A(X) refers to the set of probability measures on X', which we view as vectors in R,

2 Related Work

Initial work on online RL for average reward MDPs mainly focused on model-based methods. The
breakthrough algorithm UCLR2 (Jaksch et al., 2010) achieves near optimal regret in communicating
MDPs. This was later extended to weakly communicating MDPs by Fruit et al. (2018b;a). However,
the high storage cost of these model-based algorithms makes them impractical for applications with
large state-action spaces. So, a more recently line of work focuses proving tight regret bounds
for model-free algorithms. We can roughly divide these into two categories: value-based (i.e. Q-
learning) approaches, and PO.

Q-learning. In one of the first papers to address the model-free problem, Wei et al. (2020) showed
that, using the discounted approximation technique, a version of optimistic Q-learning has O(T2/ 3)
regret for general weakly communicating MDPs. The scaling in 7" was later improved to O(\/T) by
the UCB-AVG algorithm of Zhang & Xie (2023). Very recently Agrawal & Agrawal (2025) showed
that another version of optimistic Q-learning attains O(+/T’) regret. Their results holds under an
assumption similar to our Assumption 4.2, where h is an upper-bound on the expected time to visit
a fixed recurrent state. This is stronger assumption that weakly communicating. In particular, it
implies the MDP is unichain.

Specific to AMDPs, one potential advantage for PO over Q-learning lies in its computational and
space complexity. For rate optimal regret, both Zhang & Xie (2023) and Agrawal & Agrawal (2025)
introduce modifications to the standard Q-learning framework that sacrifice computational complex-
ity. In certain settings, such as when S is very large or when the parameter h is much larger than S,
our algorithm may have a computational advantage See Section 8 for details.

Policy Optimization. Most closely related to present work are the PO algorithms of Abbasi-Yadkori
etal. (2019); Wei et al. (2020); Hao et al. (2021) with regret guarantees for online learning in tabular
AMDPs. The algorithms from these papers each require the uniform mixing assumption mentioned
in the introduction. Specifically, this is the requirement that the quantity

tmix 1= supinf{t > 1 : max| PL(s,-) — u™||rv < 1/4} (D

is finite. The regret bounds in all aforementioned works depend on #,;x in a non-trivial way, with
performance decaying as t,ix grows. See Table 1 for a concise comparison of their results with ours.

Outside the tabular setting, other work on PO algorithms for AMDPs include those of Wei et al.
(2021); Zhang & Ross (2021); Suttle et al. (2023); Bai et al. (2024); Agnihotri et al. (2024); Patel
et al. (2024). In particular, the work of Suttle et al. (2023) is relevant to ours. They analyze an
actor-critic algorithm for AMDPs and share our high-level goal of alleviating the dependence on
mixing times. However, there are two primary differences between their work and ours. First, they
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analyze their algorithm from a nonconvex optimization perspective, whereas we focus on regret
analysis. Second, while they do not assume a uniform upper bound on the mixing time for each
policy, the finite-time bounds in their Theorem 4.7 still depend on the worst-case mixing time of all
policies encountered by the algorithm. In contrast, our analysis and results are entirely independent
of mixing times.

In addition to the previously mentioned work of Dai & Gluzman (2022), we remark that Gopalan &
Mannor (2015); Adler & Subramanian (2023) also design reinforcement learning algorithms based
on returns to a recurrent state. However, these algorithms focus on a Thompson sampling approach
as opposed to policy optimization.

Table 1: Comparison of existing regret bounds for model-free RL algorithms in infinite-horizon
average reward MDPs with S states, A actions and T steps. The notation sp(v*) is the span of the
optimal value function, ¢ is the worst-case mixing time, tpj is the maximum inverse stationary
state-visitation probability under any policy, and Coy < tpy is a distribution mismatch coefficient

Algorithm Regret Method Assumptions
Optimistic Q-Learning Wei et al. (2020) 0] (sp(v*)(SA)Y/3T%3)  Q-learning Weakly Communicating
UCB-AVG Zhang & Xic (2023) o) (SsAzsp(v*)ﬁ) Q-learning Weakly Communicating
Opimistic Q-Learning Agrawal & Agrawal (2025) 0 (hSS VAT ) Q-learning Recurrent state
POLITEX Abbasi-Yadkori et al. (2019) tiixthan:"M Policy Optimization ~ Uniform Mixing
MDP-OOMD Wei et al. (2020) 1) (m) Policy Optimization  Uniform Mixing

AAPI Hao et al. (2021) O (12, (CawSA)V3T?/3)  Policy Optimization  Uniform Mixing

This work 0 (VACI°T) Policy Optimization ~Recurrent state

3 Preliminaries

We consider an infinite-horizon average reward MDP (S, A, P,r) where S and A are the state and
action spaces respectively, P : S x A — A(S) is the transition kernel, and r : S x A — [0, 1] is the
reward function. In this paper we assume that S := |S| and A := |.A] are finite. The agent’s rule for
decision making is its policy  : S — A(.A) which maps each state to a distribution over actions. At
each time step ¢, the agent observes state s; € S, samples an action a; ~ 7(+|s;), and receives reward
r(s¢, ar). The agent then transitions to a new state s;11 ~ P(+|s, a;). For each 7, these dynamics
define a Markov chain on state space S with transition kernel P™(s,s") = Y w(als)P(s'|s, a).

The average reward of policy 7 starting from state s is

T-1

Uus : 1 s
J7(s) := Tlgnoo TES tz:; r(st,ar)| . (2)

When the Markov chain on S induced by 7 is unichain, i.e., consists of a single recurrence class,
there exists a unique stationary measure p™ satisfying p™ P™ = u”, regardless of whether or not
the Markov chain is aperiodic. In this case, the average reward is a constant independent of the
initial state (Puterman, 2005) and may be written as J™ = > _ s> . 4 1" (s)m(a|s)r(s,a). The
performance of the agent is measured by their regret, Ry := t:_ol(J * — r(s¢,ar)) where J* =
max, J™ is the average reward received following an optimal policy 7*.

In discounted MDPs, the quality of a state-action pair (s, a) under a given policy = may be quantified
in absolute terms as the expected total discounted return following 7 conditioned on starting in state
s and taking action a. In AMDPs, however, the quality of (s, a) cannot be defined in absolute terms.
Rather, it must be measured by the expected return relative to the long-term average J”. Namely,
the relative state-action value function (Q)-function) is the solution to the Bellman equation

Q" (s,a) =r(s,a) — J" + Z P(s's,a)V™(s), 3)

s'eS
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where V7 (s") =3 . 4 m(a|s")Q™ (s, a) denotes the relative value function. Note that for unichain
MDPs, the solution @7 is only unique up to an additive constant. To ensure uniqueness, it is common
to restrict attention to the fundamental solution of the equation (Wei et al., 2020; 2021; Bai et al.,
2024), which is the solution with 3 , 4™ (s)m(a[s)Q™(s,a) = 0. If the induced Markov chain is
irreducible and aperiodic, this solution can be written as Q" (s, a) = ET , [>°,2 (7 (s¢, a¢) — J™)] .
If one assumes uniform mixing, then it can be shown that Q™ (s, a) as defined above is bounded by
O(tmix), which is a key property used by Abbasi-Yadkori et al. (2019); Wei et al. (2020); Hao et al.
(2021). However, without aperiodicity or bounded mixing time, this formula is no longer a reliable
tool for algorithm design; it may not even be well-defined. So new ideas are needed.

Suppose now that § € S is a recurrent state for the Markov chain induced by following policy «. If
the MDP is unichain, the Bellman equation (3) also admits the solution

Ti—1
Q7 (s,a) = Ega[ Z r(s¢, ar) — J’T], 4)
t=0

where 77 = inf{t > 1: s; = 5} is the first return time to 5. This has been observed by Cooper et al.
(2003); Dai & Gluzman (2022); Murthy et al. (2024) among others and proved for completeness in
Lemma 10.1. Combining with the identity

T5-1
1 1
J™ = ﬁEgk r(se,ae) |, (5)
EE | &

we obtain V™ (5) = 0. Therefore, the functions Q™ and V'™ above are the unique solution of (3)
such that V™ vanishes at 5. Since quantity in (4) is well-defined regardless of the mixing properties
of the chain, we elect to construct estimates based on this representation. The crucial algorithmic
advantage of this approach is that if one knows J™, then

1(a = a) o= .
(alod) ; (r(se,ae) — J™) (6)

is an exactly unbiased estimate of Q™ (s, a). Moreover, by the strong Markov property, if T}/ is the
(-th return to 5, then the vectors, Vy = (T} — T/ |, 875 ,ars ,...,Srs_1,a7: 1), that we refer
to as regenerative cycles, are i.i.d. under any fixed policy. Thus, any two random variables which are
functions of disjoint regenerative cycles are independent. We can leverage this to construct multiple
independent estimates of the form (6). Of course, J™ is not known, so it needs to be estimated,

which we do using (5).

4 Assumptions and Algorithm

4.1 Assumptions

We now state the main assumptions needed for our results. First, we assume that each policy induces
an irreducible Markov chain on & and that a data coverage condition holds. We remark that the
assumption of irreducibility will help simplify presentation. It can be easily weakened to allow for
transient states provided the data coverage condition still holds.

Assumption 4.1 (Unichain MDPs and Coverage). Each stationary policy w induces an irreducible

Markov chain on S. Furthermore, there exists a constant C, so that sup,. y s€S F;,,i((ss)) < Cheov-

The coverage condition is common in the analysis of policy optimization (Abbasi-Yadkori et al.,
2019; Wei et al., 2020; Hao et al., 2021; Agarwal et al., 2021). Note that it implies that u™(s) >
Colu™ (s). Therefore, Assumption 4.1 implies as well that ty; := sup,, max,es u%(s) < 0.

Next, we state our key assumption.
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Assumption 4.2 (Bounded expected time to reach a recurrent state). There exists a state 5 € S
known to the algorithm, such that for some h > 0, the following holds: sup, maxses ET[T}] < h.

Assumption 4.2 ensures that § can be reached in at most A steps on average from any other state.
This is important for two reasons. First, without the return time bound as in Assumption 4.2, we
cannot estimate Q™ (s, a) using a finite number of samples in general. Second, it guarantees the
existence of a bounded solution to (3), on which we can develop our optimization procedure.

To clarify, the uniform ergodicity assumption used in (Abbasi-Yadkori et al., 2019; Wei et al., 2020;
Hao et al., 2021; Bai et al., 2024) is the combination of a uniform mixing assumption (1) together
with Assumption 4.1. We reiterate that our assumptions are strictly weaker than uniform ergodicity,
since they allow for periodic Markov chains with infinite mixing time. We can also show (see
Section 7), that uniform ergodicity implies Assumption 4.2.

Finally, we will assume knowledge of h, Cioy, and ty;. This is a limitation shared among many
algorithms for average reward MDPs in the literature, not just restricted to policy optimization (Fruit
et al., 2018b; Zhang & Xie, 2023; Abbasi-Yadkori et al., 2019; Wei et al., 2020). This is because
there is no a priori knowledge of the effective horizon. Quantities analogous to h, namely the horizon
H in episodic MDPs and 1% in discounted MDPs, are often assumed to be known to the algorithm
designer (Moulin & Neu, 2023; Jin et al., 2020).

4.2 Algorithm Details

Our main algorithm (Algorithm 1) proceeds in episodes of random length depending on the time
taken to return to 5. Each episode consists of a round of policy evaluation, where the agent collects
data to estimate the Q-function by interacting with the environment using its current policy. This is
followed by a policy improvement step.

Each episode proceeds as follows. During episode k, we first interact with the environment until
5 is visited a fixed number N; times, as use the collected data to form an estimate, jk, of the
average reward J™*. This procedure is Algorithm 2. This estimate is input to Algorithm 3, which
continues to interact with the environment until s is visited an additional N times. The data from
this trajectory, along with jk are used to form an estimate Qk of the Q-function Q™. We then use
Qk to update the policy.

We adopt the strategy in Wei et al. (2020) to update the policy using optimistic online mirror descent
(OOMD) (Rakhlin & Sridharan, 2013; Wei & Luo, 2018); that is, we maintain two sequences (7r§€)
and (71,) where () is the learner’s policy and (7r},) is an auxiliary sequence. Given the estimate of
the current Q-function Qy, these sequences are updated as following:

g1 () = angmax [n(m, Qu(s, ")) = Dy (m, wi(13))]

TeA(A)
Ty1(]s) = angmax [n(m, Qu(s, ")) — D (m, why (15))] )
TeA(A)
where 1)(m) = =" . 4 logm(a) is the log barrier function, Dy, is its Bregman divergence, and 7

is a step size. One can think of 7}, 41 as the output of a single step of mirror ascent at the end of
episode k. Then 741 is an ‘optimistic’ update that happens before the beginning of episode k + 1
where Q) is used as a prediction of the true () function for the upcoming episode.

Before continuing, we introduce some additional notation. We index the return times to 5 by tuples
(k, ) so that T}; , is the time of the (-th return to 5 during episode k. Accordingly, T}  is the time the
k-th episode starts. Let (F;) be the filtration F; = o(sq, ag, . .., st). For any stopping time 7, F,
is the o-algebra stopped at 7. We will use the shorthand notation Ey, for the expectation E[-|Frs ]
conditioned on the entire history of the algorithm up to the end of episode k — 1. ,
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Algorithm 1 Policy Update

1: Input: 5 (recurrent state) n (step-size)

2: Define: N; = 16ehtni(log T)?, Ng = 10htylog T

3: Inmitialize: 7 (-|s) = m1(:|s) = 51 foreachs € S

4: for k=1,2,...do

5:  Collect trajectory 7T as in (8) following 7 for IV ; regenerative cycles
6: Jx =Estimated(Ts, NJ)

7: Collect trajectory 7Tq as in (9) by following policy 7y, for Ng regenerative cycles
8: foralls € Sdo

9: Qk(s,) = EstimateQ(Tg, mk, s, J*, No)

10: update (7}, (:|s), Tet1(+|s)) according to (7)

11: end for

12: end for

Specifics of Algorithm 2 In order to estimate J™, we exploit the identity (5). Let
T5 = (STifyoyaT,fﬁov"-75T,§YNJ—17CLT,§‘NJ—1) 3

be the trajectory collected by Algorithm 2, which consists of N ; regenerative cycles. We divide this
tra_]ectory into tpi groups of M = N /ty cycles each. For each 1 < j < ty, we first construct
Tj in lines 5-8 which serves as an estimate of (EZ*[T5])~!. More precisely, taking inspiration
from the methods developed by Neu & Bartok (2013; 2016); Neu & Olkhovskaya (2020); Luo et al.
(2021), Tj_l is constructed so that its expectation is close to the first M — 1 terms of the geometric
series expansion of (EZ*[TF])~!. In line 6, each X, is the minimum of parameter L and the
length of the ¢-th cycle in j-th group. Here, L is chosen so that we can guarantee boundedness
of the algorithm’s output without incurring too much error. One can see from the strong Markov
property that Ej[X; ;] = EI*[T¥ A L]. Therefore, by defining Tj_l as in line 8 of Algorithm 2, the
independence of the X; , implies

M—-1 1

H’-‘

1:0

Then, in line 9, we use the last cycle in the j-th group to form one estimate R; of
EZT* tT:f(/)\Lfl r(se, at)} . Finally, a single estimate j» of J™ is formed by multiplying T.’l and
R;. Using independence we have Ey[J;] = Ek[ YEx[R;] and, in view of (5), Ek[ "NEL[R;) ~

J7. Finally, the algorithm outputs the average J k t: t““ J for variance reductlon We remark

that the choice of constructing t;; samples here is theoretlcally optimal, which results in a regret
bound scaling with the smaller C,,, rather than ¢p;. Our results still hold under a smaller number of
samples, e.g. one, with slightly worse dependence on constants.

Specifics of Algorithm 3 Given the value estimate Jk, Algorithm 3 also takes as inputs the policy
T, a target state s for which Q™* (s, -) is to be estimated, and a trajectory

1) (€))

_1,ars

5T k,Nj+Ng

k,Nj+Ng

TQ - (sTnyjvaT,f,NJ Yo
consisting of Ng cycles. The algorithm then loops through the cycles. If s is visited during a cycle,
a single importance weighted estimate (;(s, a) (Line 9 in Algorithm 3) is constructed by summing
the difference between the observed rewards and the estimate .J* from the first visit to s in the cycle
until either L steps are taken or there is a return to 5 at the end of the cycle.

Conditioned on J*, each (;(s,a) is a nearly unbiased estimate (up to the error introduced by trun-
cation) of Q"* (s, a) + EZ*%, [T5](J* — J™).If s is visited in I, < N of the cycles, then the output
of the algorithm is formed by averaging these I, i.i.d estimates for variance reduction. Accurate
estimation of J™ helps ensure the error, E7% [T7] (J¥ — Jm*), is small.
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Algorithm 2: Estimate J Algorithm 3: Estimate )

1: Input: 77 (trajectory), N (total cycles in 7;) 1: Input: To (trajectory),  (policy), s (target state),
2: Define: L = 4ehlogT, M = N [ty J (estimate of J™), Ng (total cycles in T¢q)

3: for j = 1 to tui do 2: Define: L = 4ehlogT

4 m<+— (G-1)M 3: Initialize: I < 0

5: for{=1toM —1do 4: for{ = Nj+ 1to Ny + Ng do

6: Xje Timye = Temie1) NL 5 Co+ (ST,j"L,_l ATE s STE —1 aT§y£71)
7 epjllfor L Mt ) 6: if s € C; then

8 T, ¢ +z Zi:; [T (1= £ X50) 7: I+—T+1

9. Rj ETE;Y;+MA(TI:,m+IM—1+L)*1 r(st, ar) 8: 77 < index of first visit to s in C¢

N A—1_ k,m+M-—1 9: CI(S,G) «—

10: J] «— T] R] n(“r';:”‘> TE,EA(TIS+L)*1 j
11: end for w(als) t=77} r(se ae) —
12: 10: end if

13: 11: end for

14: output J = Klt E?L J; 12: output } Z§=1 ¢j(s,a) if I # 0, otherwise out-

' put 0.

5 Theoretical Analysis

This section presents our main results on policy optimization without mixing. The regret guaranteed
for our algorithm is given in Theorem 5.1 below.

Theorem 5.1. With an appropriately chosen stepsize depending only on T, Ccoy, thir, and h, Algo-
rithm 1 achieves regret E[Ry] < O (v/AC0,h®T) for sufficiently large T.

To our knowledge, this the first policy optimization algorithm for infinite horizon average reward
MDPs to achieve O(\/T ) regret without any reliance on mixing time.

Next give a short sketch of the proof of Theorem 5.1. Full proofs are given in the supplementary
material. The analysis of our algorithm is built on the following key lemma.

Lemma 5.2. For any (s, a), the following hold:
A 3 2
) [ExQu(s,0)] — Q7 (s,a)| < O (20870,
A 2 (o 2 310 3
(i) Ex [(Qi(s,0) — Q7*(s,0))?] < O (mestbh/tuiosT)? | 1005717

mx (als) ™k (8)th Ehir

Ty o—1
We first prove that the regret can be upper bounded by E[ Y=, 57 ~ J* — r(sy, a;)], where K7 is
the number of the first episode to start after time 7". Using the well-known performance difference
lemma and followed by Lemma 5.2 (i) we then show

Tfszyoil Kr—1

IE[ DA r(st,at)] < thhﬁE{ ST T wr(s) i (ls) — m(.s),c@k(s,.»} +0(T73)
t=0 k=1 s
The analysis of online mirror ascent shows that the first term on the right hand side is bounded by
Kr—1
AlogT R . 2
O( 77g ) +1nE Z Zﬂk(a|s)2 (Qk(s,a) — Qk,l(s,a)) ] .
k=1 a

A straightforward argument shows that E[Kp] < %}“ Combining this with the above and using
Lemma 5.2 (ii), we can show that

A2ty log T nTCogyh(log T)3

Ui thit

Choosing a stepsize n = O ( ng"iﬁ) completes the proof.
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6 Conclusion

In this paper, we presented the first provably efficient policy optimization algorithm for infinite
horizon average reward MDPs that does not rely on a uniform mixing assumption. This was done
by exploiting properties of recurrence in the underlying Markov chain. Potential future work could
include extension to include function approximation and infinite state spaces.
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7 Further Discussion of Assumptions 4.1 and 4.2

Here we give a more detailed discussion of Assumptions 4.1 and 4.2 and how they compare to other
average reward MDP models used in the literature.

The weakest assumption frequently made is the requirement that the MDP be weakly communicating
(Jaksch et al., 2010; Fruit et al., 2018b; Wei et al., 2020; 2021; Zhang & Xie, 2023; Hong et al.,
2025). An MDP is weakly communicating if the state space can be divided into two classes. One
class consists of states that are transient for every policy. The other, called the communicating class,
consists of a set of states with the following property: for each pair of states (s, s’) there exists a
policy 7 such that s’ is reachable from s when following 7 (Puterman, 2005). As shown by Jaksch
et al. (2010), the weakly communicating assumption is necessary for efficient online learning. It
is a sufficient property to guarantee the existence of a solution (Q*, J*) to the Bellman optimality
equation

Q*(s,a) +J* =r(s,a) + Z P(s']s,a) max Q" (s', a’)
s’eS ¢

where J* is constant. However, this is not enough to guarantee that for a fixed policy =, J™(s) as
defined in (2) is constant. In this case, solutions Q™ to the Bellman equation

Q" (s,a) + J"(s) = r(s,a) + Z P(s'|s,a)V7(s)

s'eS

may exist, but may only be unique modulo a subspace of dimension greater than one. This is
because, in a weakly communicating MDPs, there can be policies that induce Markov chains with
multiple recurrence classes. As such, the chain’s stationary measure is not unique: there is a different
one for each recurrence class. Moreover, while ¢* is bounded, there is no guaranteed uniform upper
bound on the size of ¢™ as apposed to discounted and episodic MDPs where ﬁ or H provide a
natural upper bound. This seems to make learning with policy optimization style algorithms difficult.
It is not clear how to accurately estimate ¢™ (s, a) in the weakly communicating case, and lack of a
clear upper bound can destabilize the algorithm.

At the other end of the spectrum, the strongest assumption made in the literature is uniform er-
godicity as defined in the main text. This has been assumed by Abbasi-Yadkori et al. (2019); Wei
et al. (2020; 2021); Bai et al. (2024) when studying regret minimization in MDPs. This is strictly
stronger than the combination of our Assumptions 4.1 and 4.2. In particular, whenever ¢ finite,
the following holds:

h< Sl:;p tmix(ﬂ'> 1;%2(;?/“”@)) .

where tix () is the mixing time for the specific polciy 7. See Lemma 13.1 for a proof of this fact.
Though, as discussed in Section 5, uniform mixing does not imply assumption 4.2. We may have
h < oo and yet tpmix = 00 because some policy induces a periodic Markov chain.

Below, we provide some examples to further clarify the difference between our assumptions and
uniform ergodicity.

7.1 Examples

Example 7.1. An MDP on the cycle
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Our first example serves two purposes. It is a construction of a class of MDPs parametrized by a
small, nonnegative number ¢. For any admissible value of €, the MDP satisfies our Assumptions 4.1
and 4.2. However, if ¢ = 0 then there is a periodic policy and the uniform ergodicity assumption
fails. If € is positive, the all policies induce aperiodic Markov chains and the MDP is uniformly
ergodic. Even so h = O(S) but tyy, = O(S?).

Let S = {0,...,n— 1} where n is divisible by four. We consider an MDP where the agent receives
a reward of one for visiting state n/2 and zero otherwise. The action setis A = {L, R}. Fore < 0.3
the transition dynamics are given by

P(i+1modnl|i, L) = 0.7 P(i+1modn|i,R)=1—¢
P(ili,L) =¢ P(ili,R) =¢
P(i—1modnl|i,L) =03 —¢ P(i — 1 mod n|i, R) = 0.

The parameter € represents the probability that the agent stays in its current state. If € is positive, all
policies are aperiodic. If € = 0, then there is a policy which induces a periodic Markov chain.

More specifically, consider the behavior of the induced Markov chain under the policy which deter-
ministically selects action R at every state. Under this policy, viewing the state space as the cycle
graph on n vertices, the agent performs a biased random walk on the cycle with transition proba-
bilities p(i + 1 mod n,i) = 1 — € and p(4,7) = e. If ¢ = 0, the walk is periodic and has infinite
mixing time. Otherwise, the strong counter-clockwise drift slows mixing substantially. To see this,
let d denote the graph distance on the cycle, v, = [ (1 — £)t] mod n, and

My ={i € [n]:d(i,vr) > n/4}.

Now let X; be the random walk on the non-negative integers started at zero that takes a step right
with probability 1 — ¢ and stays put with probability €. Note that ¥; := X; mod n has the same
distribution as the agent’s walk. Moreover, if Y; € M, then |X; — [(1 — €)t]| > n/4. Since
E[X,] = (1 — e)t this implies that | X; — E[X,]| > n/4. So

16Var(X;) 16te(1 —¢)

2 2 '

p'(0, M) = P(Y; € My) < P(|X; — E[X{]| > n/4) <

n n

It is easily seen that this Markov chain has uniform stationary measure. Hence p(M;) = 1/2 and
we get
16te(1 — ¢
I9'0.) 1Ol = p(b) (0.3 > 172 - FEUZE)

which is larger than 1/4 provided ¢ <
order n? for e € (0, 1).

2 . . . . . .
m. Thus, the mixing time of this chain is at least of

To bound the value of A for this chain, we set § = n — 1 and attempt to upper bound E; [T7] for any
j € S. Fix any policy 7 and let p™ (-, -) be the transition probabilities on S induced by 7. Consider
the Markov chain £ on Z which takes a step left or right, or stays where it is according to the same
transition probabilities governing s; under 7. That is

P;(f =k £1&f =k)=pT"(i£1modn,i)ifkmodn =i and P;({7, =k =k) =c.

where the subscript j denotes the distribution of £ when {f = j. Then & mod n has the same
distribution as s;. Note that ET [T "=1] < E;[07] where o7 is the time of the first visit to integer
n—1by¢].

For the final step in the reduction, let 77, be the policy that always takes action L. This is the ‘worst’
case since under any other policy £ has a higher probability of taking a step right towards n — 1. A
coupling argument shows that o> stochastically dominates o7, for any other policy 7. Hence, and
upper bound on E; [o7 %] over all potential starting position j will give us an upper-bound on A.
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This upper-bound follows from a standard martingale argument. When started from integer j, we
can recognize ;' © as a biased random walk

t
=i+ %
=1

where Z, are independent taking values 1, 0, and —1 with probability 0.7, €, and 0.3 — € respectively.
Forany tg > 0, &, — (tAto) ez is a uniformly integrable martingale where pz = E[Z;] = 0.4+¢.
Then by the optional stopping theorem

j=El§g"] = E[{,r — ont pzl-

which implies

Example 7.2. Near periodic Markov chains

These examples are constructions of individual Markov chains, not MDPs. They serve as more
examples of aperiodic Markov chains where some state 5 has a small worst-case expected hitting
time and yet the mixing time is large. This can occur when the Markov chain is only barely aperiodic.
MDPs that experience this phenomenon may have h << tyx.

Consider the following simple example of a Markov chain where this happens: the Markov chain
has only two states,called s; and ss, and for some small 4, it stays in its current state with probability
¢ and transitions to the other with probability 1 — §. So the transition matrix is

) 1-9
1-9 o |
It is well known that the mixing time of a reversible Markov chain can be upper and lower bounded
by the reciprocal of its spectral gap (Levin & Peres, 2017, Chapter 12). The spectral gap is 1 —
max{|A2],|\s|} where

are the eigenvalues of the transition matrix taken with respect to an inner product

(Fog)u = 7 F(s)g(s)nls).

and p is the stationary measure. The eigenvalues of this matrix are 1 and 26 — 1. This gives an
absolute spectral gap of 26, so the mixing time of this chain is ©(6~1). However, if we let 5§ = s,
then the expected amount of time to return to 5 when started from s is 2. This is because the
stationary measure, y, has p(s1) = 1/2 and the expected time to return to s; when started from s;
is 1/u(s1) (Kac’s Lemma). The number of steps required to get from ss to s7 is a geometric random
variable with success probability 1 — 4, so its expectation is 1/(1 — §). So in this example, as § — 0
the expected time to hit 5 is at most 2 but the mixing time diverges to infinity.

This construction can be extended to broader classes by considering a simple random walk on a large
bipartite graph with n vertices and adding a small probability of order 1/n that the Markov chain
stays in its current state every time step. If we choose 5 as a state where the stationary probability
1(5) is ©(1) then the expected time to hit § will be O(1). However, the mixing time will grow with
n. Figure 1 shows upper and lower bounds for the mixing time of a random walk on a star graph
with n leaves and probability 1/n of staying in the same state. If we choose § to be the center of the
star then the expected time to hit § from any state is O(1), but the mixing time is O(n).
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Figure 1: Upper and lower bounds for the mixing time on the star graph vs. number of vertices

8 Computational Complexity

In this section, we briefly analyze the computational and space complexity of Algorithm 1 and
compare it to the Q-learning algorithms of Zhang & Xie (2023) and Agrawal & Agrawal (2025).
The purpose is to demonstrate some of the practical benefits of PO specific to the average reward
setting.

oes . . . - SAT
Proposition 8.1. The expected time complexity of Algorithm 1 is O(TS + T + it )

Proof. During the execution of each episode, we can pre-process the rewards by storing the cumu-
lative summation of the reward trajectory. This allows us to compute the sum of contiguous subsets
of the reward trajectory in constant time. Note that, considering all episodes, this contributes O(T')
to the total time complexity.

Consider Algorithm 3. We need to compute sum for each regenerative cycle of length L = O(h),
which can now be done in O(1) time. There are at most Ng = O(htp;) cycles, which leads to a
computational complexity of O(hty;) to run this algorithm for each state. Since we do this for each

state, we have a total complexity of O(Shthit) for Algorithm 3 in each episode.

Suppose that we run the algorithm for 7" steps. If there are K7 total episodes completed during the
algorithm’s execution, we then have a computational complexity of O(KTS hinie). In Proposition
12.6, we prove that E[Kr| < O(%hl) Hence, we have a total computational complexity of O(T'S)
on average from Algorithm 3.

A similar analysis of Algorithm 2 shows that the computational complexity of executing it once is

O(htyi). Since we only need to execute Algorithm 2 once per episode (rather than .S times), using
the upper-bound for E[K'r] gives the final O(T") complexity contribution of Algorithm 2 on average.

For the policy update, we need to solve a convex optimization problem at each step. Since we use the
log-barrier regularization, there is no closed form solution for this problem. However, the problem
can be solved approximately in time scaling logarithmically with the desired accuracy, and linearly
in the dimension of the problem, which is A. We must do this S times, hence the total complexity

of the policy update is O(SA). On average, the policy is updated at most E[K7] < O (%) times.

This gives a complexity of O(%) for the policy update.

SAT)-

Combining everything, we have a total computational complexity of O(TS +T+ 55

O

In contrast, Zhang & Xie (2023) provide an analysis of the complexity of their algorithm. Proposi-
tion 2 of their paper states that the time complexity of their algorithm is O(SAT + S?T + S*A).
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The factor of S? is due to a span projection operation that keeps their value function estimate within
the space of vectors with span no larger than the span of the AMDP’s optimal value function

Agrawal & Agrawal (2025) do not provide a computational complexity analysis. The main cost is
from the structure that adopts techniques from the episodic setting. They make a similar assumption
to our Assumption 4.2 that there is a state which is visited in expected time at most h. The algorithm
maintains a separate estimate (Q; foreach 1 <i < h

At each time step, computing the next action takes O(A) time due to the argmax operation. Then
the algorithm must update each of h total Q-function estimates, each which takes O(A) time. This
leads to a complexity of O(hAT). Finally, their algorithm performs an O(S) span projection in-
termittently at the end of every K-th epoch where K is a parameter. Based on the recommended
parameters in the paper, one can compute that the projection operation happens a total of O(hS)
times, leading to a contribution of O(hS?). Thus, the complexity of their algorithm is at least
O(hAT + hS?).

Comparing the leading order terms, we see that the computational overhead of Algorithm 1 is lower
by a factor of S compared to Zhang & Xie (2023). The difference is primarily driven by the relative
infrequency of updates in policy optimization compared to the updates occurring every step in Q-
learning.

The computational complexity of Algorithm 1 is roughly comparable to Agrawal & Agrawal (2025)
if h and S are comparable, Algorithm 1 may even be slower if h < S. However, if S < h, then
Algorithm 1 may enjoy a computational advantage.

9 Additional Background on Markov Chains

In this subsection, we briefly review some of the classical Markov chain theory our algorithms are
based on. The lemmas in this section are mostly classical. Full details can be found the books by
Durrett (2019); Levin & Peres (2017).

Lemma 9.1. Let (s;) be an irreducible the Markov chain on S induced by following policy 7 and
let 5 be a recurrent state. Define

vs(s) = Eg Z 1(s; = s)

t=0

Then s is a stationary measure with yz(s) < oo for each s € S.
Proof. See Theorem 5.5.7 in Durrett (2019). O]

Note that v; is not a probability measure. However, if 5 is positive recurrent (as implied by Assump-
tion 4.1) then it can be normalized so that the unique stationary probability measure can be written

1 (8) = etz vs(s)-
We will use this to prove equation (5).
Lemma 9.2. Let p be the stationary distribution on S for the Markov chain induced by policy
and let 5 be a recurrent state. Then
-1

ET | Y r(si,ar) | = EZ [T}
t=0

Proof. Let 5 be the stationary measure defined by 5 as in Lemma 9.1 and p™ = ﬁ’yg be the
B s
stationary distribution. Conditioning on the sequence of states and using 77}’ is a stopping time we
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have
i -1 5 -1 i -1
ET Z r(st,a) | =EZ Z EZ[r(st, a)|Fe]| =EZ Z r7(s¢)
t=0 t=0 t=0

where we define 77 (s) = > . , 7(s,a)m(als). Finally,

7 —1 T8 -1 TS -1
EZ Z r"(s¢)| =EI Z Zr”(s)]l(st =3)| = Zr”(s)Eg Z (st = s)
t=0 t=0 ses s€S t=0
= (s
seS
=EJ[T7] ) 7™ (s)uls)
seS

Next we prove that the regenerative cycles are i.i.d. In fact, we prove a slightly more general prop-
erty. Given any sequence of stopping times {7 },>1 the chains behavior between time 7,41 and 7;
is independent its behavior between 7;1 and 7; or ¢ # j provided that for each j there is a fixed
state s; such s, = s; almost surely.

Lemma 9.3. Let PT be the probability measure induced by a Markov chain under policy 7 started
at 5. Let 7o = 0 and {1 }j>1 be a strictly increasing sequence of stopping times with the property
that for each j, T; < oo and there exists s; € S such that s.; = s; with probability one. Then
random vectors

‘/j = (Tj+1 - Tj7 (sTj7aTj)a ey (sTj+1717aT]‘+171))
are independent and Ps(V; = v) = P, (Vo = v).
Proof. Since S and A are finite, the set V of all possible values of V; is at most countable. Fix

v € Vand let F; = o(sg, ag, - - ., St—1, a1, S¢) be the filtration including all randomness up to the
action a;_; and state s;. Then by the strong Markov property

P3(V; = v|Fr,) = PL, (Vo = v) = B[P, (Vo = v)] = Ef [PF(V; = v|F7,)] = PE(V; = v).

B

This holding for all v implies that V; is independent of -, and hence of V; for all ¢ < j.

10 Preliminary Lemmas and Value Function Properties

In this section we state and prove some preliminary results concerning the value functions as defined
in (4). Throughout we consider a single arbitrary stationary policy 7.

An important consequence of Lemma 9.2 is that V™ as defined in (4) has V™ (5) = 0. This allows
us to prove that the Bellman equation is satisfied.

Lemma 10.1. The value functions as defined in (4) solve the Bellman equation

Qﬂ(& (1) +J" = T(Sa a) + I['?‘s’f\u‘:’(-|s7a) [Vﬂ-(sl)]'
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Proof. Note that conditioned on an initial state s # 5, 7§ = inf{¢t > 0 : s; = 5}. Following a
classical first-step analysis we have

T -1
El, | Y (r(se,ar) = J7)
t=0
-1
=r(s,a) —J" +EF, Z (r(se,ar) — J7)
t=1
7 -1
=r(s,a) — J" 4+ P(5|]s,a) -0 + Z P(s'|s,a)EL, Z (r(st,ar) = J")
s'#£5 t=0
=r(s,a) = J" + Z P(s'|s,a)V™(s")
s'eS
where the last line used the definition of V™ and V™ (3) = 0. O

We record here the well-known performance difference lemma allowing us to compare J™ and J™
for any two stationary policies 7 and 7.

Lemma 10.2 (Performance Difference Lemma). For any two polices 7,7,

JT=JT =3 Wi(s) (7(als) — m(als) Q" (s, a).

se€SacA

Proof. Using Lemma 10.1 we have

YD W (s)7(als)Q(s,a)

s€ESacA
= Z Z 1 (5)7(als) (r(s, a)—J"+ Z P(s'|s, a)V”(s’))
s€eSacA s’eS

_ Jﬁ' —J+ Z Mﬁ-(s/)vﬂ(sl)
s'eS

=J" —J + Z Z u (s)(als)Q™ (s, a)
seSacA

with the third line using that ;™ is a stationary measure. O

Lemma 10.3. Under Assumption 4.2, it holds for any policy =, and any state-action pair (s, a)

[VT(s)| < h and |Q™(s,a)| < 2h.

Proof. Since we are assuming rewards bounded between zero and one

Ti-1
V7(s) <ET| D Ir(sea) = J7|| < ET[TF] < h.
t=0
Similarly, we have |Q (s, a)| < ET ,[T7]. To show that this is at most 2/, notice that

BT [TF] =1+ Y P(s'|s,a)EL[T] < 1+ h < 2h.
s'#s5
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An important consequence of of Assumption 4.2 is that the distribution of 7% has an exponentially
decaying tail. We prove this in the following two Lemmas.

Lemma 10.4. Fix a given policy m and let s € S. Fix a € (0,1) and let 0 = 5. Under Assumptions
4.1 and 4.2,
x| 0T e—1
B[] < (55— ) <o (10)
el=¢—1

Proof. Let m = eh. Then Markov’s inequality and Assumption 4.2 together imply Py (75 > m) <
h/m = e~ for any s’ € C(r). Then by the Markov property for any integer k > 2,

PT(TY > km) = PT (T} > m|TY > (k — 1)m)PZ(TF > (k — 1)m)

_ _ 1 _
<maxP% (T7 > m)PL (17 > m(k — 1)m) < =PZ (T} > (k — 1)m).
s/ €

where +y is the distribution of s(;_1),, conditioned on the event {77 > (k — 1)m}. Proceeding by
induction it follows that P7 (75 > km) < e~*. Therefore,

ET [exp(077)] :/ P (Tt > z)da
0

:/ T (T1§> 10“) d
o 0

emo Og e(k+1)mo
T
= PT (T} dx +
/(; ( ! ) Z /km@

< emG + (emG _ 1) Zekmapg(Tf > km)

s 1
(TlS > O§$> dz

k=1

< em9 + (eme 1)Zem0k —k
k=1

< e + Zek(a 1)
ea—l

[e% @
= -1
e+ (e )1 a1
Simplifying, we obtain (10). O

The next lemma helps control the bias incurred by using the truncated stopping times in Algorithms
2 and 3.

Lemma 10.5. Fix

(i) PW(Tl > ﬁ) h e &
(ii) ET[TF] — ET[T§ A ] = ET[(TF — B)L(TF > B)] < O (56%)

Proof. We will focus on the proof of (ii) and prove (i) as well along the way. For ¢ > 1 define the
event By = {80 < T§ < f(£+1)}. Then

ET(T5] — ET[T§ A B = ZE“ (T = B)L(Ey)] < B> (PT(Ep) < B MPT(TF > BO)(11)
=1 =1



Reinforcement Learning Journal 2026

Fix a € (0,1) and let 6 be as in Lemma 10.4. Then we have

(s _ (0T < 08¢ e—1 N\ _gp [ e—1 \ _as
]Ps(Tngﬁg)_Ps(e ! 26 )S(ela]_)e _(61 € .

Viewing the right hand side as a function f(«:) we have

[e9:14

f/(a)ee;i(e—l)< el=@ 66).

el-a _1 el=@ —1 eh

Setting this equal to zero and solving for the optimal o™ we have that o™ = log ( — ;—}2) + 1 which

is between zero and one for 5 >
gives

() and simplifying

Bl(e—1)(1—Ly—&

fo) = — e,

For x € (0,1) we have g(x) := (1 — )"~/ < e. Itis easily verified that logg(z) = (1 —
1/2)log(1 — x) is decreasing on (0, 1) and lim,_,q log g(z) = 1. Using this estimate with « = B—h
we get

flory < 2z o < 2ozt (12)

Plugging this back into (11) we have

2 ©© 9 2 h
BT [T}] — EXITS A 6] < fezlw =0 (3 G ) o o)

where we have used that -, (2e=% = O ([~ 2%e~*"dz) = O (c"'e™°) for ¢ > 1. Taking
¢ =11n (12) shows (i). B O

11 Guarantees for the Q-Function Estimate

This subsection is dedicated to the analysis of Algorithms 2 and 3 and the proof of Lemma 5.2.

We will analyze Algorithm 2 in Section 11.1 and use these results in our analysis of Algorithm 3 in
Section 11.2. Throughout, we consider a fixed arbitrary episode k. For notational simplicity we will
sometimes omit k£ when it is clear from the context, following the conventions used in the definitions
of Algorithms 2 and 3.

11.1 Analysis of Algorithm 2
Lemma 11.1. Let L be as in Algorithm 2. Then
(i) [ExlJ*] = I < O (25t

(ii) |J*| < L almost surely.

Proof. We first show that

hlogT
— | < —_— .
m <o () 4
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Recall the definition X, = (T}, — 7% . p—1) A L from Algorithm 2 where m = (j — 1)M.
Due to the strong Markov property, the X ; are i.i.d. (see Lemma 9.3) and E; [ X ;] = EZ* [T AL].
Therefore,

M—1 i M-1
Bl =+++ > B [J]CO- Xﬂ)l =+ > (1-$EFIT ALY . (14
i=1 =1 i=0
Since L > h, Assumption 4.2 implies that both 1 — L ET*[T§ A L] and 1 — +EZ*[T7] are between
zero and one. So using (14),
. 1
Ex[TY) = e
) B
M—-1 00
=113 (- iR T ALY - (1- LETT)
i=0 i=0
M—1 B ] o e .
<H|Y |- BRI ALY - (- SRR [+ 3D (1- 3R] as)
i=0 i=M

Since 0 < 1 — +ET*[Tf] < 1 — +EI*[T§ A L], we can drop the absolute value in the first term to
get

(1= BT A L)~ (- LEF [T

=

£ 1M

IA
e

0Mfl - ) o
-1 ( (1 - BT AL - (1 - $E3 [Tf})’>

SO0 - LB IE ALY - (1 LER [wa)
i=0

1 _ 1
ES* TP AL] EFH[TF]
Using Lemma 10.5 with 3 = L as well as T} > 1,

1 1 ERMTP] - EF*[T7 A L]
EZ*[T§ AL EFF[TF]  EF*[TF]ES*[TF A L]

< EPIT] - EF[IF A L] < O (Le™#).

For the second term in (15), we simply have

LIS Q- LErr) | < 1Y - <(1-HM <ot
=M =M

Combining everything and substituting the definition of L and M = N /tp = 16eh(log T)? shows

1 L _M hlogT 1 hlogT
——— < L e < —_— =
| < O (L +e L)—O< i +T4> O( T >

Ex[T;'] -

completing the proof of (13).

Now we show (i). Again by the strong Markov property, Ex[R;| = EZ* [Z?j@ o (8¢, at)] We
have

Tf,1 Tf/\Lfl Tffl
B | Y r(sean) | —E | 30 rlsnan) | =B [L(TT > L) Y r(sia)
t=0 t=0 =L

< EFF[I(TY > L)(TF — L)).
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Using EZ* [ZtT;(; Yr(se,a)] = EXF[TF]J™ (Lemma 9.2) , it follows from the above display and
Lemma 10.5 that

0 < BT [TF]J™ — Ey[R;] go(Le—ﬁ) =O(h1;§T). (16)
Therefore,
ExlJ;] — ™| = Ex[T} 'JEx[R,] — J™
< [El7] - Egkl[m ExlR)) + ‘ME;C[RJ-] g
= |Ex([T}"] ]E’Sf"‘l[Tf} Ex[R;] + ]E”l[Ts |Ex[R;] — EZ*[T5]J ™|
<D By [T} - Eﬁ%m] + [Ex[R;] — ET*[TF]J™|
<0 (hQ;)fT + ’“;ET> ~0 (’”LQI;ET> .

The first line above uses the independence of Tj_l and R;, the second to last line uses Ex[R;] <
EZ* [ijgl r(st, at)] < h by Assumption 4.2, and the last uses (13) and (16). Then

h%logT
T4

thit

Eg[J*] — J™| < —Z [Ex[J;] — J™| <O (

finishes the proof of (i).

Last we show (ii). Since 1 < X; , < Lwehave 0 <1 — %XM <l-—+ almost surely for each j, /.
Hence,

) M—-1

M — [e9)
S ICEFERERRES SRS (B
i=1 (=1

l:l =0

h\H
h\
h\
h\H
h\

In addition, since we are assuming 7(s,a) € [0, 1] for all s,a and R; is the sum of rewards along
a trajectory of length at most L, we have |R;| < L. Then (ii) follows from jj = Tj_le and the
triangle inequality. O

The last result we need in this section is a bound on Ek[(Jk — J7*)?]. First, we need the following
preliminary result to control the second moment of TJ . We could use the trivial estimate |T <1
but the following analysis will help save a factor of A in the final regret bound.

Proposition 11.2. Keep the same conditions as in Proposition 11.1. Then

B < fpmpan Y @R AL

Proof. Our analysis will twice make use of the following fact that we state here once for conve-

nience: since %‘T — f—z > 7 forz € (0, L) we have
L=EP[(1= $TE ALY = ES[FTT AL = £5(TP AL?) = ZEFHTTALL (D)

Let& = 1and foreach 1 <i < M —1let& = [[j_, (1 — £ X,). Then

M—-1 M—-2 M-1

M-1 \?
B [(07)7] = 25 <§_; 52-) = LY B[ Y Y EdaL] aB)

=0 i=0 n=i+1
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Let us first consider the diagonal terms in the sum. Using independence,

%

[Ta-1x50?

/=1

Ey, [€7] = Ex =E{[(1- 2Ty A L)T

holds for ¢ > 1. Then summing over ¢ we get

1 M-1 1 M-1 ) 1 0o .
= SEE = 5 SRR - ATF ALY < £ S OB - $TE A LPY
=0 =0 =0
_ 1
L2(1— B [(1 - LT3 AL)?))

< 71,
= LET<[TF A L)

where the summing of a geometric series to obtain the first inequality is justified by |1 — %T SAL| <
1—+ and the last is due to (17).

We now turn to the second term in (18). Fix integers ¢ and n > ¢ + 1. Then

Exléiéa) = Er [T - £X50 - [0 1Xﬂ)] Ec ([T -2X507 T - 1X50
=1 (=1 {=1 l=i+1

= Egk [(1 — %Tf A L)Q]i . (1 _ %Egk [Tf A L])n—i .

where we have again used independence in the last equality. Note also that since £y = 1 the same
equality holds for the case 7 = 0. Summing the last display over n we then have

M—-1 [e’s) T 1 s 211
n_i LET*[(1 - LTF A L)?

§ Ex[&:i&n] < EZF 1T§ AL)? § LETE ALY = — L1

et k)[g 5 ] — S [( 1 — 1 ]) ]Egk [Tf /\ L]

Now summing over ¢ we see

g M=2 M-1 9 oo
3 Ex[€i6a) < —mrorsr O ER[(1— LT7 A L))
LQZ Z kKS]*L]E?[Tf/\L]Z s[( L1 )]
=0 n=i+1 i=0
- 2
LEGHTF A L)L = EG*[(1 - 17 A L)?])
< 2
~ EIF[TS A L)%
where in the last line we have again used (17). Combining everything completes the proof. O

Lemma 11.3. The mean-square error of the estimate Jy, in Algorithm 2 can be bounded above as

2 4L h*(log T')?
Tk
Ey[(J% — J™)?] < ™ + BT TP A I +0 ( Te .

Proof. We have

Ex[(J* — J™)%] < 2By | (J* — Ek[f’“])ﬂ + 2(Eg[JF] = )2 (19)
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Recall that J;, = ;L S%* J; and the individual estimates .J; are all independent under Py,. Thus

the 4~j=1
R ) 1 Ehit ) )
Ep [(J* — EnlM)?] = 5 Bl — Eal)?)
hit i=1
1 thit R
<o > Bkl J7] (20)
hit i=1

Now note that,

Ex[J7] = Bi[(T; *)?|Ex[RS)
< ( 1 n 2
“\TErmran T EE A LR
1 2 -
< (mermran * wrmemy) PR
2L
B ALl

) ET*[(T§ A L)’]

=1+ 21

The first equality here used the independence of Tj_l and R; and the first inequality uses Proposition
2

112 and E4[R?] = ET* {( TAL=L (s, at)> ] < ET*[(T; AL)?]. Combining (20) and (21) with

(19) it follows that

. . 2L
E k2] <
Ex [(J ExJ7]) } =t + i ETF[TF A L]

Inserting this into (19) and using Lemma 11.1 to bound the second term we arrive at

R 2 4L h(logT)?
E k _ 7mk)\2 < = _
k[(J d ) ] T thit + thilEgk [Tf A\ L] +0 ( T8 )

as desired. O

11.2  Analysis of Algorithm 3 and proof of Lemma 5.2

In this section we analyze Algorithm 3 and prove Lemma 5.2. To facilitate our analysis, we need to
define a sequence of stopping times. For a fixed state s, we will let 77 and 7; be the respective start
and end of the reward trajectory summed to form (;(s,a) in line 11 of Algorithm 3. Formally, let

7o = T} y, be the time that Algorithm 3 begins during episode k. For j > 1 recursively define

i =if{t>7;_1:s5 =5}, and 7; =inf{t>7;:s =5}

Then

TiN(Ti+L)—1

Z (r(st, a) — jk) . (22)

—S
t—Tj

L(ars =a)

i (als)

Cj(S, a) =

We point out that, unless the target state is 5, 7; is not necessarily the time of the j-th return to 5
during the execution of Algorithm 3 since it may be the case that the target state s is not visited
between two successive visits to 5. See Figure 2 for an illustration.

For each s, we next introduce the random variable I, which is defined as follows: for each ¢ > 1, let

Yis = 1(3t e [Tlf,NJH—llef,NJH) D8t = 5)
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Ts Ty Ts T3 T;
& Q- @
T Ci(s, ) 1 No visits to s TS5 Ca(s, ) T T35 T3
¢3(s,-)

Figure 2: A timeline of the events during Algorithm 3. Black circles, labeled with the notation T}, are the £-th
hitting times of 5 during the algorithm. The red circles show the first visit to the target state s between returns
to 5. The estimates (; (s, -) are formed during the windows between 7; and 7;. It is always true that s-; = 5
but it may not be true that 7; = 77’ if the target state is not visited between two previous returns to 5.

be the indicator of the event that state s is visited during the ¢-th regenerative cycle occurring in
Algorithm 3 of episode k. Then define

I, = f Yi. (23)

The random variable I, ; represents the total number of ¢; averaged in line 15 of Algorithm 3 to
form Qy (s, a) so that

Is
Qk(s,a) I >O Z

The strong Markov property implies that the Y7 ¢ are i.i.d Bernoulli random variables with

P(Yes =1) =PI (17 < T7)
where 77 is the time of the Markov chains first visit to s. Then I, ~ Bin(Ng,p) where p =
PIH(T] < TY).

There are three sources of bias in our () function estimate. The first is the accuracy of the estimate
J¥, which has been addressed in Proposition 11.1. The other two arise from the possibility that
the target state is not visited at all during the execution of Algorithm 3 (i.e. P(/; = 0)) and the
truncation by L of the cycle length in ¢;. The following proposition will be useful for handling the
former.

Proposition 11.4. Under Assumption 4.2 we have
B3 (15 )™ (5)
2h '

forany s € S. Consequently, the random variable I defined in (23) is stochastically lower-bounded
by a binomial random variable Y ~ Bin(Ng, ps).

PE(T7 < T7) > ps =

Proof. LetU(s) = ZtT;(;l 1(s; = s). By Lemma 9.1
ESH[U(s)] = E*[TT]u™ (s)
We have P2*(U(s) > 0) > % by the Payley-Zigmund inequality. Thus, it suffices to show
that
EZ*U(s)?] < 2hEF*[U(s)]
and this will complete the proof. Indeed, by expanding the square we have

Ti-1T§

ET* [U(s)?] < 2ET* Z Z 1(s; = s)

=0 j=1
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Continuing with the above thr right hand side is equal to

2ET D) Llsi = s)(s; = s)L(TT > i) L(TF > j)

i=0 j=i

I o0 (o]
= 2B | Y > (s = )T > D)EF* [(s; = $)L(T} > j)|Fi]
| i=0 j=i

= 2B | Y > (s = )U(TT > DE [U(sy— = ) LT} > j — )]

i=0 j=i

i o0 o0
= 2B | (s = ) L(TF > i) Y PI*(s; = s, TF > )
i=0 j=0

(17 -1 TS -1
=2B7" | ¥ A(si=s)|ET* [ Y 1(s; =)
i=0 =0

< 2hEZH[U(s)]
where we used the Markov property in the third line and Assumption 4.2 in the last. O

Proposition 11.5. For j > 1, let V? be the random vector defined as

s _ (= _ s
Vi —<TJ 75>

(87';7047';)7 L) (sfjfh a?j*l)) .
Then V; is independent of I s under Py. Lemma 9.3 implies that J* is independent of the entire

trajectory input to Algorithm 3. Consequently, since ;(s,a) is function of Jy, and V7 only, it is
independent of I under P

Proof. By definition of I, it is sufficient to show for arbitrary j and 1 < ¢ < Ng that Vjs is
independent of Yy 5. The proof of this is technically involved but the intuition here is that the Y} ,
depend only on the intervals of time starting with a visit to § and ending with either the first visit
to s before returning to s or with a return to § if s is not visited. However, V* depends only on an
intervals starting with a visit to s and ending with a visit to 5 which contains no other visits to s.
Independence follows from the ideas in Lemma 9.3 since these intervals start and end at visits to
fixed states.

A more rigorous proof comes from considering separate cases depending on the relationship be-
tween j and . Throughout the proof, recall that T}; v, is the time of the (-th visit to 5 during
Algorithm 3 and thus marks the end of the ¢-th regenerative cycle. Welet V = |J7— | N x (S x A)"
be the set of all possible values of VjS and, for ease of notation let, T} = Tg’ Nyt Let

Vo = (Tf, (50,a0),---, (5751, an,l)). The proof will repeatedly use the relations

Pu(Vj = v) = Ex [B(V; = v[Fys)| = By [P (Vo = v)] = PZ*(Vp = v)
forv € V and
Py (Yys = 2) = By [P(Yys = 2| Fr,_, )] = B [PF* (V1,5 = 2)] = P2+ (Y1, = 2).
for z € {0,1}.
Since V is a countable set, it is sufficient to show that

Pr({Vi =0} 0 {Yps = 2}) = Pu (V) = )Py (Yes = 2)
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for any v, z. We first break up the probability on the left hand side, writing it as
P ({Vf’ =v}N{Y,s = z}) =P ({VJ‘S =v}N{Ys =2} N{T; < %j}) @
+Pr ({V =0} n{Yes = 23 0 {I} = 75}) an
+Pe ({Vy =0} n{Yos =2} 0{T} >7}). (1)
We address each term in the expansion above separately below.
Term (I):
Since there are no visits to 5 between 77 and 7; we have {7 < 7;} = {T} < 77} so {Vi s =
2} N{T7 <75} € Frs. Therefore,
Py ({V;S = ’U} N {}/575 = Z} n {ng < ?j}) =E; |:]1(Y278 = Z)IL(T; < ?j)P(V}S = ’U|.7:7—;)}
=B, [1(Ye,s = 2)L(T} < 75)P7* (Vo = v)]
=Pr({Yes = 2} N {Te <7, )P (Vo = v)
=Pr({Ye,s = 2} N {T, < T PL(V} = v).  (24)

Term (I1):

We also know {Y; s = 2} N {1} = 7;} € Fr:. To see why, first note that {7} = 7;} = {T;_; <
Tjs <T f } which is ]-'T; measurable. Furthermore, this event implies Yy , = 1 since it insures that s
is visited between times 77 ; and T}}. So

Yos =1 {7 =7} ={T,., <7 <I]} € Fr
and {Yy , = 0} N {T} = 7;} = 0. Following the same steps above we get the equality

Py, ({VJS =v}N{YV,s =2} N{T; = Tj}) =Pp({Ye =2} N {1, = 7, })Pe(V} = v). (25)

Term (I11):
Notice that since 7; is the time of a visit to § we have {T} > 7,} = {T;_ , > 7,;}. Moreover,
{vi =v}n{T; |, > 7;} isan Fry measurable event, so
Py ({VF = 0} N {Yo, = 2} N {TF > 7;}) =By, [1(1/;’ = ) L(T} > 7)P(Yes = z|]—'Téil)}
=E; []I(ijs = ’U)]I(Tf > ?j)] P‘gk (Yl,s = Z)
Now, we also know that {77 > 7;} is measurable with respect to both F- = and Frs . The reason
for this is that there are no visits to § between 7; and 7; which means ' that the complement of
{17 > 73} is {T} < 7;} = {T;_, < 7;}. Therefore, using the strong Markov property again
Ex [1(V;' = 0)U(T} > 7)] = By [1(T} > 7)Pu(V}' = v|Fs)
=Py(T} > 75)P7* (Vo = v)
= Pk(TZ > ?j)IP[C(VYjS = ).
Now reversing the argument we’ve been using gives
PL(T} > 7)PF* (Yo, = 2) = E[L(T > 7)B5* (Vi 0 = 2)
Ex[1(T} > 7)ER[L(Yes = Z)|}—T§ 1]]
Ex[Ex [ (T7 > 7)) 1(Yes = 2)|Frs_ ]
Pe({T} > 75} N{Ye. = 2}).

k
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Then we can conclude

Pe ({Vy =0} n{Yeo = 2} 0 {T} > 7}) = Pu({T7 > 75} 0 {Ye.. = 2})PIH (V] = v).(26)

Finishing the proof:
Combining (24), (25), and (26) we have shown

Pi (V' = 0} 1 {¥i = 7)) = Pul{¥e = 2} 0{IF < )RV} =)
+ Pe({Ye,s = 2} N{T} = 75 })Pr(V} =)
+Pu({Yes = 2} 0 {T] > 7, H)Pe(V) = v).

Rearranging shows that this is equal to Py (Y, s = 2)Pr (V) = v). O

The next lemma shows that each ¢ is a nearly unbiased of ()™* and gives upper bounds on its second
moment and absolute value. In the remainder of this section we will use the notation E, ; [] :=
E[:|Fr, ] for the expectation conditioned on all history of the Algorithm’s execution through the
end of Algorithm 2 during episode k.

Lemma 11.6 (Statistics of Individual Estimators). The individual estimates (;(s,a) as defined in
(22) have the following properties:

(i) [Bx [G(s.)) = Q™ (s.)| < O (8T,

(ii) By, [¢(s,a)?] <O (max{lvh/th(u}hj(logT)g).

. (als

(i) B [(By, 7,[¢5(s,0)] — @ (s,0))2] < O (220D

Ehir

2L%1(a,s=a)
(iv) |¢(s,a)| < —r(alsy— @lmost surely.

Proof. Recall that 79 = T,f’ ~, 1s the time that Algorithm 2 ends and Algorithm 3 begins. By the
strong Markov property and the measurability of J* with respect to ‘FTE v C }-Tf ,
Ny

_ ]l(aTs _ CL) TiN(T;+L)—1 A
Ex [G(s, )] = By |Bp | ———s— r(se ar) = JF| Frs
i 7 (als) = J
i TiAL—1 _
I(ag=a) L(ag=a)T{ AL 5
—E B (M0 =D N o | - [0 = OTEALY
Tr(als) = 7 (als)
i 1 ) TSAL-1
apg = a
= Ky mi(a'[$)EL, | —— =~ 7 (s, ar)
2 T &
1 =a)TSANL] -
— Ek Z ﬁk(a/‘s)E:Z/ |:(a0(l)1/\:| Jk
a’'€A 7 7T]€(CL|S)
TSAL—1

= ]Ek ]Eﬂ-’k Z T(St7 (Lt) - E;TZ[TE AN L]jk
t=0
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Therefore,

[Ex[Gi(s,a)] = Q™ (s,a)]

[ [TsAL—1

= Ek ]E:% Z ’I"(St, CLt) — EZ’Z[TE N L]jk - ka (S, Cl)
t=0

[TsAL—1

B (BT | D0 r(sta) = J™ | = Q(s,a) || + [Ex [EZLITE A LI(T™ — )|
t=0

IN

TEAL—1

=BT | 3T r(sear) = J™ | = Q™ (s,a)| + BT [TF A L)|Ey[J*) — J™].
t=0

Using the formula (4) followed by Lemma 10.5

TiAL—1 -1
ET | Y r(sea) —J™ | — Q™ (s,a)| = [ET |L(IF > L) | Y r(sear) — J™
t=0 t=L
< ETLN(TY > L)(T7 - L)
<0 (Le eh>

From Lemma 11.1 and Assumption 4.2 , ET% [T} A L)|Eg[Jy] — J™| < O (hS;’fT). Combining

this with the last line above completes the proof of (i).

For (ii) we use Cauchy-Schwartz to get

1(ars = a) 7P i
E; [Ci(s,a)z] =E; W Z T(Staat)_JWk"i'Jﬂk _Jk
t=7;
A +L)—1 2
1(ars = a) N
<2E — r(s¢,ar) — J™
< 2B | | — t; (st,ar)
J
AT +L)—1 2
1(ars = a) N .
+ 2B | | —2—— Jme — gk
N =

t:Tj
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‘We have

TiN(T;+L)—1

1(a,s = a)
E —a — J7k
k Wk(a‘S) t; T(Shat)
J
e 2
B, B, | 205 = )TjA(gL) 17«(3 a) =T | |F
k k ﬂ'k(CL‘S) =, ty Ut T
J
s 2
TEAL—1
1(ag =a) '
=[ET* r(sg,ar) — J™F
s 7Tk(a|8) ; ( t t)
. 2
TEAL—1
L(ag=a) '
= Z i (a'|s)ED:, (a0 = a) Z r(ss, as) — J™F
acA ’ﬂ-k(a|s) t=0
TSAL—1 2
— 1 Tk Z ( ) — J7
mifas) [\ T
L2
<
= 7k(als)
Now using measurability of J¥ with respect to .FT; we have
s 2
]l(a,7-§ _ ) TiN(Ti+L)—-1 )
Ex 2 J™ —
N &= ’
s 2
]l(a-,-s _ ) TiN(Ti+L)—-1 )
=—E. |E J J™ — ’.7:7-?
P e 2 )T
=E -(J“k —_J V2R wjﬁ AL i
‘1 I mlals)
[/ 732 I ™ ]l(a() :Cl) g ?
— R, [(J™ = ) } 3 @B, |2 =Y ri AL
- 2 o |\ Tre(als)
A L2
S Epl(J™ = k)’ ———
< E[( k) ]Wk(a|3)

L’ 2 4L h*(log T)?
<—— |\t tO| —5—
mi(als) \tni  tBE5* [T A L] TS

where we used Lemma 11.3 in the last line. Combining everything we get

L2 O( 3 > o (maX{Lh/thn}h?(logT)?’)_

i (als) thier (als) i (als)

Ex[¢;(s,a)?] <

which shows (ii).
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Next we prove (iii). Similar to the proof of (i) we can compute

TEAL—1
Eg g G5 0)] = By o [BIG (s a)lF]] =BT | 3 #sa) | — EI 17 A L
t=0
Therefore,
B [(B) 52 (G5 (5. 0)] — Q" (5,0))’]
I [TeAL—1 2
=Ey || ET, Z r(sg,a) | — Ez,”;l[Tf A L]jk — Q™ (s,a)
t=0
I [TeAL—1 1 2
=B || EI5 | D r(sean) = J™ | = Q™ (s,a) — ETL[TY A L)(J* — J™)
t=0
TSAL—1 T 2
<2 | (BT | DD rlsna) —J7| —Q™(s,a) | | + 2Eea[TF A LPPEx[(J* — J™)?].
t=0

EZ, { tT:fOALfl r(st, ar) — J”’“] - Q”k(s,a)‘ <O (M;%T). So the first

term above can be bounded by O (%) For the second, we use Lemma 11.3 to get

From the proof of (i),

. A 2 4L h*(log T)?
EgoTP ALPEL[(JF — T <L | — 4 ———— + 0 | —=—
3 3
<0 (h (logT) > '
Uhit
This finishes the proof of (iii).
Finally, for (iv) we have by the triangle inequality
_ I(ar; = a) TiA(rj+L)—1 b < L(ars = a) I Lo Lk
. i e /\ . — .
KJ (S, CL)| = 7T]€(G/|$) fad |7"(St, at) | = a|s) (TJ (T] + ) T])( + ‘ D
PHes =94y
— U0+
mk(als)
2 _
2L71(ars = a)
r(als)
where we have used item (iii) of Lemma 11.1 in the second inequality. O

We are now ready to prove Lemma 5.2.



Reinforcement Learning Journal 2026

Proof of Lemma 5.2 (i). By Proposition 11.5, E;[(;(s,a)|Is] = Ex[(;(s, a)]. Therefore,

‘]Ek [Qk(s,a)} — Q’T’“(s,a)’ = |E I >0) i a)lls| | — Q™ (s,a)

I,
- |E MZIM (s,a)]| - @ (s.0)

j=1

I
<y | 2O S By 65, 00) - @7 5. 0)l | + Bl = 0)1Q7 (5,0)

<.
=

where the last inequality used Lemma 11.6. By Proposition 11.4, and our choice of Ng we have

10EZ*[T; hipic log T 5
Pk(fso)s(lps)NQgeNstexp< OB:" [Tt 211() U )gT“

which combined with the previous display completes the proof. O

Proof of Lemma 5.2 (ii). Let us define B;(s,a) = (j(s,a) — E; 7[Ci(s,a)] and d(s,a) =
E, jx[Ci(s,a)] — Q™ (s,a). Using the definition of Q.

Ey {(Q Qs a)ﬂ

r 2
(M 205w - @ (sa)
- 2
=E,; 1 >O ZBJ s,a) +1(Is > 0)d(s,a) + L(I; = 0)Q™ (s, a)
i ' 2
< g, | [ U >O Z sia) | | 4 3EAI(L, > 0)62(s, )] + 3P(Ls = 0)|Q™ (s, ).

I I

Term 1:

Recall that under by Proposition 11.5 and the strong Markov property, the 3;(s, a) are independent
of I, pairwise independent conditioned on J, and E, ;,.[5;(s,a)] = 0. This means that for i # j,

Ex[B5(s,a)Bi(s,a)|Is] = Ex[B;(s,a)Bi(s,a)] = Ex[E, ; [B;(s,a)Bi(s, a)]]
= Ex[E, 5, [8i(s,0)]E, ; [Bi(s,a)]]
=0.

s, a
s
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Therefore,
I 2 [ I 2
1(I; > 0) < 1(I; > 0) &
Ey I Zﬂj(é’, a) =Ey |Eg A Z Bi(s,a) | |1
j=1 Jj=1
_]1(1 >0) ]
=E,; SIE ZEk[ﬂj (s,a)?]
L ]:1 -
11, > 0) & ]
= Ek SI2 Ek[ﬂj (S, a)2]
L ? j=1 .
[ I,
1(I; > 0) <& max{1, h/ty th%(log T)3
< s 7 F)
Bl T 20 (s
masc{ 1, b/t }h2 (log T)? 2
<
=0 ( i (als) By I, +1 @7)

where in the second to last inequality we have used Proposition 11.6 and last line used the fact
that % < %-H forz > 1. Let Y ~ Bin(Ng,ps) where p; is as in Proposition 11.4. Then Y+H

stochastically dominates ﬁ Thus, using eq. 3.4 of (Chao & Strawderman, 1972),

_ _ Nqo+1
Ek[l}gE{l}zl U-p) o o 1
Combined with (27) we have shown
max{l,h/thit}hQ(logT)3) _0 < max{1, h/ty }h3(log T)3 )
m1(als) Nps 7 (als)htw(log T)EZ*[T5 117+ (5)

max{1, h/ty th?(logT)?
© ( o (@]5) ™ () ) '

TermlSO(

Term II
Using Proposition 11.6 (iii),

Ei [1(Zs > 0)0°(s,0)] < Ey [6%(s,a)] = Ex [(Ek,ﬂ [G1(5,0)] = Q™ (s, aﬂ <0 (h(lth)> .

Term 111

We bound Term III by using P5(I, = 0) < T~° as in the proof of Lemma 5.2 (i). Then using
|Q7 (s,a)|> < h? we have that Term III is upper bounded by h*7'~°. Combining everything we
complete the proof.

O

12 Analysis of Algorithm 1 and Proof of Theorem 5.1

12.1 Stability Properties

This subsection is devoted to the analysis of the optimistic mirror descent update in Algorithm 1.
Two key properties, Lemma 12.1 below follows directly from the analysis of Wei et al. (2020). Thus,
we state this result without proof and refer the interested reader to the work of Wei et al. (2020) and
the proofs therein.
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Lemma 12.1 (Lemma 17 of Wei et al. (2020)). Suppose the output of Algorithm 3 satisfies
> mi(als)|Qu(s,a)| < C
acA
for some constant C > 0. If we choose n <
(i) m(als) = 7}y (als)] < 60nCri(als)
(i1) h o (als) — Tesa (als)] < 60nCm(als)
(iii) |mpr1(als) — mi(als)| < 120nCmi(als).

27OC in Algorithm 1 then

In order to apply Lemma 12.1 we need to show that ) _ - , mx(als) |Qx(s,a)| < C for some constant
C and all s € S. Fix an episode index k. Then using (iii) in Proposition 11.6

I
3" milals)iQs(s.a) = 3 mutals) [ [T S0 ¢ (s,
j=1

acA acA

I
< 20 5™ 5™ muals)lgs(s.0)

j—l a€A
212 I(ars = a)

I>0
<205 5l T

j=lacA

I
1(I > 0) 212 ,
= ——— s e ———— < 2L .
7 Z;mg(afj ‘S)ﬂk(a T =

Then the condition holds with C' = 2L2. Consequently, we assume 7 <
the paper.

Mo% for the remainder of

The proof of the following Lemma is essentially the same as in Wei et al. (2020). We include it for
completeness since the number of episodes that occur during our algorithm is random.

Lemma 12.2. Let K > 1 be an integer valued random variable. If n < ﬁ then for any s € S,

K
E Y (m"(ls) —m(-smk(s,-»]
k=1
K
S O(Al(;]gT +77E [ZZ?‘(’k(d|5)2 (Qk(s’a) — Qk—1(57a))2] >
p A k=1 a
E Z<Qk(37')aﬂ—*('|s) —ff(-IS))]
k=

where Qo(s,a) = 0 and 7(-|s) = (1 — )7 (-]8) + 175

Proof. We focus on a single state s throughout the proof and so omit it from the notation. We also
use the notation ||z|[5; := V& T Mz for x € R“ and positive definite matrix M. For any function
f:RA = R, V2f(z)is the Hessian of f at x and V=2 f(z) = (V2f(x))~ "

Let 7 be as in the statement of the Lemma. Define Fy () = n(m, —Qx) + Dy (, 7, ). By the update
rule 7y, € argmin, 4y Fi(7), so first order optimality gives

(—nQx + Vip(mq) = V() & — 1) > 0.
Rearanging and using the three point indentity, we have
W(Qkaﬁ = M) < (VO(Tpqr) = V(T), T = Tpn) (28)
= D"/’(ﬁ-v 71';) - Dw(ﬂ-v 7Tk+1) - Dw(ﬂ-;ﬁ—la 77-;@)
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Similarly, with 7, , replacing the role of 7, m), € argmingeaa) Fi-1(m) = n{m, —Qx—1) +
Dy, (m,m},) implies,
Q=1 s = Tk) < Doy, 1) — Dop (s mie) — Doy (i, ). (29)

Therefore, adding inequalities (28) and (29) gives

Qe T — k) = Qs T — Ty 1) + Qs Thi1 — Th) + 1(Qr — Qrm1, Ty — )
< Dy(7,m3,) = Do (7, Who1) + 0@k = Qi1 Mg — )
Summing over k then dividing both sides by 77 we have

K

- K
D (Qu, 7 — i) < D”’(Z’”l) + > (Qk = Qr1, Thy1 — k). (30)

k=1 k=1

From the choice of 7,

B Z log 1/A
= (1= g)m(a) + 1/AT
< AlogT.

where the first line used that Vi)(m1) = Al and A(1,7 — 7m1) = 0.

For the second term in (30), a Taylor expansion and optimality of 7;_ ; show that

1
Fy(mi) = Fio(mi1) = (VER(Wesr)s T = oga) + 5 llme = T [%2 m ()

—~

1
VE(Thi1)s T — Thy1) + §||7Tk - 7T;€+1H2V21/1(E)

> Sllmk = T T2y

N =

for some £ on the line segement between 7, and 7}, ;. Now Lemma 12.1 (i) implies that [{(a) —

mi(a)| < 120nL2mi(a) < 2mp(a). Thus, 0 < £(a) < Hmi(a). So

, - @) — T () 97 G (mk(a) — Ty (a)?
7k = 1 [S2e) = aze; f(a)k; Z 1 L; ﬂk(a,;;

= (%)2”7% - W2+1\|2v2¢(m)-

Therefore

92
m””k - 7T§c+1||2v2w(nk) < Fy(me) — Fk(w;ﬁ—l)

= Q-1 — Qx, Tk — Thg1) + Foe1 (k) — Fr—1(m41)
<n)|Qr—1 — Qk”v%w(wk)nﬂk - 7T;2+1va2(m)

where the inequality follows from Cauchy-Schwartz and the optimality of 7. Rearranging shows
that

2-112 . A
76 = Tl () < 92 Q-1 = Qrllv—24p(ry)-
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Thus applying Cauchy-Schwartz again,

K

1Y 1@r-1— QullZ2p(my)
k=1

K
p (nZZm(a)Q(Qk_l(a) —@k<a>>2) |

k=lacA

2-112

K
Z<Qk — Qr—1, M1 — M) <
k=1

Putting everything together

K K K
Z<Qk777*—7Tk ZQk,ﬁ'—ﬂ'k —|—Z Qk,ﬂ' —7)
k=1 =1 k=1

K K
(AlongZZm @k_ma))?) + 3 (Qu, 7 — 7).

k=1lacA

IN
Q

Taking expectations we complete the proof.

The last result we need before proving Theorem 5.1 is a bound on how much the true value functions
can change between each policy update. The techniques here are similar to those by Wei et al. (2020)
and Hao et al. (2021). However, the main difference is that we work with an alternative solution to
the Bellman equation based on returns to the recurrent state 5. Instead of mixing, we rely on the
exponential decay of the tail probabilities P7 (T5 > t).

Lemma 12.3. Foranys € Sanda € Aifn < ﬁ then almost surely
(i) [V (s) — V™=1(s)| < O (nh*(log T)*).
(ii) |Q™(s,a) — Q™1 (s,a)| < O (nh*(log T)*).

Proof. We will first show that (i) holds and then (ii) will follow. First, notice that (i) is trivial for
s = §since V™ (8) = O for all . Thus, we assume that s # 3. Let us define the short hand
Pi(s,s") =PI (s; = ', T > t).

We start by observing that

V™(s) =BT | Y L(TF > t)(r(se,a0) — J7)| =
t=0

E7 []l(Tf > t)(r(st, ap) — J”)]

ET [1(T7 > )EL,[r(s0, a0) — J"]]

Z (s) —J™)

gMSlF”%JZM8
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where 7™ (s) = . 4 m(als)r(s,a

). Let L = 4ehlogT be as in Algorithm 3. Then for any 7 by
Lemma 10.5

Z ZPﬁ(s,s’)(r”(s’)—J”) < Z P (T} > t) Z te~en
t=L+1s€S

t=L+1 t L+1

1/oc _m>
— Te ek
L

=0
h
o(7:).
Therefore,

I
.
PR
>

,rﬂkﬂ(S/)JrJTrk 7(]7%71]

L
< Z Z |PL (s,s') — Pr_ (s, )] +Lms@x|r”"'(s') — ™ 18| + L|J™ — J™1].(31)
t=1s'eS

We focus on the first term above. For a policy m, let P, € RISI¥ISI be the matrix formed by

zeroing the row and column corresponding to § from the associated state transition matrix. For
states s, s’ # 3, the quantity P! (s, s’) is exactly the s, s’ of PL. Then

D IPR 08) = Pr (o) < max 37 1PE (58) = Pry (505 = 1P, = Pl
s'eS s'eS

Tk—1

where here || A||» denotes the £>° — ¢°° operator norm. We have

1P loo = [P% " Pr, — P P
Th—1 7Tk 1

Th—1 7"k—1||0c

< UPL I lPay — Pay o [Py [P~ P
< ||P7Tk - 7Tk—1H00+||P§rk, Pt ! Hoo

Te—1

where the last inequality used ||P||s < 1 for any policy 7. Proceeding by induction, it follows
that

IP%, — <

7Tk 1HOO < t”P‘ﬂ'k - P‘ﬂ'k 1”00 (32)
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Forany s € S,
D Pr(5,8") = Pry (5,8) = D 1D mulals)P(s'|s,a) = Y mi1(als) P(s'|s, a)|
s'eS s'#35 a€A acA
<Y Y P(sls,a)|mi(als) — w1 (als)]
s’€S a€S
=Y P(s/|s,a)|mk(als) — m1(als)]
acAs’'eS

= llm&(-ls) = w1 (-[3)[]1-

Combining this with (32), the first term in (31) can be bounded as
L
S tmaxmy (1s) — w1 (1s) | < L2 max i (15) — mir (ls) s

Now turning to the second term in (31),

|7 (s") —r™1(8)] = Z r(s',a)mg(als’) — Z r(s’,a)mr_1(als’)

ac A acA
< mgx||ﬁk(~|5) — Tr—1(:]8)][1-

So this term is bounded by L max |7 (+|s) — mr—1(:|s)]|1-

Finally, using Lemma 10.2

| J7E — JTE ] = |Zﬂﬂk(5)<7rk('|3) = Tr—1(:[s), Q™ (s,))

sES
<3 i () i (-ls) — mrm1 (1) IIQ™ (5, ) oo
seS
< hmax||my(-|s) = w1 (Js) s (33)

Combining everything we have
Tk u / 2 h
V™H(8) = V) < (24 L LR maxlmCls) — ma ()l +0 (75
9 h
<3L mfxx||7rk(~|s) — mp—1(-[s)]1 + O 71 )

. . . . 1
Since the assumptions of Lemma 12.1 are satisfied if n < I0L2>

7k (-]5) = mro1 (-|s)]1 < 12002L2 Y~ w1 (als) = 240nL>.
acA

Therefore,
‘Vﬂ'k(s) — Vﬂk—1(5)| <O (h2(10gT)2||7Tk(|S) — ﬁk_l(.|5)||1) +0 <;}4)

<O (nL*h*(logT)?%) + O (1?4)
=0 (nh*(log7)*).

This shows (1).
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With (i) in hand, (ii) follows from the Bellman equation, (33):

|Qﬂ-k (87 a) - Qﬂ-k71 (87 a)|

=|r(s,a) = J™ + > P(s/|s,a)V™(s) = r(s,a) + J™* ZP (s']s,a) V™1 (s")]
< |J™ — J™t] 4 max [V (s) — V1 (s))|

< hmax|m(-[s) = w1 (|s)llL + O (nh*(log T)*)

= O (nh*(log T)*).

12.2 Proof of Theorem 5.1

The next proposition show that the expected regret during a single episode is a constant multiple of

the expected regret. This is a unique consequence of our randomized episode length the use of the
recurrent state s.

Proposition 12.4. Then the regret during a single episode k can be computed as

T§+1,0_1

B | Y 7" —r(sna)| = (N + NQEHTF)(JT — T™).
t:T,fYO

Proof. Define Ay = 221{,:,31,1 J* — r(st,at). By Lemma 9.3 the Ay are i.i.d random variables
with mean EZ* [TF](J* — J™). Then

TI§+1,0_1 N;j+Ng

Ex Z J*—r(sy,ar)| = Eg z Ay NJ+NQ)]E7T)¢[T1](J* — ).

O

Proposition 12.5. Define K = inf{k : T} ; > T'} to be the index of the first episode to start after
time T. Then

KTfl
E[Rr] < h(N; + Ng)E l PP AEAL
k=1

+h(Ny + Nog).

Proof. Notice that {Kr > k} = {T}} ; < T'} € Frs . We can then write

T—1 [Trp0—1 T [T 01
E[Rr] =E lz J— r(st,at)l =E Z J—r(st,ar)| —E Z J* —1r(st, ar)
t=0 t=0 | t=T+1
T 0—1 i [Tip0—1
<E Z J* —r(st,ar) | +E Z |J* — (s, ar)]
| t=0 | | t=T+1
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To handle the second term, we define the random variable {7 to be the time of the Ny + Nq-th visit
to 5 after time 7T'. Then clearly, {7 > Tf}T’O so the second term can be bounded as

TiTp_l Er—1
E| Y |[J'—r(si,a)|| <E l S —r(st,at)]
t=T+1 t=T+1
<E[¢r —T]
= E[E[ér — T'|Fr]]
= E[EST [TZ‘%J-"‘NQ]]
< h(Aﬁ‘+]VQ)
where we used Assumption 4.2 in the last line.
Now, we have
Trp0—1 [Kr—1Ti1,0-1
E Z J*—r(sy,ar)| =E Z Z J* — (s, ar)
t=0 | k=1 =T,
[ [e’e} le—*—l,ofl
=E Y 1(EKr>k) Y T —r(sia)
k=1 tZTEﬁ
[ [e%s) TI§+1,071
=E Z]I(KT > k)Eyg Z J* —r(st, at)
| k=1 t=T¢ o
= (N + NQ)E | Y 1(Kp > k)EI*[TT](J* - J”’f)]
k=1
Ko—1
— (N +NQ)E | Y EF[T})(J" — m]
k=1
where we used { K7 > k} € F7,  followed by Proposition 12.4. O

We remark here that the above argument shows that if (Y)x>1 is any sequence of integrable random
variables, then

KTfl KTfl
E|Y Yu|=E| > EYi (34)
k=1 k=1

This fact will be used repeatedly in the remainder of the analysis. Before moving to the proof of
Theorem 5.1, we will need the following upper bound on the expectation of K.

Proposition 12.6. Assume T > 10h%t;; log T. Then expected value of Kt can be bounded as

T
E[Kp —1]< — .
[Kr 1] < Shtplog T

Proof. The proof uses a similar argument to the above with J* — r(s;, a;) replaced with 1. Define
Ay = T1§+1,0 - Tkg,o

to be the length of the k-th episode. Then Ej[A;] = (N; + Ng)EZ*[T¥] > N; + N since there
are Ny + Ng returns to 5 during each episode. As in the proof of Proposition 12.5, let {7 be the
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first time that 5 is visited IN; + N times after T'. Then,

Kr—1
> Ak] > 1+ (Ny+ No)E[K7 — 1]. (35)
k=1

E[¢] >E[Tf, 0] =1+E

Now using the Markov property and Assumption 4.2
B¢ = T|Fr] = ey [TRg 1 n,] < (Ns + No)h.
Hence
E]=T+E[-T]<T+ (Nj+ Ng)h.

So by (35),

IA
|

+

>

T ——
].Ohthit IOgT +
T
< —
~ Bitpy log T

Proof of Theorem 5.1. As in the previous proposition, we assume 7' > h2tui log T.

By Proposition 12.5 and Lemma 10.2 we have

T—1
E [Z J* — r(st,at)l

t=0
KTfl
<h(Nj+NQ)E | Y J*=J™| + h(N;+ Ng)
k=1
KTfl
=h(N;+NQE | > > ™ ()(n(-]s) = mi(-|s), Q™ (s, ) | +h(Ns+Ng) (36)
k=1 seS

Using the property (34), Lemma 5.2, and Proposition 12.6

Kr—1

ST ST W () (7 (fs) — mlls), @7 (s, )

k=1 seS

Kr—1
=E [ SN w () (" (als) — mi(als)Ex[Qk(s, )]

E

o (]E[KT - 1]h2(1ogT)2)

k=1 sc€SacA T4
k) (e * A hlogT

=E| Y > i () (1) = mills). Quls, ) +0< o ) a7
k=1 seS
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Using Lemma 12.2 and m;, is measurable with respect to Frs =~ we have

Kr—1
E|D w(s) Y <7T*('|3)_Wk('s)an(s7')>]

seES k=1

B P

SGS

+) ur(s)E

seS

Using the definition of 7 and Proposition 12.6, the second term can be bounded as

Kr—1 Kr—1
E| Y (Quls, ), (ls) =7([s)| <E| Y Ek[@k(&')]m|W*('S)_ﬁ('|S>||1]
k=1 k=1
hE[K7 — 1]
cof 1)
=0(1).
For the first term, we continue as
AlogT . e A 2
O( p +Zu (s)nE Z Zﬂk als) <Qk s,a) — Qk_l(s,a)) ])
SES a

<0 (M“;gT +ﬂL4) o (Z w* (s)nE Z D mi(als)*(Qu(s,a) - Qm(s’a))zb
SES a

Kp—1
+0 (Zu*@)nE [ > D mlal)* Q™ (s.0) - Q”’“(&a))zb

seS k=2 a
Kp—1
+0 (Z w(s)nkE [ Z Zwk (a|s)*(Qr_1(s,a) — Q’T’fl(s,a))Q] ) (38)
seS k=2 a

A . 2
where the first inequality uses Y. , mx(als)?Q1 (s, a)? < (ZaGA i (als)|Q1(s, a)|> < O(L%)
(proved in Lemma 12.3) and Cauchy-Schwartz.
‘We now show that the last term in (38) can be bounded by the first. First, we need to replace 71 (als)
with 7,1 (als) to cancel the factor of — (a|s) in the bound of (Qx_1(s,a) — Q™ 1(s,a)).

To do so, we use Lemma 12.1 to deduce \7rk(a| ) — me—1(als)| < im_1(als) which implies
71 (als)? < 4my_1(als)?. Then we have

Kr—1
Y Y el (Quoalsia) - @”M(s,aﬂ
k=2 a€cA
[Kp—1 ~ 2
< 4E Z Zﬂ'k_l(a|s)2 (Qk_l(s,a) — Q’T’“*l(s,a)) ]
L k=2 acA
[Kr—2 )
=4E Z Zﬂ'k als) (Qk s,a) — Q”’“(s,a)) ]
L k=1 acA
rKp—1 )
<4E Z Zﬂ'k als) (Qk s,a) — Q’rk(s,a)) ] .
L k=1 a€cA
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By Lemma 5.2 (ii), we have

Kr—1
Bl 20 2 mlels) (el o) - Q’f’c(s,a)f]
Kr—1 (
- 9 max{1, h/tw th2(logT)?  h3(logT)?
<nE l kzﬂ 7Tk(11|5) 0 ( wk(a|s),u”k (S)thn + o )

< nE ril() (maX{l’h/ tibh*(og T) hg(IOgT)B)

L (8 ) i thit

Thus the second and fourth terms in (38) can be bounded by

Kr—1
& max{1, h/thi th2(logT)?  h3(log T)3>
E *(s)O +
Z Z w(s) ( LT (8) i thit

Kil o (C max{L,h/tu}h*(log T)* | h*(log T)3)

thit thit

k=2 seS

<nE

0 (nE[KT — 1]Ceoy max{1, h/ty }h?(log T)3 N nE[Kr — 1]h3(logT)3>
thit thit
< 0 <77TCCOV max{légh/thit}h(log T)3 + nTh2ilOg T)3 )
hit hit

where the last line used Proposition 12.6.

Finally, for the third term in (38), we use Lemma 12.3 to get

Kr—1 Kr—1
£ S S mels Q" (5.0) - @ﬂkl(s,a»?] < E [ S P log T’
k=2 a k=2

= n’E[Ky — 1]h%(log T)*
<0 (ngTh7(logT)3> .

thit

Combining everything we have shown

Kp—1
DD um () (s —Wk('|8),Qk(S7')>]
k=1 seS
<0 (Al(:}gT L+ DT Ceoy max{légz/thit}h(log T)3 n nThQ]gog T)3 n 773Th7t(10g T)3) .
hit hit hit

Now, adding the lower order terms from (37) then using (36) and multiplying by A(N; + Ng)
O(tnith?), the total regret is bounded as

~ [ Atyich? T Ceoy L h/tw}h®  nTh* . Pt
E[Ry] < O( hit +77L4h2thi:+ n max{1,h/ty} 77 ?73Th9+ ;r) .
n thit Thit T
Recall that in order for the results of Lemma 12.1 to hold we require n < ﬁ. Taking n =

. 1 At }?“ .
min 4 s7072> TCooy 2 g1ves

ATh6 L2ht2 hAAC,, — A3 hS h4t
/ACCOV/”L ht\/i + co + — + hn
cov Cm \/T co/v \/>

RT<
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13 Auxiliary Lemmas

Lemma 13.1 (Lemma 2 of Even (2023)). Let X; be a markov chain on finite state space X with
stationary measure . Let x € X be positive recurrent and T{ = inf{t > 1 : X, = x} be the first
return time to x. Then

tmix IOgQ(Q/M(x))
BT < = )

Proof. Let T = tmix(11(x)/2). We have

iPyTl >k)<rt Z (T¢ > Tk).
k=1

By the Markov property,
P,(TY > 7k) = P, (17 > 7|T7 > 7(k — 1))P,(I7 > 7(k — 1))
<maxP, (T > )P, (T7 > 7(k —1)).
By definition of 7, [P, (X, = z) — p(z)| < @ Thus,
P.(IY >7) <P (X, #2)=1-P,(X; =2) <1—p(x)/2.
Proceeding by induction on k we have P, (T > 7k) < (1 — pu(z)/2)*. So
<Y (- )/t = 2
= ()

Using tmix(g) < [logs €71 tmix(1/4) (Levin & Peres, 2017) gives the desired result.



