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Summary

Efficient exploration remains a central challenge in reinforcement learning, serving as a
useful pretraining objective for data collection, particularly when an external reward function
is unavailable. A principled formulation of the exploration problem is to find policies that
maximize the entropy of their induced steady-state visitation distribution, thereby encouraging
uniform long-run coverage of the state space. Many existing exploration approaches require es-
timating state visitation frequencies through repeated on-policy rollouts, which can be compu-
tationally expensive. In this work, we instead consider an intrinsic average-reward formulation
in which the reward is derived from the visitation distribution itself, so that the optimal policy
maximizes steady-state entropy. An entropy-regularized version of this objective admits a spec-
tral characterization: the relevant stationary distributions can be computed from the dominant
eigenvectors of a problem-dependent transition matrix. This insight leads to a novel algorithm
for solving the maximum entropy exploration problem, EVE (EigenVector-based Exploration),
which avoids explicit visitation estimation and instead computes the solution through iterative
updates, similar to a value-based approach. To address the original unregularized objective, we
employ a posterior-policy iteration (PPI) approach, which monotonically improves the entropy.
We prove that EVE’s core update equation converges linearly under standard assumptions. We
empirically demonstrate that EVE produces policies with competitive exploration performance
relative to rollout-based baselines in deterministic grid-world environments.

Contribution(s)

1. This paper presents an algorithm (EVE) for maximum entropy exploration in the average-

reward setting that computes the optimal exploratory policy using a novel update equation
instead of rollouts.
Context: Prior approaches to maximum entropy exploration typically require estimating
visitation frequencies through repeated policy rollouts and reward iterations (Hazan et al.,
2019). The proposed update equation requires a known forward and backward transition
model to evaluate probability flows.

2. We prove that the EVE update rule is a contraction mapping, guaranteeing linear conver-

gence to a unique (up to scaling) fixed point. Using posterior policy iteration, the EVE
algorithm provably achieves monotonic entropy improvement.
Context: We use existing techniques from non-linear Perron-Frobenius theory (Lemmens
& Nussbaum, 2014) to prove convergence in projective space. Recent work by Hazan et al.
(2019) gives convergence proofs for alternative algorithms in the same maximum entropy
exploration setting.
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Abstract

Efficient exploration remains a central challenge in reinforcement learning, serving as
a useful pretraining objective for data collection, particularly when an external reward
function is unavailable. A principled formulation of the exploration problem is to find
policies that maximize the entropy of their induced steady-state visitation distribution,
thereby encouraging uniform long-run coverage of the state space. Many existing ex-
ploration approaches require estimating state visitation frequencies through repeated
on-policy rollouts, which can be computationally expensive. In this work, we instead
consider an intrinsic average-reward formulation in which the reward is derived from the
visitation distribution itself, so that the optimal policy maximizes steady-state entropy.
An entropy-regularized version of this objective admits a spectral characterization: the
relevant stationary distributions can be computed from the dominant eigenvectors of a
problem-dependent transition matrix. This insight leads to a novel algorithm for solv-
ing the maximum entropy exploration problem, EVE (EigenVector-based Exploration),
which avoids explicit visitation estimation and instead computes the solution through it-
erative updates, similar to a value-based approach. To address the original unregularized
objective, we employ a posterior-policy iteration (PPI) approach, which monotonically
improves the entropy. We prove that EVE’s core update equation converges linearly un-
der standard assumptions. We empirically demonstrate that EVE produces policies with
competitive exploration performance relative to rollout-based baselines in deterministic
grid-world environments.

1 Introduction

Efficient exploration in reinforcement learning (RL) remains a long-standing open problem. A rich
subfield has emerged to tackle this problem, with new research questions fueling new ideas such as
entropy- and information-seeking agents (Tiomkin & Tishby, 2017), count-based systems (Belle-
mare et al., 2016; Ostrovski et al., 2017; Zhou et al., 2020; Lobel et al., 2023), curiosity-driven
exploration (Pathak et al., 2017) and random network distillation (Burda et al., 2018). However,
novel approaches and insights are still needed to address the fundamental question of exploration:
How can an agent learn to obtain uniform coverage in a new environment?

An important class of approaches for exploration in RL focuses on objectives derived from visi-
tation frequencies. Although efficient algorithms have been formulated and developed using these
objectives (Hazan et al., 2019), such approaches are inherently computationally demanding. By de-
sign, the entropy objective in these approaches is dependent on the stationary visitation distribution
induced by the policy itself. Evaluating this distribution typically requires estimating visitation fre-
quencies through repeated rollouts. Because the objective is defined in terms of the policy-induced
distribution, improving the policy requires repeatedly estimating this changing distribution, creat-
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ing a circular dependency between policy updates and visitation estimates. In practice, this often
necessitates on-policy sampling and can make optimization computationally expensive.

In this work, we address the exploration problem from a new perspective, deriving an update equa-
tion constructed to be consistent with the desired visitation distribution, using a backward transition
model instead of rollouts. We arrive at an algorithm which uses a two-step temporal difference
learning technique to learn the optimal policy directly.

Recent research has derived results that provide a framework for addressing the challenges noted.
For systems with deterministic dynamics, Bayesian inference approaches can be used to solve the
optimal control problem in entropy-regularized RL (Levine, 2018). In the average-reward setting,
analytical expressions for the optimal policy and the associated state-action visitation distributions
have been derived (Arriojas et al., 2023a). Our work leverages this distinctive spectral viewpoint, in
which optimal policies and visitation distributions are characterized through eigenvectors of a tilted
transition operator.

Building on the analytical results from Arriojas et al. (2023a), we obtain expressions for key quan-
tities in exploration, including distributions in state-action space, an intrinsic reward function, and
their relationship to the environment’s transition dynamics. These analytic results lead to a new
update equation that can be efficiently computed, based on a balancing of forward and backward
probability flows. The resulting algorithm leads to policies that induce state-action visitation distri-
butions with high entropy.

We consider the “reward-free” setting: there are no extrinsic rewards and the agent’s objective is
to explore the environment uniformly. Our proposed algorithm, EVE (“EigenVector-based Explo-
ration”) uses the dominant eigenvectors of a tilted transition matrix to determine the unique policy
that solves the entropy-regularized exploration problem. When an extrinsic reward function is pro-
vided, downstream tasks can then leverage the data collected by EVE to solve complex tasks with
potentially sparse rewards. Alternatively, one might use EVE in the online setting to define the
behavior policy. EVE shows that maximum-entropy exploration can be approached as a spectral
fixed-point problem, allowing exploratory policies to be computed directly from the transition dy-
namics without estimating visitation frequencies through rollouts.

In the following sections, we provide necessary background material in reinforcement learning,
highlighting the entropy-regularized average-reward objective before presenting our framework for
calculating optimal policies. We then describe the corresponding algorithm, its convergence prop-
erties, and provide validating experiments. We end the paper by connecting to related work and
discussing our results.

2 Background

Consider an environment with state space S and action space A, and an agent interacting with the
environment through a (generally stochastic) policy 7(a|s). The environment’s transition dynamics
p(s’|s, a) describe the next state s’ based on the current state s and action taken, a. In the following,
we focus on the discrete state-action case for ease of exposition. The typical RL objective is to
optimize the accumulated reward, (s, a). That is, to solve the following optimization problem:

o0
JT = X Brepmn Z yr(se, ar), (1
t=0

where trajectories are sampled starting from an initial distribution p and following dynamics p and
policy 7 thereafter. Rewards are exponentially discounted over time with a discount factor v € [0, 1).
Much prior work in reinforcement learning considers the discounted objective in Equation (1); how-
ever, we argue that this choice is not suitable for the exploration problem. A discount factor inher-
ently introduces a finite timescale for the agent’s decision-making capacity: 7 ~ (1 —~)~!. To
solve the exploration problem, an agent should visit many states, even those beyond this artificially
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chosen temporal horizon. To this end, we adopt an average-reward approach to the exploration
problem. The average-reward RL objective has received growing interest in recent years (Mahade-
van, 1996; Zhang et al., 2021b; Wan et al., 2021; Zhang & Ross, 2021; Ma et al., 2021; Hisaki &
Ono, 2024; Adamczyk et al., 2025a; Rojas & Lee, 2026) due to its ability to solve long-horizon,
continuing tasks without a discount factor. In the maximum entropy exploration problem, we ar-
gue that discounting may not always be appropriate: Using a discounted objective will result in
entropy maximization of the discounted occupancy measure, whereas we may instead be interested
in the undiscounted steady-state distribution, which cannot be easily computed with discounted ap-
proaches (Naik et al., 2019). In the present case, we therefore replace the discounted objective in
Equation (1) by the average reward objective, defined by:

T
pr = maxThm TETMMHM Z r(sg, a) = mgxz Z dp =(s,a)r(s,a), 2)
T e t=1 seSacA

where p* is the optimal “reward-rate”. Assuming it exists (cf. the standard well-mixing assumptions,
as in (Wan et al., 2021)), the reward-rate can be expressed as an expectation of rewards under the
optimal policy’s steady-state distribution (right-hand side of Equation (2)).

In this work, we are interested in solving the maximum (state-action) entropy problem. In this
setting, “optimal exploration” corresponds to finding a policy that achieves a maximally uniform
distribution over state-action pairs (Krass & Vrieze, 2002). Analogous to the formulation in (Hazan
et al., 2019), we study the following objective:

max H(dp ») = max < Z Z dp = (s,a)logdp (s, a)) , 3)

T
s€SacA

where d,, - represents the stationary distribution under the transition dynamics p and control policy
m, obtained in the long-time limit. In other words, d,, - is the non-trivial eigenvector of the state-
action transition matrix p(s’|s,a)m(a’|s"). Throughout, we will assume the transition dynamics is
deterministic, aperiodic, and irreducible.

One approach to address this optimization problem is via reinforcement learning: By comparing
Equation (2) to Equation (3), we see that one should assign the reward r(s,a) = —logdp (s, a),
to be consistent with the maximum entropy objective. With this identification, optimization of the
average-reward objective is a way to solve the problem of maximum-entropy exploration using RL.

To leverage closed-form results in the average-reward setting, we include an entropy-regularization
term: 371Dy (|| 7o), where T is a chosen reference or prior policy (often taken to be uniform,
in the case of “MaxEnt RL” (Haarnoja et al., 2018a)), and [ is a real-valued “inverse temperature”
(a~! in e.g. (Haarnoja et al., 2018b)) responsible for regulating the importance of the Kullback-
Leibler divergence, Dk relative to the accrued rewards. The objective for the entropy-regularized
average-reward problem can be expressed as:

™ T—o0 mo(ae|se)

T
1
#* = max lim TETNP’“»“Z (T(St,at) — B log W(atst)) ) )
t=1

Here, 0* takes the role of the reward-rate p*, but includes the entropic cost. A finite tempera-
ture 5 < oo can be used throughout, treating the regularized objective as a surrogate for the un-
regularized solution of interest, with 5 — oco. In the following sections, we also propose two
methods for solving the un-regularized problem.

Recent work by Arriojas et al. (2023a) provides a solution to the entropy-regularized average reward
problem through the construction of a “tilted matrix”. We summarize the main outcomes of their
framework below. The key to solving the entropy-regularized average reward problem is the tilted
matrix, defined as:

P(s',d'|s,a) = p(s'|s, a)mo(a'|s")e? (5D 3)
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which combines the transition dynamics, prior policy, and reward function. The tilted matrix is
sub-stochastic (column sums are less than one) and satisfies the Perron-Frobenius theorem. The
corresponding dominant eigenvalue of P is A = exp 6%, i.e. the exponential of the entropy-
regularized average reward-rate, §*. These results can be understood as an extension of the lin-
early solvable framework of Todorov (2006). Furthermore, it was shown that the corresponding left
eigenvector, satisfying u” P = Au”, encodes the optimal policy: 7*(als) o mo(a|s)u(s,a). The
distinct, non-trivial right eigenvector v satisfying Pv =X represents a “quasi-stationary distribu-
tion” (Méléard & Villemonais, 2012). These left and right eigenvectors are related to the backward
and forward messages in the Bayesian interpretation, respectively, as discussed by Levine (2018);
Arriojas (2022). Importantly, the steady-state distribution induced by the optimal policy 7* and
transition dynamics p can be expressed through their (Hadamard) product:

dp =+ (s,a) = u(s,a)v(s, a). (6)

This decomposition is similar to that given by Jain et al. (2023). However, our approach is Marko-
vian, in the average-reward framework, and as shown below, yields a new update equation based on
temporal differences. In the following, we discuss how the ideas from this section can be combined
to unlock new insights and algorithms for the maximum-entropy exploration problem.

3 Results

We begin with the observation that, rather than using rollouts to estimate the policy-induced entropy,
the steady-state distribution can be derived from the eigenvectors of the tilted matrix, attainable
from off-policy methods (Adamczyk et al., 2025b). Given the linear-algebraic framework discussed
above, we aim to find an intrinsic reward function which optimizes the average entropy-rate of the
agent. Rather than using discounted occupancy measures, this framework allows the average entropy
to be optimized directly. Comparing with Equation (4) we see that by choosing the reward function
to be of the form

r(s,a) = 710gu(37a)v(57(1)7 (7)

the optimal reward-rate is exactly the desired entropy-rate. The Perron-Frobenius theorem implies
that both vectors u and v are unique and strictly positive. The right eigenvector v can be computed
from Equation (9) at any point to estimate the entropy of the distribution without any rollouts of
the policy. This approach is therefore off-policy: for a fixed prior policy, data is not needed from
the learned policy. This is in stark contrast to rollout-based methods that require sampling from the
online policy. However, there are two caveats: (1) this is still an implicit solution, where the left
and right eigenvectors u, v of the new tilted matrix must be self-consistent with the vectors used to
define the reward function; and (2) an exact correspondence to the maximum entropy distribution
only holds for the un-regularized problem, where 8 — co. We address these issues in the following
sections.

3.1 Self-Consistent Solution

To address the first problem (the self-referential nature of eigenvectors and reward functions), we
must find left and right eigenvectors u, v which consistently satisfy the corresponding eigenvector
equations and the reward function definition introduced in Section 2. After inserting the definition
for the reward function (Equation (7)) into the eigenvector equations, we have for 5 = 1, (see
Appendix A for further details):

Z u(s',a)P™ (s',d|s,a) = M’ (s,a)v(s,a) , (8)
s’,a’

T / ! 1
ZP °(s',a|s,a)
s,a

u(s, a)

= Mv(s',d’), )
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where P™(s' a'|s,a) = p(s'|s,a)mo(a’|s’) is the joint state-action transition dynamics and
0 < A < 1, the dominant (Perron-Frobenius) eigenvalue, encodes the optimal entropy-regularized
reward rate, 0%, as discussed above. Note that this optimal reward-rate 8* includes a contribution
from the average entropy achieved by the policy’s steady-state distribution (our original objective)
and the entropy of the optimal policy itself. In the next subsection, we discuss how to mitigate the
latter term’s effect.

We now note that Equation (9) allows one to eliminate the right eigenvector v. From an algorithmic
standpoint, this reduces the required memory and simplifies the problem to estimating a single func-
tion. The relationship derived from the above eigenvector equations now provides our novel fixed
point iteration scheme, which for general 5 # 1, reads:

1 e}
(ZS, su(s’ d )P (s dls, a))
u(s,a) < Tu(s,a) = : 0 5

Yosa ™ (s,als,a)u(s,a)" 7 (3, , uls,a)P™ (s, al5,a)) 7

(10
where (5,a) — (s,a) — (s’,a’) denote successive state-action pairs. This update equation com-
bines information from the future (numerator) and the past (denominator). To gain a better intuition,
we can rewrite this equation in log-space (motivated by the connection to the value function, since
q(s,a) = B~ 'logu(s,a)), and highlight the simpler case of 3 = 1, finding

1 ’ ! 1 E—
q(s,a) = 5 log (Ea:NﬂOeQ(s = )) =5 log (Z P(s,als, a)e‘q("’a)> . (11)

5,a

From here, we see that ¢ satisfies a certain “soft flow” equation: ¢ balances between the flows out
of a state (first term) and the flows into the state (second term). The first term represents a soft
maximum over the next state-action pairs while the second term represents a soft minimum over the
preceding state-action pairs.

The derived update scheme simplifies the expensive iteration (computing optimal policy, rollouts,
new reward function, etc.) into a single fixed-point equation. Interestingly, even without a dis-
count factor, successive iterates of EVE maintain their magnitude. This stability is a result of Equa-
tion (10)’s convergence and the homogeneity of the updates (cf. Appendix A). Importantly, since
we do not rely on discounting, this flow equally weights incoming (previous) and outgoing (future)
transitions, ensuring that temporally distant states are visited with uniform probability, and not arti-
ficially weighted by the discounted measure. Upon convergence, Equation (10) therefore allows us
to solve for the policy which maximizes entropy of the undiscounted distribution over state-action
pairs.

The following theorem guarantees that, despite lacking an obvious contraction factor, (an m-step
form of) the iteration in Equation (10) is indeed a contraction mapping and thus converges to a
unique function, for all 8 > 1. Below, let x(A) denote the projective diameter of a positive matrix,

A. We restrict the operation of 7 to the cone REA'A‘ (the positive orthant).

Theorem 1. Let the dynamics induced by mo(a|s) and p(s'|s, a) be irreducible and aperiodic
with index of primitivity m. The m-step mapping w < T,,(u) extension of Equation (10) is
a contraction under the projective metric, and converges linearly with rate k((P™)™) when
B=1

The proof of this statement is given in Appendix A and follows from the properties of Hilbert’s pro-
jective metric. Intuitively, this can be seen as a form of non-linear Perron-Frobenius theory (Lem-
mens & Nussbaum, 2012). The projective metric is a logarithmic form of the more well-known span
semi-norm common in the average-reward literature (Zhang et al., 2021c).
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3.2 The Un-regularized Objective

The entropy-regularized objective maintains an additional cost for deviating from a prior policy 7.
This regularization technique has proven beneficial in some contexts, like MaxEnt RL where 7 is
uniform Haarnoja et al. (2018a), offline RL where 7 represents a behavior policy (Wu et al., 2019;
Zhang & Tan, 2024), and LLM alignment (Rafailov et al., 2024; Yan et al., 2024). In the explo-
ration problem, it may be of reasonable interest to use some (extrinsically defined) task’s optimal
policy as the prior. In this case, the agent will explore novel parts of the environment while staying
“close” (in the sense of Kullback-Leibler divergence) to the prior policy, which may be an effective
combination to satisfy the exploration-exploitation tradeoff. Though the regularized objective may
be of independent interest, our primary objective is to obtain a solution to the maximum entropy
exploration problem, as posed in Equation (3), without the additional regularization term. As such,
maintaining such a regularization will bias the solution away from the pure MaxEnt solution.

In order to directly use the tilted matrix to determine the solution to the un-regularized problem, we
need to take the limit 5 — oo. However, instead of increasing the inverse temperature 3, one can
alternatively anneal in the policy space by using an adaptive prior policy 7, as introduced by Rawlik
et al. (2012); Rawlik (2013). Adopting this approach, we will iterate the prior and posterior policies,
by updating my with the optimal policy resulting from the left eigenvector (7* o mou). This left
eigenvector, for a given 7, is found by solving for the fixed point in Equation (10). Intuitively, this
method reduces the impact of the relative entropy regularization term, not by adjusting its weight 3
but instead by adjusting the reference policy. Upon convergence, the prior and optimal policies are
the same, thereby incurring no additional entropic costs and only maximizing the reward function of
interest (Eq. (7)). This method is known as posterior policy iteration, or PPI (Rawlik et al., 2012),
and was also studied in the deep RL setting by Adamczyk et al. (2025b). In Appendix A.4 we prove
that PPI provides monotonic entropy improvement in this setting, where the reward function also
changes. We provide the corresponding pseudocode for EVE below.

Algorithm 1 EVE

Require: Transition matrix P(s|s, a), initial prior policy mo(als)

Require: Inverse temperature 3(¢) > 1, maximum w iterations N, maximum PPI iterations 7'
1: fort=1to T do
2: forn =1to N do

u<+ T (u;8(t)) // Update according to Equation (10)

mo(als)u(s,a)

Update optimal policy: 7*(a|s) = S o tals)ule.a)

AN

mo(als) < 7*(a|s) // Update prior policy
QOutput: Exploration policy, 7*

4 Experiments

We use a tabular GridWorld environment to verify our theoretical results and test the proposed
method (given in Algorithm 1). Specifically, we use deterministic dynamics with four discrete
actions (in the cardinal directions). The initial state is denoted by a green circle and absorbing states
are denoted by the grey region (transitions the agent back to the initial state). Although we use a
tabular approach (with transition matrix given), the agent can alternatively learn a model (Sutton,
1991; Hafner et al., 2019; Moerland et al., 2023) during training. Notably, because of the form of the
update in Equation (10), one must also model the backward transitions, or the “parent” state-action
pairs.

As baselines, we consider the MaxEnt algorithm from Hazan et al. (2019) and a set of rollout-based
techniques where a policy’s steady-state distribution is calculated, and a new reward function is
defined according to r(s,a) = —logd, (s, a). Experimentally, we observe oscillatory behaviors in
the rollout-based methods, as outlined in (Lee et al., 2019). To mitigate this effect, we introduce
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Figure 1: Compared to the baselines, EVE finds an exploratory policy that produces higher entropy
after fewer iterations. (Inset) “CliffWorld” environment used. Agent can move in cardinal directions.
Green circle denotes initial state; falling into the cliff resets the agent. Each line represents the mean
over 5 independent initializations; shaded region denotes one standard deviation.

a learning rate (finetuned for each baseline) to slowly mix the consecutive reward functions. We
also warmstart the RL loop with the previous value function. We found both of these steps were
necessary for stable convergence of the baselines. We use a discounted approach, where the reward
function is fed into a discounted soft Q learning solver (y € {0.8,0.9,0.95,0.99}). We also use an
average-reward differential soft Q learning algorithm to isolate the effects of discounting and our
own update equation. The soft Q learning baselines use a fixed number of steps (50) before the
reward function is updated and a linear schedule for § € {1,2,...,10}.

Importantly, EVE does not require tracking a distribution or reward function, since these are built
into the update equation, by design. As such, there are no oscillatory effects, so the corresponding
learning rate can be removed altogether. The MaxEnt algorithm uses a convex combination of
greedy policies to form a stochastic optimal policy, whereas the EVE policy is naturally stochastic
at each iteration. As such, we circumvent the potentially large memory footprint of MaxEnt, which
requires storing all previous policies.

Our experiments in Figure 1 show that EVE is able to find policies capable of efficient exploration
that achieve the maximum possible entropy, log |S||.A|. To induce a uniform distribution, EVE’s
resulting policy is highly non-uniform, as the agent must navigate away from the cliff to continue
exploring. The policies learned by rollout methods lead to lower entropy (worse coverage) and take
more iterations to obtain. On the horizontal axis, “iterations” refers to the number of synchronous
updates to the value function (i.e. value iteration steps). The code for our experiments can be found
athttps://github.com/JacobHA/EVE.

5 Related Work

Being a fundamental pillar of reinforcement learning, the issue of exploration has cemented itself
as a cornerstone of theoretical and experimental RL literature, with ever growing interest, espe-
cially as environments become more complex and rewards more sparse. A prominent line of work
formulates exploration as the maximization of entropy over state or state-action visitation distri-
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butions. For instance, Hazan et al. (2019) demonstrate that maximizing the entropy of discounted
occupancy measures can be solved as a convex program with polynomial sample complexity, mark-
ing an important step toward provably convergent exploration. Similarly, Jain et al. (2023) explore
the maximum entropy problem, but with non-Markovian policies within a discounted framework.
Touati & Ollivier (2021) use an offline approach that approximates the successor measure with a
low-rank forward-backward decomposition. Our method is online, off-policy, and exact. The re-
liance on discounting in these approaches inherently skews the visitation measure away from the
true long-run steady-state. Consequently, they are unable to leverage the exact spectral connection
to the stationary distribution’s eigenvectors that our undiscounted, average-reward formulation na-
tively exploits. Table 1 of Mutti et al. (2022) provides a comprehensive overview of exploration
methods.

Spectral methods have also been fruitfully applied to RL exploration in other contexts. Machado
et al. (2017) utilize the eigenvectors of the successor representation to discover “eigenoptions” that
encourage diverse exploratory behaviors. While conceptually related, EVE differs fundamentally in
both objective and mechanism: rather than learning options to implicitly aid exploration, we focus
on explicitly optimizing Equation (3), deriving a closed-form update from the eigenvectors of the
tilted transition matrix.

Finally, the precise formulation of the entropy objective and its optimization landscape separates our
work from previous approaches. While much of the literature focuses strictly on state entropy, recent
studies emphasize the importance of maximizing entropy across the joint state-action space (Zhang
et al., 2021a). Whereas Zhang et al. (2021a) tackles this using Rényi entropy within a total-reward
framework, EVE employs Shannon entropy within the average-reward setting. Overall, many of
these experimental methods use function approximation techniques and thus could offer a viable
pathway for extending EVE to continuous, model-free problems.

6 Discussion

EVE offers a principled, computationally efficient solution to the exploration problem by directly
optimizing the steady-state entropy of state-action visits uses a forward and backward transition
model instead of costly rollouts or discounted surrogates. By leveraging recent analytical advances
in entropy-regularized average-reward RL, we derived a self-consistent update mechanism for solv-
ing the MaxEnt exploration problem. Because our formulation is naturally embedded in the entropy-
regularized setting, we can leverage the flexibility of the prior policy 7y, obtaining a smooth tran-
sition from a regularized exploration policy to the un-regularized maximum-entropy solution via
PPI.

Beyond the new perspective and theoretical techniques provided for the pure exploration problem,
EVE can also serve as a powerful pretraining objective Liu & Abbeel (2021). An agent initialized
with this maximum-entropy policy uniformly covers the state-action space, which is especially valu-
able in sparse-reward environments. We believe that EVE has the potential to become a versatile
building block for both reward-free data collection and downstream RL fine-tuning, thanks to its
efficient learning.

6.1 Limitations and Future Work

The solution method proposed is designed to solve the maximum entropy problem. As such, it is
not well-suited for “noisy TV” problems (Burda et al., 2018) which may instead require a more
information-theoretic perspective on the intrinsic reward function. The current solution method
only applies for the case of deterministic dynamics, based on the results in (Arriojas et al., 2023a);
however an extension to stochastic dynamics exists and requires an additional loop over “biasing
functions” (Arriojas et al., 2023b).

We also note that objectives beyond the Shannon entropy may be of interest (Hazan et al., 2019).
When these alternate objectives depend on the stationary distribution, our results may also apply. For
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example, the marginal-matching problem Lee et al. (2019) and state-entropy can also be addressed
within this framework. We envision extensions of these ideas in model-based RL, where a learned
(backward) dynamics model is used to estimate the EVE update equation.
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A Proofs

A.1 Derivation of Equation (9)

Recall the definition of the tilted matrix, 15, from Equation (5). We substitute in the self-consistent
reward function r(s,a) = —logu(s, a)v(s, a), where u and v are the left and right eigenvectors of
P, respectively.

P (s’ d'|s,a) P (s d'|s,a)

Mu(s,a) = Z u(s’,a')m and Mv(s',d) = ZW&@W’

s'a’ s,a

which can be written as:

Z u(s',a' ) P™ (s, d'|s,a) = MutTP(s,a)v’ (s, a) (12)
Z P (s d'|s,a)uP(s,a)v P (s,a) = Mu(s',d'). (13)

s,a

A.2 Derivation of Equation (10)

For ease of notation, let ¢, j, and k be vector indices which correspond to the sequential state-action
pairs (5, a), (s,a), and (s’,a’), respectively. Accordingly, let P;; denote P(s,al|s,a), and let Py;
denote P(s',d’|s,a). Equations (12) and (13) are written more compactly as:

ZukPE;’ = )\u;J“@vf (14)
ZP”U uy Po; =% =y, (15)

where for Equation (14) we have also shifted the timestep to align with the right eigenvector in
Equation (15). Now, by solving for the right eigenvector in terms of the left, we have, for the two
state-action pairs,

1-8

1 (uTP); s (1P T
vj = <)\ U?H and v; " = 2\ uf“ : (16)

Substituting these expressions into Equation (15), we have

=

1-8 1
_ WTP);\ ° 1(WTP);\"”
™ B J _ J
ZPO ; ( e ) =M 3o (17)
J

The eigenvalue cancels, and we can solve for u; = u(s, a) as:

N
L(+O/B _ (Zk “kpkj) (18)
j - Z P‘n’o 1/6(UTP)(1 B)/B
or, written in terms of state-action pairs, for 8 =1,
u(s, a) Z o u(s’ a)P(s',d'ls, a) (19)
dsaut(5,a)P(s,al5,a)
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A.3 Convergence of Equation (10)

Our convergence result requires use of the m-step operator since the corresponding matrix (P™)™
is strictly positive, which ensures the projective diameter & is finite, which in turn supplies us with a
contraction (rather than simply a non-expansive) mapping for 7.

Lemma 1. Let the prior policy during posterior policy iteration (PPI), be denoted 7y(t). Then, the
index of primitivity, m(t) = m, for the matrix P™) is a constant.

Notably, this result also holds when a softened version of PPI is used: i.e. if a rolling average of
policies is used rather than “hard updates”, the result remains, because the primitivity is a topological
property of the connectivity of the underlying state-action graph. The value of m is based only on
the minimum number of steps for which there is a positive probability of transitioning between any
two state-action pairs. Since iterations of PPI yield policies with the same support (i.e. absolute
continuity holds: mo(t + 1) < mo(¢)), various policies cannot affect the number of steps required,
only the corresponding probabilities.

Theorem 1. Let the dynamics induced by 7y(a|s) and p(s'|s, a) be irreducible and aperiodic with
index of primitivity m. The m-step mapping u < T, (u) extension of Equation (10) is a contraction
under the projective metric, and converges linearly with rate k((P™)™) when 3 > 1.

Proof. We focus on the case of “m-step returns”’, where the one-step transition matrix P™ is re-
placed by M = (P™)™, where m is the smallest integer (number of steps in the MDP) such that
M > 0. Since M > 0, its projective diameter A(M) = max; ; dg(Me;, Me;) is finite, and by the

Birkhoff-Hopf theorem the linear map = — Mz contracts with coefficient 7,,, = tanh (%) <1
(cf. “Contraction” section below).

We follow the techniques discussed in Lemmens & Nussbaum (2014). Let 7 (u) denote the operator
defined by Equation (10), swapping P§" — M. First we show that 7 is positive, homogeneous, and
monotone for all 8 > 1.

Positive Positivity follows trivially since we operate in the positive orthant, so u(s,a) > 0 is
strictly positive and the application of the positive matrix M/ maintains positivity. Both the numer-
ator and denominator in Equation (10) are strictly positive for any v > 0 and all real values of

B.
Homogeneous To show that the operator is homogeneous, we evaluate 7 (cu) for a constant ¢ > 0:

Tew), = Wew);

> Mji(eu); 7 (M (cw)),; ”

Factoring the scalar c out of the linear matrix multiplications yields:

Next, we consolidate the scalar c in the denominator by combining its exponents throughout:

148
B

Ttewl; = ()7 [l = 7wy,

Thus, the fixed-point operator 7 is homogeneous of degree 1 for all g > 0.
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Monotonicity A sufficient condition for the monotonicity of 7 requires % > 0forallu >0

Ne(w))°
and M > 0. Let [T (u)]x = (Dk(u)> , where:

1 - /3

S= g Nl =(nwf, Dilu =3 M 7 (Mu),”

Since & > 0 for all B > 0, it is sufficient to show that % > (0 and % < 0. For the
numerator, applying the chain rule gives:

ONi(u) 1 s
Ou; B

For D(u), applying the product and chain rules yields:

D _1s 18 11— 128
861; ZMkJ [(‘) uj T (Mu); " G+ ” <55> (Mu); ® sz} :

S

Since this term is in the denominator, the derivative must be non-positive for any M > 0. Hence,
the scalar coefficients of both terms inside the sum must be non-positive, 5 > 1.

Contraction To analyze the convergence of 7, we operate in the projective space of strictly pos-
itive vectors RY,. The projective metric (also “Hilbert’s projective metric”) is defined for any

z,y € Ry, as:
dg(z,y) =In (miax ?) —In (miin :a;> . (20)

This metric is naturally scale-invariant, meaning dg (cx,y) = dg(x,y) for any scalar ¢ > 0, mak-
ing it an appropriate metric for the average-reward setting where the differential value function is
well-defined up to constant shifts (multiplicative constants in the exponential space that we operate
under). We rely on three standard properties of dz; for element-wise operations:

1. Exponentiation: dg (2, y?) = |p|dy (z,y) for any p € R.

2. Multiplication/Division: dp(x o u,y o w) < dg(x,y) + dg(u,w), where o is the Hadamard
(element-wise) product.

3. Linear Contraction (Birkhoff-Hopf Theorem): For any strictly positive matrix M > 0, the
linear map x — M x acts as a strict contraction: dy (Mx, My) < 7dy(z,y), where the Birkhoff

contraction coefficient is 7 = tanh (A(M)) < 1, and A(M) is the projective diameter of M.

Further discussion and details of this metric can be found in, e.g., Kohlberg & Pratt (1982).

As established in prior sections, 7 is positive, homogeneous of degree 1, and monotonically order-
preserving for 5 > 1 and thus satisfies the hypotheses of Birkhoff’s convergence theorem. We can
track the Lipschitz constant of 7 under d.

We decompose the operator 7 () into its numerator N (u), denominator D(u), and outer exponent
d=7 + Ti3° evaluating the metric contraction rate of each part sequentially. Let z,y € RZ, be two
positive vectors with initial projective distance A = dg(x,y).

1
First, for the numerator N (u) = (Mw)?, we use the rules for positive operators and exponentiation
written above:
du(N(z), N(y)) <

dp(Mz, My) < ZA.

Q\H
ISR
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Second, we evaluate the 1ntermed1ate vector f(u) inside the denominator’s sum, defined element-

1
wise as fj(u) = u; * (Mu), 7 . Using the triangle inequality for element-wise multiplication, the
scaling property of exponentlatlon and simplifying:

(5,500 < | o) + [ 52 a1
du(f (). f(4)) < %A 4 %m _ (Hf—”) N

The denominator D(u) = M f(u) applies the linear operator M to f(u), contracting the distance
by another factor of 7:

dr(D(2), D(y)) < rdu(f(x). f(4)) < 7 (”T(ﬁ—”> A

B

Combining the numerator and denominator via element-wise division (cf. the Multiplica-

tion/Division rule above), the ratio R(u) = ggz; yields:

du(R(z), R(y)) < du(N(x), N(y)) + du(D(z), D(y))

<[efe T e ()

Finally, applying the outer exponent § = % gives the global contraction rate C'(3, 7) for the full
operator 7T :

A (T (@), T() < (27 nak ”) A

148 5

21+ 7B -1)

= g 7
where the coefficient C'(3,7) = m%(gl) < 1lsince T < 1.

Therefore, by the Banach fixed-point theorem, the sequence of projective distances
du (T*(x), T*(y)) < C(B,7)FA vanishes as k — oo, proving convergence to a unique posi-
tive projective fixed point u*. Because the index of primitivity m remains constant across different
prior policies during Posterior Policy Iteration (cf. Lemma 1), the rate holds under PPI. Thus, the
m-step version of Equation (10) converges linearly under the Hilbert projective metric. We note that
the solution to the m-step version of Equation (10) (i.e. replacing P™ — (P™)™) is the same as
the m = 1-step version, since both matrices have the same eigenvector u. Empirically, we find that
the standard m = 1 form also converges as shown in Figure 1.

O

A.4 Posterior Policy Iteration Proof

Here we show that PPI iterations lead to a monotonically increasing entropy-rate.

Proof. Consider, at the n™ iteration of PPI, the prior policy 7, and corresponding posterior pol-
icy mpy1 o mp(als)u(s,a). Denote the entropy-regularized objective as J(mw,m,) = E(r —
B~ Dy (7 || 7). Clearly J(m,,m,) = p(m,) (average-reward, i.e. entropy-rate, for policy 7).
Now J(mpt1,mn) = J(mp, ) = p(m,) by definition, since 7,41 is the maximizer of the objec-
tive. Since the Kullback-Liebler divergence is non-negative, we also have p(m,11) > J(mp 41, Th)-
Combining the two inequalities, we have p(m,11) > p(m,): in other words, the entropy-rate is
monotonically increasing as a function of n. At both steps, equality is obtained only if m,, = 7,41
(at convergence). O



