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Summary

For applications like medicine, machine learning models ought to be interpretable. In that
case, decision tree models are preferred over neural networks because humans can read their
predictions from the root to the leaves. Training such decision trees for sequential decision
making problems is a relatively new research direction and most of the existing literature fo-
cuses on imitating neural networks. In contrast, we study reinforcement learning (RL) algo-
rithms that train decision trees directly optimizing some trade-off of cumulative rewards and
interpretability in a Markov decision process (MDP). We show that such algorithms can be
seen as training policies for partially observable Markov decision processes (POMDPs). This
helps us understand why in practice it is often hard to train decision tree policies from scratch
for MDPs with RL.

Contribution(s)

1. We bridge the gap between RL for decision tree policies and POMDPs.
Context: Topin et al. (2021) proposed the first RL algorithms that train decision tree poli-
cies to maximize the rewards in MDPs without having to first compute an expert policy, e.g.
a neural network. Contemporarily, Pinto et al. (2017); Baisero & Amato (2022); Baisero
et al. (2022) developed asymmetric RL algorithms that are specifically tailored to train poli-
cies in POMDPs. We unify those two approaches.

2. We show that RL for decision tree policies is hard because of partial observability.
Context: We perform comprehensive empirical benchmarking of asymmetric and standard
RL on simple decision tree policy learning tasks for which we know the optimal solutions
and show that RL fails. We relate our findings to hardness results from the POMDP litera-
ture Littman (1994). Furthermore, we show that RL can consistently learn optimal decision
tree policies for task that are fully observable which further corroborates our findings.
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Abstract

For applications like medicine, machine learning models ought to be interpretable. In
that case, decision tree models are preferred over neural networks because humans can
read their predictions from the root to the leaves. Training such decision trees for se-
quential decision making problems is a relatively new research direction and most of the
existing literature focuses on imitating neural networks. In contrast, we study reinforce-
ment learning (RL) algorithms that train decision trees directly optimizing some trade-
off of cumulative rewards and interpretability in a Markov decision process (MDP).
We show that such algorithms can be seen as training policies for partially observable
Markov decision processes (POMDPs). This helps us understand why in practice it is
often hard to train decision tree policies from scratch for MDPs with RL.

1 Introduction

Interpretability in machine learning is often divided into local and global approaches (Glanois et al.,
2024). Local methods—also referred to as explainability or post-hoc methods (Lipton, 2018)—pro-
vide explanations for individual predictions using e.g. local linear approximations (Ribeiro et al.,
2016), saliency maps (Puri et al., 2020), feature attributions (Lundberg & Lee, 2017), or attention
mechanisms (Shi et al., 2022). These methods approximate the behavior of an underlying black-box
model and may therefore be unfaithful to its true computations (Atrey et al., 2020).

Global interpretability approaches instead restrict the model class so that the trained model is trans-
parent by construction. Decision trees (Breiman et al., 1984) are a canonical example, as their
predictions can be inspected and formally verified (Lipton, 2018). This makes them attractive for
safety-critical applications and has motivated extensive research in supervised learning (Murthy &
Salzberg, 1995; Demirovic et al., 2022; van der Linden et al., 2023).

Extending global interpretability to sequential decision making, however, remains challenging. Ex-
isting approaches largely rely on indirect methods (Milani et al., 2024): a high-performing but
opaque policy (typically a neural network) is first trained using RL, and an interpretable model
is then trained to imitate its behavior. A prominent example is VIPER (Bastani et al., 2018),
which distills neural network policies into decision trees using imitation learning (Ross et al., 2010).
Such methods have demonstrated strong empirical performance but they optimize a surrogate objec-
tive—policy imitation—rather than the MDP rewards. As a result, the best decision tree policy for
the task may differ substantially from the tree that best approximates a neural expert (appendix 7).
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This limitation motivates the study of approaches that train interpretable policies that directly maxi-
mize the MDP rewards rather than the expert’s behavior likelihood (Ross et al., 2010). While direct
decision tree training is well understood in supervised settings, it is far less developed for sequential
decision making. Understanding why direct optimization is hard—and when it can succeed—is the
central focus of this work.

In this article, we show that using RL algorithms to train decision tree policies that directly maximize
the MDP rewards, without relying on a black-box expert, is often very hard. We construct very
simple MDPs for which we know optimal decision tree policies and show that RL consistently fails
to train those policies. We identify partial observability as a key reason for those failures.

In section 2, we present the related work on RL algorithms that train decision tree policies for MDPs.
In section 3, we present key concepts for decision trees, MDPs, and the formalism from Topin et al.
(2021) for training decision tree policies for MDPs with RL. In section 4, we show that this direct
approach is equivalent to training a deterministic memoryless policy for POMDPs (Sondik, 1978). In
section 5, we present our methodology to benchmark RL algorithms that train decision tree policies
for MDPs. In section 5.3, we show that when RL fails to train optimal decision tree policies for
MDPs it is most likely because partial observability is involved.

2 Related work

There exist reinforcement learning algorithms that directly train decision tree policies optimizing
the cumulative rewards in a given MDP. These approaches can be divided into methods based on
parametric and non-parametric trees.

Parametric decision trees fix the tree structure a priori—the depth and node arrangements—and only
learn the node labels. This formulation enables differentiability and allows direct optimization of the
MDP cumulative rewards using policy gradient methods (Sutton et al., 1999). Several works employ
PPO to train such differentiable trees (Schulman et al., 2017; Silva et al., 2020; Vos & Verwer, 2024,
Marton et al., 2025). While these methods can achieve strong performance, they require the tree
structure to be specified in advance, making it difficult to adaptively trade off interpretability and
performance. An overly complex structure may require post-hoc pruning, whereas an insufficiently
expressive structure may fail to represent good policies. Moreover, Marton et al. (2025) reports
that additional stabilization techniques, such as adaptive batch sizes, are often necessary for direct
reinforcement learning to match indirect imitation methods performances.

Non-parametric decision trees, by contrast, are the standard model in supervised learning,
where algorithms efficiently construct trees that balance predictive performance and interpretabil-
ity (Breiman et al., 1984; Bertsimas & Dunn, 2017). This trade-off is optimized by using a regular-
ized training objective. However, training non-parametric trees to trade-off MDP cumulative rewards
and interpretability is largely unexplored (Milani et al., 2024). To the best of our knowledge, the
only work that studies this setting is Topin et al. (2021). Topin et al. (2021) introduced iterative
bounding MDPs (IBMDPs), which augment the downstream MDP with additional state features,
actions, rewards, and transitions. They show that certain policies in the IBMDP correspond to deci-
sion tree policies for the downstream MDP. Hence, RL algorithms such as Deep Q-Networks (Mnih
et al., 2015) can be used to learn such policies in IBMDPs. While the setting of direct RL is well
motivated, see e.g. a toy example in section 7, the work of Topin et al. (2021) is often excluded
from benchmarks because it is misunderstood. For instance, both Vos & Verwer (2024) and Laforest
et al. (2025) claim that the full knowledge of the IBMDP model is required to train decision tree
policies for MDPs which is not true. In fact, to the best of our knowledge, we are the first work to
properly benchmark the approach of Topin et al. (2021) since its introduction. In appendix 8, we re-
produce experiments from Topin et al. (2021) that already shows limits of their approach compared
to indirect methods like VIPER (Bastani et al., 2018) for the CartPole MDP but our goal remains to
understand those limits.
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Finally, a few specialized methods exist for restricted problem classes. For maze-like MDPs, Man-
sour et al. (2022) proves the existence of optimal decision tree policies and provides a constructive
algorithm. In settings where the MDP model is fully known, Vos & Verwer (2023) use planning to
compute shallow parametric decision tree policies. Next, we recall useful technical material.

3 Technical preliminaries

3.1 Markov decision processes

Informally, an MDP models how an agent acts over time to achieve a goal (Bellman, 1957; Puterman,
1994). At every time step, the agent observes the environment current state and takes an action. The
agent receives a reward that helps evaluate the quality of the action with respect to the goal. Finally,
the agent transitions to a new state and repeats this process over time:

Definition 1 (Markov decision process). An MDP is a tuple M := (S, A, R, T, T). S is a finite
set of states representing all possible configurations of the environment. A is a finite set of actions
available to the agent. R : S x A — R is a deterministic reward function that assigns a real-
valued reward to each state-action pair. While in general reward functions are often stochastic, in
this manuscript we focus deterministic ones without loss of generality. 7' : S x A — A(S) is the
transition function that maps state-action pairs to probability distributions over next states A(.S).
Ty € A(S) is the initial distribution over states.

Informally, we would like to act in an MDP so that we obtain as much reward as possible over time.
We can formally define this objective, that we call the reinforcement learning objective, as follows:

Definition 2 (Reinforcement learning objective). Given an MDP M, the objective is to train a
policy, 7 : S — A that maximizes the expected discounted sum of rewards:

J(m) :=E | > ¥ R(st,m(s0)) | s0 ~ To, se41 ~ T(se,m(s1))

t=0

Where 0 < v < 1 is the discount factor that trades off immediate and future rewards.

Algorithms presented in this article aim to find an optimal policy 7* € argmax J (). In particular,

RL algorithms (Sutton & Barto, 1998; Watkins & Dayan, 1992; Mnih et al., 2015) train such opti-
mal policies using data of MDP interactions without prior knowledge of the reward and transition
models. Useful quantities for such algorithms include value of states and actions.

Definition 3 (Value of a state). In an MDP M, the value of a state s € S under policy 7 is the
expected discounted sum of rewards starting from state s and following policy 7:

oo

VT(s):=E Z'YtR(Shﬂ'(St)) | so =8, 8t41 ~ T(s¢,m(s¢t))

t=0

Applying the Markov property gives a recursive definition of the value of s under policy
V7(s) = R(s,w(s)) + YE[V™(s')|s' ~ T(s,m(s))]. The optimal value of a state s € S, V*(s),
is the value of state s when following the optimal policy 7* (the policy that maximizes the RL
objective (definition 2)): V*(s) = V™ (s). Similarly, the optimal value of a state—action pair
(s,a) € S x A, Q*(s,a), is the value when taking action a in state s and then following the optimal
policy: Q*(s,a) = R(s,a) + YE[V*(s')|s' ~ T(s,a)].

3.2 Decision tree policies

While other interpretable policy classes exist (Kohler et al., 2025b), one conjecture from Glanois
et al. (2024) is that interpretable policies are all equally hard to train because they are non-
differentiable in nature. Hence, we focus on decision tree policies but our results can be extended to
other interpretable policies like oblique decision trees or short programs (Verma et al., 2018).
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Figure 1: A grid world MDP with, four states, four directional actions that moves an agent, and
rewards of O for every transitions except when taking an action in the bottom right goal state ().
The states have discrete labels that represent their coordinates in the [0, 2] x [0, 2] square, e.g. for
so, ¢ = 0.5, y = 0.5. In the centre, optimal actions w.r.t the RL objective (definition 2). On the
right, an optimal depth-1 decision tree policy w.r.t the RL objective that takes a state label as input,
performs some tests on the state coordinates, and returns a directional action.

Definition 4 (Decision tree policy). A decision tree policy is a rooted tree w7 := (N, E). Each
internal node v € N is associated with a test that maps an MDP state feature to a Boolean, e.g.
s; < vforv € R. Each edge e € E from an internal node corresponds to an outcome of the
associated test function. Each leaf node | € N is associated with an MDP action a; € A. For any
input s € S, the tree defines a unique path from root to leaf, determining the prediction 77 (s) = ¢,
where [ is the reached leaf. The depth of a tree is the maximum path length from root to any leaf.

In figure 1, we present an example MDP, the actions that maximize the RL objective, and a decision
tree policy that also maximizes the RL objective. Next, we present the class of MDPs introduced
in Topin et al. (2021) which are useful to understand reinforcement learning algorithms that directly
train such decision tree policies that maximize the RL objective.

3.3 Iterative bounding Markov decision processes

The key thing to know about iterative bounding Markov decision processes is that they are, as their
name suggests, MDPs. Hence, IBMDPs admit an optimal deterministic Markovian policy—a policy
that maps MDPs states to actions—that maximizes the RL objective (definition 2, Bellman (1957);
Puterman (1994)). From now on, we will assume that all the MDPs we consider are MDPs with
continuous state spaces and a finite set of actions, and we use bold fonts for states and observations
that are vector-valued. However all our results generalize to discrete states MDPs since states can be
one-hot encoded. Given an MDP for which we want to learn a decision tree policy, the downstream
MDP, IBMDP states are concatenations of the downstream MDP state features and some obser-
vations. Those observations are information about the downstream state features that are refined—
“iteratively bounded”—at each step. Those observations essentially represent some knowledge about
where downstream state features lie in the state space. Actions available in an IBMDP are: (i)
the actions of the downstream MDP, that change downstream state features, and (ii) information-
gathering actions (IGAs) that change the aforementioned observations. Now, downstream actions
in an IBMDP are rewarded like in the downstream MDP, this ensures that the RL objective w.r.t. the
downstream MDP is encoded in the IBMDP reward. When taking an information-gathering action,
the reward is an arbitrary value such that maximizing the RL objective in the IBMDP is equivalent
to optimizing some trade-off between interpretability and the rewards in the downstream MDP. Be-
fore showing how to get decision tree policies from IBMDP policies, we give a formal definition of
IBMDPs following Topin et al. (2021).
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Definition 5 (Iterative bounding Markov decision process (Topin et al., 2021)). Given a downstream
MDP M, an associated iterative bounding Markov decision process M is a tuple:

State space  Action space  Reward Transitions

— — ——
<S x O ;A U Ainfo; (R7C)7 (Tinf07T7 TO)>

S are the downstream MDP state features. Downstream state features s = (s1,...,8,) € S
are bounded: s; € [L;,U;] where —oo < L; < U; < ooVl < j < p. O are ob-
servations. They represent bounds on the downstream state features: O C S? = [Ly,U;] x

o+ X [Lp,Up] x [L1,U1] x -+ X [Lp,Up]. So the complete IBMDP state space is S x O:
the concatenations of downstream state features and observations. Given some downstream
state features s = (s1,...,8,) € S and some observation o = (L1,Uq,...,L,,U,), an IB-
downstream state features observation

MDP state is s;p = ( m ,L1,U1,...,L,,U,). A are the downstream MDP ac-
tions. A;,, are information-gathering actions of the form (j,v) where j is a state feature in-
dex 1 < j < p and v is a real number between L; and U;. So the complete action space of
an IBMDP is the set of downstream MDP actions and information-gathering actions A U A;y, f,.
R : S8 x A — Ris the downstream MDP reward function. (¢ is a reward signal for taking
an information-gathering action. Hence, the IBMDP reward function gives a reward from the
downstream MDP if the action is a downstream MDP action or ( if the action is an IGA action.
Tinfo: SXOX(AinfroUA) = A(S%O) is the transition function of IBMDPs: given some observa-
tion oy = (L3, U7, ..., Ly, U,) € O and downstream state features s; = (s, 85, ..., s,) if an IGA
(J, v) is taken, the new observation o, is (L}, U, ..., L}, min{v,U}},..., L, Uy) if s; < vor
(L1, U1, ... max{v, L;}, Ul ..., Ly, Uy) if s; > v. If a downstream action is taken, the observa-
tion is reset to the default downstream state feature bounds (L4, Uy, . . ., Ly, U,) and the downstream
state features change according to the downstream MDP transition function: s;11 ~ T'(8¢,as).
At initialization, the downstream state features are drawn from the downstream MDP initial dis-
tribution 7 and the observation is always set to the default downstream state features bounds
Oy = (Ll, Ul, ceey Lp7 Up)

We present an IBMDP for the grid-world MDP in figure 2. Now we need a way to extract a decision
tree policy for the downstream MDP given a policy for an associated IBMDP.

3.4 From policies to trees

Information-gathering actions in IBMDPs resemble the tests that make up internal decision tree
nodes (figure 2). Indeed, a policy taking actions in an IBMDP essentially builds a tree by taking se-
quences of IGAs (internal nodes) and then a downstream action (leaf node) and repeats this process
over time. In particular, the IGA rewards ¢ can be seen as a regularization or a penalty for inter-
pretability: if ¢ is very small compared to downstream rewards, a policy will try to take downstream
actions as often as possible, i.e. build shallow trees with short paths between root and leaves.

Topin et al. (2021) show that not all IBMDP policies are decision tree policies for the downstream
MBDP. In particular, their algorithm that converts IBMDP policies into decision trees (appendix, algo-
rithm 2) takes as input deterministic policies depending solely on the observations of the IBMDP. If
the policies were not deterministic, different subtrees could stem from similar IBMDP observations:
this means that the corresponding policy would be a stochastic decision tree (Blanc et al., 2021).
While there is nothing wrong with learning stochastic decision tree policies from a performance
standpoint, interpreting a stochastic policy is an open problem that is not our focus. If the policies
were depending on the current full IBMDP state rather than solely on the current IBMDP observa-
tion, then a learning agent has 0 incentive to take information-gathering actions to build a decision
tree policy as all the state information required to optimally control the downstream MDP as well as
downstream actions are available to the agent. The connections between partially observable MDPs
and extracting decision tree policies from IBMDPs might seem obvious but they are absent from the
original IBMDP paper and from subsequent work. In the next section we bridge this gap.
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Figure 2: An IBMDP trajectory (definition 5) when the downstream MDP is the grid world from
figure 1. In the top row, we represent the IBMDP state at a given time . In the bottom row, we
present the corresponding decision tree policy traversal. When the pink covers the whole grid, the
observation o; could be interpreted as ‘the current state features could be anywhere in the grid”.
The more information-gathering actions are taken, the more refined the bounds on the current down-
stream state features get. Att¢ = 0, the downstream state features are so = (0.5, 1.5) and the initial
observation is always: op = (0,2, 0, 2) because the downstream state features are in [0, 2] x [0, 2].
This means that the overall IBMDP state is s;5 = (0.5,1.5,0,2,0,2). The first action is an IGA
(x,1) that tests the feature = of the downstream state against the value 1 and the reward is ¢. This
transition corresponds to going through an internal node z < 1 in a decision tree policy as illustrated
in the figure. At ¢ = 1, after gathering the information that the z-value of the current downstream
state is below 1, the observation is updated with the refined bounds 0o; = (0, 1,0, 2), i.e. more
information has been gathered and the obstructed pink area shrinks. The downstream state features
remain unchanged. The agent then takes a downstream action to move right. This gives a reward
0, resets the observation to the downstream state feature bounds, and changes the downstream state
features to so = (1.5,1.5). The trajectory continues like this until the absorbing downstream state
s4 = (1.5,0.5) is reached. By masking the current downstream state features to an agent, we force
it to take information-gathering actions otherwise it could not act optimally.

4 Bridging the gap with the partially observable MDPs literature

To better understand RL of decision tree policies for MDPs, we formulate the problem of training
a deterministic policy depending on current observations in an IBMDP as training a deterministic
policy depending only on current observations—also known as a deterministic memoryless policy—in
a partially observable Markov decision process (POMDP, Sondik (1978); Sigaud & Buffet (2013)).
By doing so, we can leverage results from the POMDP literature that is richer than interpretable RL
literature.

4.1 An adequate formalism

Definition 6 (Partially observable Markov decision process). A partially observable Markov de-
cision process is a tuple (X, A, O, R, T,Ty,Q). X is the hidden state space. A is a finite set
of actions. O is a set of observations. T : X x A — A(X) is the transition function, where
T(x¢,a,xir1) = P(xi|xiy1,a) is the probability of transitioning to state &; when taking action a
in state x. Tj: is the initial distribution over states. §2 : X — A(O) is the observation function,
where Q(0, a,x) = P(o|x,a) is the probability of observing o in state . R : X x A — Riis the
reward function, where R(x,a) is the immediate reward for taking action « in state . Note that
(X, A, R, T, Tpy) defines an MDP (definition 1).
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Next, we define partially observable iterative bounding Markov decision processes (POIBMDPs):
IBMDPs for which we explicitly define an observation space and an observation function.

Definition 7 (Partially observable iterative bounding Markov decision process). a partially observ-
able iterative bounding Markov decision process M pop is a tuple:

States Action space  Observations Rewards Transitions
——— AN S
<S X O;AUAinfoa (0] 7(R7 C)v(TinfozT7T0)aQ>
Where (SxO, AUA; 50, (R, (), (T, To, Tinyo)) is an IBMDP (definition 5). The transition function
2 maps concatenation of state features and observations—-IBMDP states—to observations, ) : S x
O — O, with P(0|(s,0)) =1

POIBMDPs are particular instances of POMDPs where the observation function simply applies a
mask over some features of the hidden state. This setting has other names in the literature. For exam-
ple, POIBMDPs are mixed observability MDPs (Araya-Lopez et al., 2010) with downstream MDP
state features as the hidden variables and feature bounds as visible variables. POIBMDPs can also
be seen as a special case of non-stationary MDPs (N-MDPs) (Singh et al., 1994) in which there is
one unique transition function per downstream MDP state: these are sometimes called hidden-mode
MDPs (Choi et al., 2001). Following Singh et al. (1994), we can write the value of a deterministic
memoryless policy m : O — AU Ay, 5, in observation o.

Definition 8 (Value of an observation). In a POIBMDP, the expected cumulative discounted reward
of a deterministic memoryless policy 7 : O — AU A, 5, starting from observation o is V" (0):
V(o) = > P™((s,0)|0o)V™((s,0')) With P™((s,0')|o) the asymptotic occupancy dis-
s,0')eESXO

tribution (s(ee s)ection 4 from Singh et al. (1994) for the full definition) of the hidden POIBMDP
state (s, 0’) given the partial observation o and V™ ((s, 0')) the classical state-value function (defi-
nition 3). We abuse notation and denote both values of observations and values of states by V' since
the function input is not ambiguous.

4.2 Reinforcement learning in POMDPs

In general, the policy that maximizes the RL objective in a POMDP maps “belief states” or ob-
servation histories to actions (Sigaud & Buffet, 2013). Hence, those policies do not correspond to
decision trees since we require that policies depend only on the current observation (algorithm 2). If
we did not have this constraint, we could apply any standard RL algorithm to solve POIBMDPs by
seeking policies depending on belief states or observations histories because those are sufficient to
optimally control any POMDP (Sigaud & Buffet, 2013; Lambrechts et al., 2025a).

In particular, the problem of finding the optimal deterministic memoryless policies for POMDPs is
NP-HARD, even with full knowledge of transitions and rewards (section 3.2 from Littman (1994)).
It means that it is impractical to enumerate all possible policies and take the best one. For even
moderate-sized POMDPs, a brute-force approach would take a very long time since there are | A|/°!
deterministic memoryless policies. Hence it is interesting to study RL for training deterministic
memoryless policies since it would not enumerate the whole solution space.

In Singh et al. (1994), authors show that the optimal memoryless policy can be stochastic. Hence,
policy gradient algorithms (Sutton et al., 1999)—that return stochastic policies—should be avoided
since we seek the best deterministic policy. Furthermore, the optimal deterministic memoryless
policy, unlike for standard MDPs, might not maximize the values of all observations simultane-
ously (Singh et al., 1994) which makes it difficult to use temporal difference (TD) learning algo-
rithms like Q-learning (Watkins & Dayan, 1992). Indeed, doing a TD update of an observation’s
value can change the value of all other observations in an uncontrollable manner because of the
dependency in P™((s, 0')|o) from definition 8.

Despite those hardness results, applying RL to POMDPs, by naively replacing the processes (hidden)
states x by the observation o in Q-learning or Sarsa (Sutton & Barto, 1998), has already demon-
strated successful in practice (Loch & Singh, 1998). More recently, the framework of asymmetric
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RL (Pinto et al., 2017; Baisero et al., 2022; Baisero & Amato, 2022) has shown promising results to
train policies for POMDPs. Asymmetric RL algorithms train a model-a policy or a value function—
depending on hidden state (only available at train time) and a history dependent (or observation
dependent) model to be deployed at test time. The history or observation dependent model serves
as target or critic to train the hidden state dependent model. The history dependent (or observation
dependent) model can thus be deployed in the POMDP after training since it does not require access
to the hidden state to output actions. In appendix 11, we present asymmetric variants of standard
tabular RL algorithms. For example, algorithm 1, is a variant of Q-learning that returns a deter-
ministic memoryless policy. Given a POMDP, asymmetric Q-learning trains a partially observable
Q-function @ : O x A — R and a Q-function U : X x A — R. The hidden-state-dependent
Q-function U serves as a target in the TD learning update. It is the tabular version of the modified
DQN algorithm used in Topin et al. (2021). Indeed, when training deterministic memoryless poli-
cies for IBMDPs, Topin et al. (2021) used algorithms equivalent to asymmetric DQN before those
were formally introduced in Baisero et al. (2022); Baisero & Amato (2022).

Algorithm 1: Asymmetric Q-Learning (Baisero et al., 2022). We highlight in green the differ-
ences with the standard Q-learning (Watkins & Dayan, 1992).

Data: A POMDP, learning rates «,, ¢, exploration prob. €
Result: 7: O — A

Initialize U(x,a) = 0 forallz € X,a € A

Initialize Q(0,a) = 0forallo € O,a € A

for each episode do
Initialize state xy ~ T

Initialize observation oy ~ 2(x¢)

for each step t do

Choose action a; using e-greedy: a; = argmax, Q(0¢, a) with prob. 1 — ¢
Take action ay, observe ry = R(x¢, ar), Try1 ~ T(x¢, ar), and 0441 ~ Q(@441)
Y < 1+ U (2141, argmax,, Q(or41,a’))

Uz, ar) < (1 — ay)U(xe, a) + auy

Q(or,at) < (1 — ag)Q(or, ar) + agy

Tt < wt+1

Ot < O¢11

end
end
m(0) = argmax, Q(o,a)

Until recently, the benefits of asymmetric RL over standard RL was only shown empirically and
only for history-dependent models. The work of Lambrechts et al. (2025b) proves that some asym-
metric RL algorithms should in theory learn better history-dependent or memoryless policies for
POMDPs which is exactly what we wish for. However, those algorithms are impractical because
they require estimations of the asymptotic occupancy distribution P™((s,0’)|o) (definition 8) for
candidate policies which in turn would require to perform costly Monte-Carlo estimations. We
leave it to future work to use those algorithms that combine asymmetric RL and estimation of future
visitation frequencies since those results are contemporary to the writing of this manuscript.

Bridging the gap between, training decision tree policies for MDPs with RL through the formalism
of IBMDPs (sections 3.3 and 3.4), and, training deterministic memoryless policies for POMDPs
with RL gave us insights on the hardness of the former. More importantly, it gave us insights on
what RL algorithms can be used to train decision tree policies. In the next section, we benchmark
those algorithms for training decision tree policies.
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Figure 3: On the left, decision tree policies for the grid world MDP from figure 1. On the right, their
RL objective values in associated POIBMDPs exemplified in figure 2 as functions of the reward
term (. Shaded areas on the right plot indicate which deterministic memoryless policy is optimal
depending on (. Recall that ¢ can be seen as a reward that encourages the deterministic memoryless
policy to take information-gathering actions, i.e. the reward that trades off interpretability of the
corresponding decision tree and its cumulative reward (definitions 5 and 7).

5 Methodology

The goal of this section is to observe if RL can consistently train optimal decision tree policies for
a simple MDP. In particular, we train decision tree policies that maximize the RL objective in the
MDP by training deterministic memoryless policies in POIBMDPs.

5.1 Computing some decision tree policies

To assess the performances of the RL training, we manually compute the values of optimal determin-
istic memoryless policies in POIBMDPs. Each of those policies correspond to one of the decision
tree policies illustrated in figure 3: (i) a depth-0 tree 77, that always take the same downstream
action, (ii) a depth-1 tree 7, that alternates between an IGA and a downstream action, (iii) an un-
balanced depth-2 tree 77, that sometimes takes two IGAs then a downstream action and sometimes
one IGA followed by a downstream action, (iv) a depth-2 tree 77, that alternates between taking two
IGAs and a downstream action, or (v) an infinite ‘tree” that only takes IGAs. We will particularly fo-
cus on trying to train a depth-1 decision tree that is the most interpretable—smallest number of nodes
and shallowest—tree that takes optimal actions (figure 1). Because we know from Singh et al. (1994)
that stochastic memoryless policies can sometimes get better expected discounted rewards than de-
terministic memoryless policies in POMDPs, we also compute the value of the stochastic policy
that randomly alternates between two downstream actions: — and |. Taking those two downstream
actions always lead to the goal state in expectation. After doing the calculations of the RL objective
values using the known model of the IBMDP from figure 2, we plot in figure 3 the RL objective
values of the decision tree policies in POIBMDPs as functions of { when we fix v = 0.99 (standard
choice of discount in practice Sutton & Barto (1998)). Despite objective values being very similar
for the depth-1 and unbalanced depth-2 tree, we now know from the green shaded area that a depth-
1 tree is optimal when 0 < ¢ < 1 in the POIBMDP. Interestingly, two challenges of learning in
POMDPs described in Singh et al. (1994) are visible in figure 3. First, there is a whole range of ¢
values for which the optimal memoryless policy is stochastic. Second, for e.g. ( = 0.5, while the
optimal deterministic memoryless policy corresponds to a depth-1 tree, the value of the POIBMDP
state (s2,00) = (1.5,1.5,0,2,0,2)-the agent is in the upper right cell but it does not know it—is
not maximized by the optimal memoryless policy that will take one information-gathering action in
between each downstream action, but by the sub-optimal policy that always goes down. Next, we
present the specific experimental setup that we use in the remaining of the paper.
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5.2 Experimental setup

All our code is open source'. The downstream MDP for which we want to train decision tree policies
with RL is the grid world MDP from figure 1. We then define 100 associated POIBMDPs using the
model of the IBMDP from figure 2 with ¢ chosen uniformly among 100 different in |0, 1] (figure 3).

First we use standard tabular RL algorithms, namely Q-learning, Sarsa, and vanilla policy gradi-
ent with a softmax policy (Watkins & Dayan, 1992; Sutton & Barto, 1998; Jaakkola et al., 1994),
to learn deterministic memoryless policies in POIBMDPs by simply replacing the current state in
the algorithm descriptions by the current observation (Loch & Singh, 1998). In theory the policy
gradient algorithm should not be a good candidate for our problem since it searches for stochastic
policies that we showed to be better than our sought depth-1 decision tree policy on figure 3, but
for completeness we use trees obtained after “greedyfication” of the stochastic policies. Second, we
use the more specialized asymmetric Q-learning, asymmetric Sarsa, and asymmetric policy gradient
(section 4.2). Each algorithm is trained until convergence on the 100 POIBMDPs uniquely defined
by their trade-off reward (. Each of those training run is repeated 100 times for a total of 10 000
training runs. For all baselines we use, when applicable, exploration rates ¢ = 0.3 and learning rates
o = 0.1. The detailed training curves are presented in appendix 10.

To evaluate the performances of the RL training, we consider, for each POIBMDP, the distribution
of the trained trees over the 100 training seeds. Indeed, since for each POIBMDP we run each RL
algorithm 100 times, after convergence we get 100 deterministic memoryless policies from which
we can extract the equivalent 100 decision tree policies using algorithm 2. Then we can count the
occurrences of each tree policy from figure 3. This helps us understand which trees RL algorithms
tend to train as a function of the trade-off reward (. Next, we present our results.

5.3 Can RL train optimal deterministic memoryless policies in POIBMDPs?

In figure 4a, we plot the distributions of the final trained trees as functions of (. For example, in
figure 4a, when training 100 times in a POIBMDP with ( = 0.5, Q-learning returned almost 100
times a depth-0 tree. For none of the tested baselines do we see a high rate of trained depth-1 trees
for ¢ €]0, 1[. It is alarming that the most frequent trained trees are the depth-0 trees for ¢ €]0, 1]
because such trees are way more sub-optimal than e.g. the depth-2 unbalanced trees according to our
computations on figure 3. One interpretation of this phenomenon is that the training in POIBMDPs
is very hard and so RL tend to converge to trivial policies, e.g., repeating the same downstream
action. Furthermore, in appendix 10 we show that for POIBMDPs with ¢ € [-1,0] and ¢ € [1,2],
baselines consistently learn the optimal policies—a depth-0 tree and an infinite tree respectively—
which is concerning as it means that RL seem to find only trivial policies. On the positive side,
we observe that asymmetric versions of Q-learning and Sarsa have found the optimal deterministic
memoryless policy—the depth-1 decision tree-more frequently throughout the optimality range ]0, 1],
than their symmetric counter-parts for ¢ €]0, 1[. Next, we quantify how hard it is to train memoryless
policies in POIBMDPs as opposed to training standard Markovian policies in MDPs.

5.4 How hard is it train optimal deterministic memoryless policies in POIBMDPs with RL?

In this section we run the same (asymmetric) RL algorithms to train deterministic Markovian
policies—the standard policy class for most sequential decision making (Sutton & Barto, 1998)—
in MDPs or IBMDPs, or deterministic memoryless policies in POIBMDPs. In order to see how hard
each of these tasks is, we can run a great number of training runs for each and compare solving
rates. To make solving rates comparable we consider a unique instance for each of those tasks.
Task 1 is training a Markovian deterministic policy (7 : S — A) that maximizes the RL objec-
tive in the grid world MDP with v = 0.99. Task 2 is training a Markovian deterministic policy
(m: 8 x0 — AU A;,¢,) that maximizes the RL objective for the IBMDP from figure 2 with
v = 0.99 and ¢ = 0.5. Task 3 is what has been done in the previous section to train deterministic

Ihttps://github.com/KohlerHECTOR/poibmdps
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Figure 4: (4a) Distribution of the trained trees over 100 random seeds for different values of ¢ and
different RL algorithms. (4b) Success rates of different (asymmetric) RL algorithms over thou-
sands of runs when applied to training deterministic memoryless policies in a POIBMDP or training
deterministic policies in associated MDP and IBMDP.

memoryless policies (7 : O — AU A;j,,) that maximizes the RL objective in POIBMDPs where
in addition of fixing v = 0.99 we also fix ( = 0.5.

We try a wide set of hyperparameters and additional training tricks (optimistic Q-function, eligibility
traces, entropy regularization and e-decay, all are described in Sutton & Barto (1998)). The complete
detailed lists of hyperparameters are given in the appendix 11. Furthermore, the careful reader might
notice that there is no point running asymmetric RL on MDPs or IBMDPs when the task does not
require training a memoryless policy. Hence, we only run asymmetric RL for POIBMDPs. Each
unique hyperparameter combination for a given algorithm on a given task is run 10 times on 1
million training steps to get standard errors. We have for example 768 hyperparamters combinations
for asymmetric Sarsa. Hence, we train a total of 10 x 768 = 7680 deterministic memoryless
policies for the POIBMDP. To get a success rate, we can simply divide the number of trained policy
corresponding to an optimal depth-1 decision tree policy by 768 (recall that for v = 0.99 and
¢ = 0.5, the optimal policy is a depth-1 tree, c.f. figure 3).

The key observations from figure 4b is that training a deterministic memoryless policy in a POIB-
MDP with RL, is way harder than training a Markovian policy. For example, Q-learning converges to
the optimal deterministic memoryless policy in the POIBMDP only 3% of the time while the same
algorithm in an MDP or IBMDP converges to the optimal policy 50% of the time. Even though
asymmetry seems to increase performances; training a decision tree policy for a simple grid world
directly with RL using the framework of POIBMDP originally developed in Topin et al. (2021)
seems way too hard and costly as successes might require a million steps for such a seemingly sim-
ple problem. Next, we further support that partial observability is the main limitation for using RL
to train decision tree policies that maximize the RL objective in MDPs.

5.5 Are there downstream MDPs for which partial observability is not a limitation?

In this section, we show that for a special class of POIBMDP, RL can consistently train determin-
istic memoryless policies maximizing the RL objective. It means that we can train decision tree
policies to directly maximize the RL objective in MDPs without imitating experts. This class of
POIBMDPs are those for which downstream MDPs have uniform transitions, i.e. T'(s, a, s') = |—3g‘
Such downstream MDPs include classification tasks formulated as MDPs. This implies that training
deterministic memoryless policies in POIBMDPs where the downstream MDP encodes a classifica-
tion task is equivalent to classical decision tree induction with supervised learning (Breiman et al.,
1984). This is exactly what is done in e.g. Kohler et al. (2025a). In figure 5a, we give an example of
such downstream MDPs for a binary classification task with 4 data in the training set.

In appendix 12, we show that one can rewrite POIBMDPs associated to downstream MDPs with
uniform transitions as standard MDPs (definition 1). This means that in principle, standard RL
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Figure 5: (5a) In this MDP, there are four data points to classify with either a green or red label. On
the right, there is the unique optimal depth-1 tree for this particular MDP which also maximizes the
accuracy on the corresponding classification task. (5b) We reproduce the same plot as in figure 4a
for POIBMDPs associated to the downstream MDP from figure Sa.

algorithms like Q-learning, should work as well as for any MDP (Watkins & Dayan, 1992; Sutton
& Barto, 1998). If RL does work for such fully observable POIBMDPs, this would mean that the
hardness of training decision tree policies for any MDP using POIBMDPs, is most likely due to the
partial observability. This is exactly what we show next.

We define POIBMDPs for the classification task from figure 5a, with v = 0.99, 200 values of
¢ €10,1] and IGAs x < 1 and y < 1. Since those POIBMDPs are MDPs, we do not need to
study asymmetric RL. We see on figure 5b that, compared to results for general POIBMDPs from
figure 4a, RL can consistently train optimal deterministic memoryless policies O :— A U A;;, ¢
which are equivalent to decision tree classifiers. This supports partial observability being the main
limitation for training decision tree policies that directly maximize the RL objective in MDPs.

6 Conclusion

In this paper, we studied RL algorithms that train decision tree policies to directly optimize some
trade-off of interpretability and performance in MDPs rather than to match an expert’s behavior.
Starting from the IBMDP formulation from Topin et al. (2021), we showed that such algorithms
essentially train deterministic memoryless policies in POMDPs that we called POIBMDPs. By
bridging the gap with the POMDP literature, we gave strong insights on the hardness of this task.
We supported those insights by benchmarking those RL algorithms on carefully crafted problems for
which we knew the optimal decision tree policies. Across our experiments, we found that only when
partial observability is absent from the task can good decision tree policies be trained. Attempting
to overcome the partial observability challenges seems like a bad research direction. Indeed, while
algorithms tailored specifically for the problem of training deterministic memoryless policies for
POIBMDPs might exist, imitation learning works well in practice and has been the state-of-the-art
for interpretable sequential decision making for a while. Furthermore there are other limitations to
IBMDPs that we did not cover such as how to choose good candidates information-gathering actions
when building the decision tree policy or simply how to choose ( for a target trade-off between tree
interpretablility and downstream performance. To conclude, we recommend the community to focus
on imitation learning or parametric trees approaches for future research.
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7 Imitation learning: a baseline for indirect decision tree policy learning

In this section we present decision tree policies of this manuscript obtained using Dagger or
VIPER (Ross et al., 2010; Bastani et al., 2018) after learning an expert Q-function for the grid
world MDP. Recall the optimal policies for the grid world, taking the green actions in each state in
figure 1. Among the optimal policies, the ones that go left or up in the goal state can be problematic
for imitation learning algorithms. Indeed, we know that for this grid world MDP there exists de-
cision tree policies with a very good interpretability-performance trade-off: depth-1 decision trees
that are optimal w.r.t. the RL objective. One could even say that those trees have the optimal
interpretability-performance trade-off because they are the shortest trees that are optimal w.r.t. the
RL objective.

In figure 6, we present a depth-1 decision tree policy that is optimal w.r.t. the RL objective and a
depth-1 tree that is sub-optimal. The other optimal depth-1 tree is to go right when y < 1 and down
otherwise.

Now a fair question is: can Dagger or VIPER learn such an optimal depth-1 tree given access to an
expert optimal policy from figure 1?

We start by running the standard Q-learning algorithm with € = 0.3, @ = 0.1 over 10,000 time steps.
While for Q-learning, Sutton and Barto break ties by index value in their book (Sutton & Barto,
1998) (the greedy action is the argmax action with smallest index), we show that the choice of tie-
breaking greatly influences the performance of subsequent imitation learning algorithms. Indeed,
depending on how actions are ordered in practice, Q-learning may be biased toward some optimal
policies rather than others. While this does not matter for one who just wants to find an optimal
policy, in our example of finding the optimal depth-1 decision tree policy, it matters a lot.

In the left plot of figure 7, we see that Q-learning, independently of how ties are broken, consistently
converges to an optimal policy over 100 runs (random seeds). However, in the right plot of figure 7,
where we plot the proportion over 100 runs of optimal decision trees returned by Dagger or VIPER
at different stages of Q-learning, we observe that imitating the optimal policy obtained by breaking
ties at random consistently yields more optimal trees than breaking ties by indices. What actually
happens is that the most likely output of Q-learning when ties are broken by indices is the optimal
policy that goes left in the goal state, which cannot be perfectly represented by a depth-1 decision
tree, because there are three different actions taken and a binary tree of depth D = 1 can only map
to 2P = 2 labels.

This short experiment shows that imitation learning approaches can sometimes be very bad at learn-
ing decision tree policies with good interpretability-performance trade-offs for very simple MDPs.
Despite VIPER almost always finding the optimal depth-1 decision tree policy in terms of the RL
objective when ties are broken at random, we have shed light on the sub-optimality of indirect ap-
proaches such as imitation learning. This motivates the study of direct approaches to directly search
for policies with good interpretability-performance trade-offs with respect to the original RL objec-
tive.

8 Reproducing “Iterative Bounding MDPs: Learning Interpretable Policies
via Non-Interpretable Methods”

We attempt to reproduce the results from Topin et al. (2021) in which authors compare direct and
indirect learning of decision tree policies of depth at most 2 for the CartPole MDP (Barto et al.,
1983). In the original paper, the authors find that both direct and indirect learning yields decision tree
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Figure 6: Left, an optimal depth-1 decision tree policy for the grid world MDP from figure 1. On
the right, a sub-optimal depth-1 decision tree policy.
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Figure 7: Left, sample complexity curve of Q-learning with default hyperparameters on the 2 x 2
grid world MDP over 100 random seeds. Right, performance of indirect interpretable methods when
imitating the greedy policy with a tree at different Q-learning stages.

Algorithm 2: Extract a decision tree policy: algorithm 1 from Topin et al. (2021)

Data: Deterministic partially observable policy m,, for IBMDP
Mip = (8 x0,AU Ainto, (R, (), (Tinto, T, Tp)) and IBMDP observation
o= (Ly,Uy,...,L,,U})
Result: Decision tree policy 77 for MDP M = (S, A, R, T, Tp)
Function Subtree_From_Policy (0,mp,) :
a < Tpo(0)
if a is a downstream action then
| return Leaf_Node(action: a)
end
else
(i,v) +a; o+ 0; Or+ o
or + (L, U,..., Lv,... L, UL); or < (L, UL, ..,0,Uf, . L, U)
childy, < Subtree_From_Policy(or,, mp,); childr < Subtree_From_Policy(og, mp,)
return Internal_Node(feature: 4, value: v, children: (childy,, childr))
end
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policies with similar RL objective values (definition 2) for the CartPole. On the other hand, we find
that, imitation learning, despite not directly optimizing the RL objective for CartPole, outperforms
deep RL which directly optimizes a trade-off of the standard RL objective and interpretability.

Authors of Topin et al. (2021) use two deep reinforcement learning baselines to which they apply
some modifications in order to learn memoryless policies. Authors modify the standard DQN (Mnih
et al., 2015) to return a memoryless policy. The trained (Q-function is approximated with a neural
network O — RIAYAinsol rather than S x O — RIAY4insol In this modified DQN, the temporal
difference error target for the )-function O — A U A, ¢, is approximated by a neural network
S x O — AU Ay, that is in turn trained by bootstrapping the temporal difference error with
itself. We present the modifications in algorithm 3. Similar modifications are applied to the standard
PPO (Schulman et al., 2017) that we present in the appendix (algorithm 4). In the modified PPO,
neural network policy O — AU Ay, is trained using a neural network value function S x O —
AU Ajnyo as acritic.

Those two variants of DQN and PPO have first been introduced in (Pinto et al., 2017) for robotic
tasks with partially observable components, under the name “asymmetric” actor-critic. Asym-
metric RL algorithms that have policy and value estimates using different information from a
POMDP (Sondik, 1978; Sigaud & Buffet, 2013) were later studied theoretically to solve POMDPs
in Baisero’s work (Baisero et al., 2022; Baisero & Amato, 2022). The connections from Deep RL
in IBMDPs for objective is absent from (Topin et al., 2021) and we defer their connections to direct
interpretable reinforcement learning to the next chapter as our primary goal is to reproduce (Topin
etal., 2021) as is. Next, we present the precise experimental setup we use to reproduce (Topin et al.,
2021) in order to study direct deep reinforcement learning of decision tree policies for the CartPole
MDP.

8.1 IBMDP formulation

Given a base MDP M = (S, A R, T,Ty) (cf. definition 1), in order to define an IBMDP
Mip(S x O,AU Ainyo, (R, C), (T, Ty, Tinyso)) (cf. definition 5), the user needs to provide the
set of information gathering actions A;, ¢, and the reward ( for taking those. Authors of (Topin
et al., 2021) propose to parametrize the set of IGAs with j x ¢ actions (j, v) with v depending
on the current observation o; = (L}, U1, ..., L5, UL, ..., L}, Up): vg = % This parametric
IGAs space keeps the discrete IBMDP action space at a reasonable size while providing a learning
algorithm with varied IGAs to try.

For example, if we define an IBMDP with ¢ = 3 for the grid world from figure 1, the grid world
action space is augmented with six IGAs. Att = 0, recall that og = (0, 2, 0, 2), so if an IGA is taken,
e.g. (2,v2), the effective IGA is (j,v2 = k(32;10)> = (1,2) which in turn effectively corresponds
to an internal decision tree node y < 1. If the current state y-feature value is 0.5, then the next
observation att = 1is 0y = (0,2,0,1). At¢ = 2 if a; = (2,v2) again, it would be effectively
(j,v9 = k(;;o)> = (2,0.5). This would give the next observation at t = 2 02 = (0,2,0,0.5) and

SO on.

Furthermore, author propose to regularize the learned decision tree policy with a maximum depth
parameter D. Unfortunately, the authors did not describe how they implemented the depth control
in their work, hence we have to try different approaches to reproduce their results.

To control the tree depth during learning in the IBMDP, we can either give negative reward for taking
D IGAs in a row, or terminate the trajectory. In practice, we could also have a state-dependent action
space such that taking an IGA is not allowed after taking D IGAs in a row. The latter approach—
sometimes called action masking—is not compatible with the definition of an MDP (cf. definition 1)
in which all actions are available in all states. To apply the penalization approaches, one can extend
the MDP states to keep track of the current tree depth. Similarly, the termination approach requires
a transition function that depends on the current tree depth.
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Table 1: IBMDP hyperparameters. We try 12 different IBMDPs. In green we highlight the hyperpa-
rameters from the original paper and in red we highlight the hyperparameter names for which author
do not give information.

Hyperparameter Values

Discount factor

Information gathering actions parameter ¢ 2,

Information gathering actions rewards ¢ ,0.01

Depth control Done signal, negative reward, none

We actually find that when q + 1, the parameter that defines threshold values in decision tree policy
nodes (cf. definition 5), is a prime number, then as a direct consequence of the Chinese Remainder
Theorem?, the current tree depth is directly encoded in the current observation o,. Hence, when
q + 1 is prime, we can control the depth through either transitions or rewards without tracking the
tree depth. We use the exact same downstream MDP and associated IBMDPs for our experiments
as (Topin et al., 2021) except when mentioned otherwise.

Downstream MDP The task at hand is to optimize the RL objective (definition 2) with a decision
tree policy for the CartPole MDP (Barto et al., 1983). At each time step a learning algorithm ob-
serves the cart’s position and velocity and the pole’s angle and angular velocity, and can take action
to push the CartPole left or right. While the CartPole is roughly balanced, i.e., while the cart’s angle
remains in some fixed range, the agent gets a positive reward. If the CartPole is out of balance,
the MDP transitions to an absorbing terminal state and gets 0 reward forever. Like in (Topin et al.,
2021), we use the gymnasium CartPole-v0 implementation (Towers et al., 2024) of the Cart-
Pole MDP in which trajectories are truncated after 200 timesteps making the maximum cumulative
reward, i.e. the optimal value of the RL objective when v = 1, to be 200. The state features of the
CartPole MDP are in [—2, 2] x [—2,2] x [-0.14,0.14] x [-1.4,1.4].

IBMDP Authors define the associated IBMDP (definition 5) with ( = —0.01 and 4 information
gathering actions. In addition to the original IBMDP paper, we also try { = 0.01 and 3 information
gathering actions. We use the same discount factor as the authors: v = 1. We try two different
approaches to limit the depth of decision tree policies to be at most 2: terminating trajectories if the
agent takes too many information gathering actions in a row or simply giving a reward of —1 to the
agent every time it takes an information gathering action past the depth limit. In practice, we could
have tried an action masking approach, i.e. having a state dependent-action set, but we want to abide
to the MDP formalism in order to properly understand direct interpretable approaches. We will also
try IBMDPs where we do not limit the maximum depth for completeness.

In tables 4 and 5 we report the top-5 hyperparameters for Modified RL baselines when learning
partially observable IBMDP policies in terms of extracted decision tree policies performances in the
CartPole MDP.

8.2 Experimental setup

Modified DQN and Modified PPO as mentioned above, the authors use the modified version of
DQN from algorithm 3. We use the exact same hyperparameters for modified DQN as the authors
when possible. We use the same layers width (128) and number of hidden layers (2), the same
exploration strategy (e-greedy with linearly decreasing value e between 0.5 and 0.05 during the
first 10% of the training), the same replay buffer size (10°) and the same number of transitions
to be collected randomly before doing value updates (10%). We also try to use more exploration
during training (change the initial € value to 0.9). We use the same optimizer (RMSprop with
hyperparameter 0.95 and learning rate 2.5 x 10~%) to update the Q-networks. Authors did not share

2https://en.wikipedia.org/wiki/Chinese_remainder_theorem
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Table 2: (Modified) DQN trained on 10° timesteps. This gives four different instantiation of (mod-
ified) DQN. Hyperparameters not mentioned are stable-baselines3 default. In green we highlight
the hyperparameters from the original paper and in red we highlight the hyperparameter names for
which author do not give information.

Hyperparameter Values

Buffer size

Random transitions before learning

Epsilon start 0.9,

Epsilon end

Exploration fraction

Optimizer

Learning rate

Networks architectures

Networks activations tanh(), relu()

Table 3: (Modified) PPO trained on 4 x 10° timesteps. This gives two different instantiation of
(modified) PPO. Hyperparameters not mentioned are stable-baselines3 default. In green we high-
light the hyperparameters from the original paper and in red we highlight the hyperparameter names
for which author do not give information.

Hyperparameter Values

Steps between each policy gradient steps

Number of minibatch for policy gradient updates

Networks architectures

Networks activations tanh(), relu()

Table 4: Top 5 hyperparameter configurations for modified DQN + IBMDP, bold font represent the
original paper hyperparameters.

Rank ¢ Depthcontrol Activation Exploration ¢ Mean Final Performance
1 3 termination tanh 0.9 0.01 53
2 2 termination tanh 0.5 -0.01 24
3 3 termination tanh 0.5 -0.01 24
4 2 termination tanh 0.5 0.01 23
5 2 termination tanh 0.9 -0.01 22

Table 5: Top 5 hyperparameter configurations for modified PPO + IBMDP, bold font represent the
original paper hyperparameters.

Rank ¢ Depth Control Activation ¢ Mean Final Performance

1 3 reward relu 0.01 139
2 3 termination relu 0.01 132
3 3 reward tanh -0.01 119
4 3 reward relu -0.01 117
5 3 reward tanh 0.01 116
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Algorithm 3: Modified Deep Q-Network. We highlight in green the changes to the standard
DQN (Mnih et al., 2015).

Data: IBMDP M5 (S x O, AU Ajns0, (R, C), (T, To, Tinyo)). learning rate o, exploration
rate ¢, partially observable Q-network parameters 6, Q-network parameters ¢, replay
buffer 15, update frequency C

Result: deterministic memoryless policy 7,

Initialize partially observable Q-network parameters 6

Initialize Q-network parameters ¢ and target network parameters ¢~ = ¢

Initialize replay buffer B = ()

for each episode do

Initialize downstream state features s ~ 1)

Initialize observation oy = (L1,U, ..., Ly, Up)

for each step t do

Choose action a; using e-greedy: a; = argmax, Qg(o¢, a) with prob. 1 — ¢

Take action a;, observe r;

Store transition (¢, 0, at, T, S¢4+1) in B

Sample random batch (s;, 0;,a;,7;, Si+1) ~ B

a’ = argmaxQg(0;, a)

a

Yy =1 +7Qy-(8;41,a’) // Compute target
¢+ ¢ —aVy(Qe(si,a;) —yi)? // Update Q-network
0« 0—aVy(Qy(oi,a;) —1y;)? // Update partially observable
Q—network
if t mod C' = 0 then
‘ #~ <+ 60 // Update target network
end
St & S¢+1
Ot < Ot 1

end

end
Tpo(0) = argmax, Qg(0,a) // Extract greedy policy

Algorithm 4: Modified Proximal Policy Optimization

Data: IBMDP Mg (S x O, AU A;ns0, (R, (), (T, To, Tinto)), learning rate c, policy
parameters 6, clipping parameter ¢, value function parameters ¢

Result: Memoryless stochastic policy 7.,

Initialize policy parameters ¢ and value function parameters ¢

for each episode do

Generate trajectory 7 = (g, 09, ag, 7o, 81,01, a1, 71, . - .) following 7y

for each timestep t in trajectory do

Gy +— Z;‘::t v*=tr, // Compute return

Ay < Gy —Vy(sy) // Compute advantage

“we(““ot)) // Compute probability ratio

Tpog g1q (3]0t
LELIE « min(ry(0) Ay, clip(re(0),1 —e,1+€)A;) // Clipped objective
0+ 0+aVeLSIP // Policy update

¢+ ¢+ aVy(Gr — Vy(st))? // Value function update

rt(e) <

end
Ooia < 0 // Update old policy

end
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which DQN implementation they used so we use the stable-baselines3 one (Raffin et al., 2021)%.
Authors did not share which activation functions they used so we try both tanh and relu. For the
modified PPO algorithm (algorithm 4), we can exactly match the authors hyperparameters since they
use the open source stable-baselines3 implementation of PPO. We match training budgets: we train
modified DQN on 1 million timesteps and modified PPO on 4 million timesteps.

DQN and PPO We also benchmark the standard DQN and PPO when learning standard Marko-
vian IBMDP policies 7 : S x O — AU A;,,f, and when learning standard 7 : S — A policies
directly in the CartPole MDP. We summarize hyperparameters for the IBMDP and for the learning
algorithms in appendices 1, 2 and 3.

Indirect methods We also compare modified RL algorithm to imitation learning. To do so, we use
VIPER or Dagger to imitate greedy neural network policies obtained with standard DQN learning
directly on CartPole. We use Dagger to imitate neural network policies obtained with the standard
PPO learning directly on CartPole. For each indirect method, we imitate the neural network experts
by fitting decision trees on 10000 expert transitions using the CART (Breiman et al., 1984) imple-
mentation from scikit-learn (Pedregosa et al., 2011) with default hyperparameters and maximum
depth of 2 like in (Topin et al., 2021).

8.2.1 Maetrics

The key metric of this section is performance when controlling the CartPole, i.e, the average undis-
counted cumulative reward of a policy on 100 trajectories (RL objective with v = 1). For modified
RL algorithms that learn a memoryless policy (or Q-function) in an IBMDP, we periodically extract
the policy (or Q-function) and use algorithm 2 to extract a decision tree for the CartPole MDP. We
then evaluate the tree on 100 independent trajectories in the MDP and report the mean undiscounted
cumulative reward. For RL applied to IBMDPs, since we can’t deploy learned policies directly to
the downstream MDP as the state dimensions mismatch—such policies are S x O — AU A;, ¢, but
the MDP states are in S—we periodically evaluate those IBMDP policies in a copy of the IBMDP in
which we fix ¢ = 0 ensuring that the copied IBMDP undiscounted cumulative rewards only account
rewards from the CartPole MDP (non-zero rewards in the IBMDP only occur when a reward from
the downstream MDP is given, i.e. when a; € A in the IBMDP (definition 5)). Similarly, we do
100 trajectories of the extracted policies in the copied IBMDP and report the average undiscounted
cumulative reward. For RL applied directly to the downstream MDP we can just periodically extract
the learned policies and evaluate them on 100 CartPole trajectories.

Since imitation learning baselines train offline, i.e, on a fixed dataset, their performances cannot
directly be reported on the same axis as RL baselines. For that reason, during the training of a
standard RL baseline, we periodically extract the trained neural policy/@-function that we consider
as the expert to imitate. Those experts are then imitated with VIPER or Dagger using 10 000
newly generated transitions and then fitsted decision tree policies are then evaluated on 100 CartPole
trajectories. We do not report the imitation learning objective values during VIPER or Dagger
training. Every single combination of IBMDP and Modified RL hyperparameters is run 20 times.
For standard RL on either an IBMDP or an MDP, we use the paper original hyperparameters when
they were specified, with depth control using negative rewards, tanh() activations. We use 20
individual random seeds for every experiment in this chapter. Next, we present our results when
reproducing (Topin et al., 2021).

8.3 Results

8.3.1 How well do modified deep RL baselines learn in IBMDPs?

On figure 8a, we observe that modified DQN can learn in IBMDPs-the curves have an increasing
trend-but we also observe that modified DQN finds poor decision tree policies for the CartPole MDP

3We are cleaning our source code and will open source it as soon as possible
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Figure 8: Comparison of modified reinforcement learning algorithms on different CartPole IBMDPs.
(a) Shows variations of modified DQN and DQN (table 2), while (b) shows variations of modified
PPO and PPO (table 3). For both algorithms, we give different line-styles for the learning curves
when applied directly on the CartPole MDP versus when applied on the IBMDP to learn standard
Markovian policies. We color the modified RL algorithm variant from the original paper in black.
Shaded areas represent the confidence interval at 95% at each measure on the y-axis.
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Figure 9: (left) Mean performance of the best-w.r.t. the RL objective for CartPole—-modified RL
+ IBMDP combination. Shaded areas represent the min and max performance over the 20 seeds
during training. (right) Corresponding score distribution of the final decision tree policies w.r.t. the
RL objective for CartPole.

in average—the curves flatten at the end of the x-axis and have low y-values. In particular, the highest
final y-value, among all the learning curves that could possibly correspond to the original paper
modified DQN, correspond to poor performances on the CartPole MDP. On figure 8b, we observe
that modified PPO finds decision tree policies with almost 150 cumulative rewards towards the end
of training. The performance difference with modified DQN could be because we trained modified
PPO longer, like in the original paper. However it could also be because DQN-like algorithms with
those hyperparameters struggle to learn in CartPole (IB)MDPs. Indeed, we notice that for DQN-like
baselines, learning seems difficult in general independently of the setting. On figures 8a and 8b, we
observe that standard RL baselines (RL + IBMDP and RL + MDP), learn better CartPole policies
in average than their modified counterparts that learn memoryless policies. On figure 8b, it is clear
that for the standard PPO baselines, learning is super efficient and algorithms learn optimal policies
with reward 200 in few thousands steps.
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Most frequent modified PPO tree (12) Most frequent modified DQN tree (9.5)
Best modified PPO tree (175) Best modified DQN tree (160)

True False

Typical imitated tree (185)

Figure 10: Trees obtained by modified deep RL in IBMDPs against trees obtained with imitation
(RL objective value). 8 and 6 are respectively the angle and the angular velocity of the pole
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8.3.2 Which decision tree policies does direct reinforcement learning return for the
CartPole MDP?

On figure 9, we isolate the best performing algorithms instantiations that learn decision tree policies
for the CartPole MDP. We compare the best modified DQN and modified PPO to imitation learning
baselines that use the surrogate imitation objective to find CartPole decision tree policies. We find
that despite having poor performances in average, the modified deep reinforcement learning base-
lines can find very good decision tree policies as shown by the min-max shaded areas on the left of
figure 9 and the corresponding estimated density of learned trees performances. However this is not
desirable, a user typically wants an algorithm that can consistently find good decision tree policies.
As shown by the estimated densities, indirect methods consistently find good decision tree policies
(the higher modes of distributions are on the right of the plot). On the other hand, the decision tree
policies returned by direct RL methods seem equally distributed on both extremes of the scores.

On figure 10, we present the best decision tree policies for CartPole returned by modified DQN and
modified PPO. We used algorithm 2 to extract 20 trees from the 20 memoryless policies returned by
the modified deep reinforcement learning algorithms over the 20 training seeds. We then plot the best
tree for each baseline. Those trees get an average RL objective of roughly 175. Similarly, we plot a
representative tree for imitation learning baseline as well as a tree that is optimal for CartPole w.r.t.
the RL objective obtained with VIPER. Unlike for direct methods, the trees returned by imitation
learning are extremely similar across seeds. In particular they often only vary in the scalar value
used in the root node but in general have the same structure and test the angular velocity. On the
other hand the most frequent trees across seeds returned by modified RL baselines are “trivial”
decision tree policies that either repeat the same downstream action forever or repeat the same IGA
(definition 5) forever.

9 RL objective values calculations

Optimal depth-1 decision tree policy 77, has one root node that tests x < 1 (respectively y < 1)
and two leaf nodes — and |. To compute VI (0g), we compute the values of 7, in each of the
possible starting states (sg, 0p), (S1,00), (82, 00), (84, 00) and compute the expectation over those.
At initialization, when the downstream state is s, = (1.5,0.5), the depth-1 decision tree policy
cycles between taking an information gathering action £ < 1 and moving down to get a positive
reward for which it gets the returns:

Vi (sg,00) =C+v+ 7 ¢+ ...
oo oo

=S Sy
t=0 t=0

_ G+
1—~2

At initialization, in either of the downstream states so = (0.5,0.5) and sy = (1.5, 1.5), the value of
the depth-1 decision tree policy is the return when taking one information gathering action z < 1,
then moving right or down, then following the policy from the goal state s:

V771 (89,00) = ¢ + 70 + V771 (84, 00)
=(+ 72V7rT1 (Sga 00)

= V"1 (s2,00)
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Similarly, the value of the best depth-1 decision tree policy in state s; = (0.5, 1.5) is the value of
taking one information gathering action then moving right to s, then following the policy in ss:

Vi (Sla 00) = C + ’YO + ,.YQVWTl (827 OO)
= (+7°V71(s3,00)
= (77 (C 7V (s4,00))
=+ ¢+ 7'V (sg,00)

Since the probability of being in any downstream states at initialization given that the observation is
0y is simply the probability of being in any downstream states at initialization, we can write:

1 2 1
V™1 (0g) = ZV’TTl (s84,00) + fV”T1 (s2,00) + ,an (s1,00)

_1C+ry 2C+’Y 2
—41_7 (<+ 1= 5) + (C+ ¢+~
_1¢+n 2(C+7) 7(C+7)

41 —42 41 —~A27 401 —~2
Ay +2 +A°

A -Y)

1 G+
1-— 72)

Depth-0 decision tree: has only one leaf node that takes a single downstream action indefinitely.
For this type of tree the best reward achievable is to take actions that maximize the probability of
reaching the objective — or |. In that case the objective value of such tree is: In the goal state
G = (1,0), the value of the depth-0 tree Ty is:

VTO— +y+7E+. ..

In the state (0, 0) when the policy repeats going right respectively in the state (0, 1) when the policy
repeats going down, the value is:

Vo =047V,

In the other states the policy never gets positive rewards; ng’ = Vs7;0 = 0. Hence:

1 1o 1 . 1 .
J(To) = V& + JVay + Ve + Ve

Unbalanced depth-2 decision tree: the unbalanced depth-2 decision tree takes an information
gathering action x < 0.5 then either takes the | action or takes a second information y < 0.5
followed by — or |. In states G and S5, the value of the unbalanced tree is the same as for the
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depth-1 tree. In states Sy and S, the policy takes two information gathering actions before taking a
downstream action and so on:

VSC“ =C+C+HY0+ PV

VI =+ +7°0+ 4V
=+ + Y20+ 3¢+ ¢+ 720+ 42V
=+ ¢+ AV

We get:

Lo lon 1o 1o,
J(Tu) = Ve + Vs + Vs + 3V,

1 1 1 1
= Vo + A+ PVE) + (A V) + V)

Lltn, }(7C+74+C—72C

1 1
)+ 1€+ HPCHACHAVE) + V]

41 —~2" 4 1—+2
_Lgt, }(7C+74+C—72C) }(C+VC—72C—75C+76€+77)+}V71
41 —~27 " 4 1—~2 4 1—~2 4 5
:}(C+7) }(7C+74+C—72C)+}(§+VC—726—75C+76C+77)+1(€+v3
41 —~2" 4 1—1+2 4 1—~2 41 — 42
@+ =2 =+ +9 9+
- 41 —~?)

The balanced depth-2 decision tree: alternates in every state between taking the two available

information gathering actions and then a downstream action. The value of the policy in the goal
state is:

VPR =+ +7° 7+
(oo} (oo} (oo}
_ Z,YStC i 273t+1< i 273t+2
t=0 t=0 t=0

RS ¢ 7
_1,,),3—’—1,73—"_1773

Following the same reasoning for other states we find the objective value for the depth-2 decision
tree policy to be:

1 2 1
J(To) = V& + Ve + 7 Vs,

1 2 1
= V& + AP0+ V) + (070 +95VE)
CB+3N)+9*+7°+7°
A1 —~?)

Infinite tree: we also consider the infinite tree policy that repeats an information gathering action

forever and has objective: J(Tins) = %

Stochastic policy: the other non-trivial policy that can be learned by solving a partially observable
IBMDP is the stochastic policy that guarantees to reach G after some time: fifty percent chance to
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do — and fifty percent chance to do |. This stochastic policy has objective value:

Vétoch — 1

Vo = 0+

V§t20ch =0 +

Vstoch =0+ 2,y‘/ﬂtoch

Solving these equations:

V stoch

Vstoch
4

Vstoch (

Vstoch _

sloch
Vs,

:1_

1—

—

— N

- Vstoch
27 G

2 Vstoch

L o
-7

,yvétoch + %,yvglloch

1
Vsloch
2

1
- Vsloch
27 G

Vstoch

,sttoch 1 ’YVCS;OCh

1

Vstnch
2

Vstoch

2 (2 Vstoch 4 ,YVstoch) + ,yvstoch

1 1 .
2Vstoch+ 1,}/2‘/510Ch_i_

- Vsloch
27 G

,_Y2 Vstoch Vstoch

1!
1
4
(

)= V)Vét“h

i+
l—ify
Gyt 1
1= 1-9
_ Gty

(1=372)1 =)

Vstoch

1 Vstoch %,yvss’tloch

— 2
Lot L oty
2 Ty T2 (1)
L 3Gyt 3)

7 T TA-)
21— 37°) +57%(37 + 3)

(= Ja=)
173_’_8,}/3_;'_

§’Y

iv—

(1371 =)
27+ 17

T -0

(5 + 1)

S A7)
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J(,Etoch) — (Vcs;och + Vgtooch + Vssvtloch + Vg;och)

1 (3 + 1) Y+ 3)
TR N v gy (1—i72)(1—v)>
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10 Training curves

We plot the sub-optimality gaps during training, w.r.t. the RL objective (definition 2),
between the learned memoryless policy and the optimal deterministic memoryless policy:
IE [V™ (s0,00)|80 ~ To] — E[V™(s0,00)|80 ~ To]|. Because we know the whole POIBMDP
model that we can represent exactly as tables, and because we know for each ( the RL objective value
of the optimal deterministic memoryless policy (figure 3), we can report the exact sub-optimality
gaps. In figure 11, we plot the sub-optimality gaps—averaged over 100 seeds—of learned policies
during training. We do so for 200 different POIBMDPs where we change the reward for informa-
tion gathering actions: we sample 200 ¢ values uniformly in [—1, 2]. In figure 11, a different color
represents a different POIBMDP.

Recall from figure 3 that for: (i) ¢ € [—1, 0], the optimal deterministic memoryless policy is a depth-
Otree, (ii) ¢ €]0, 1[, the optimal deterministic memoryless policy is a depth-1 tree, and (iii) ¢ € [1, 2],
the optimal deterministic memoryless policy is a “infinite” tree that contains infinite number of
internal nodes. We observe that, despite all sub-optimality gaps converging independently of the ¢
values, not all algorithms in all POIBMDPs fully minimize the sub-optimality gap. In particular, all
algorithms seem to consistently minimize the gap, i.e. learn the optimal policy or Q-function, only
for ¢ € [1, 2] (all the yellow lines go to 0). However, we are interested in the range ¢ €]0, 1] where
the optimal decision tree policy is non-trivial, i.e. not taking the same action forever. In that range,
no baseline consistently minimizes the sub-optimality gap.

11 Tabular RL algorithmic details for POIBMDPs
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Figure 11: (Asymmetric) reinforcement learning in POIBMDPs. In each subplot, each single line
is colored by the value of ¢ in the corresponding POIBMDP in which learning occurs. Each single
learning curve represent the sub-optimality gap averaged over 100 seeds.
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Figure 12: Distributions of final tree policies learned across the 100 seeds. For each ¢ value, there
are four colored points. Each point represent the share of depth-0 trees (red), depth-1 trees (green),
unbalanced depth-2 trees (orange) and depth-2 trees (blue).
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Figure 13: Analysis of the top-performing asymmetric Q-learning instantiation. (left) Learning
curves, and (right) tree distributions across different POIBMDP configurations.
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Algorithm 5: Asymmetric Sarsa

Data: POMDP M, = (X,0, A, R, T, Ty, (), learning rates c,,, ¢, exploration rate e
Result: 7: O — A

Initialize U(z,a) =0forallx € X,a € A

Initialize Q(0,a) = 0forallo € O,a € A

for each episode do

Initialize state x¢ ~ 1j

Initialize observation oy ~ (xq)

Choose action ag using e-greedy: ag = argmax, Q(0g, a) with prob. 1 — ¢

for each step t do

Take action a¢, observe ry = R(x¢, ap), Tp41 ~ T(2¢, at), and 0p1 ~ Q(x441)
Choose action a;41 using e-greedy: a1 = argmax, Q(0+1,a) with prob. 1 — ¢
y < r+~yU(x¢41,a¢41) // TD target using actual next action
U(zy,ar) < (1 — a)U(x4, 00) + ay

Q(or,ar) (1 — ag)Q(0r, ar) + agy

Tt < Tl

O <— Ot+1

At <— Q41

end
end
m(0) = argmax, Q(0,a) // Extract greedy policy

Algorithm 6: Asymmetric policy gradient algorithm. Uses Monte Carlo estimates of the average
reward value functions to perform policy improvements.

Data: POMDP M, = (X,0, A, R, T, Ty, ), learning rate «, policy parameters 6, number of
trajectories IV
Result: Stochastic partially observable policy 7y : O — A(A)
Initialize policy parameters 6
Initialize (0, a) = 0 for all observations o and actions a
for each episode do
for: =1t N do
Generate trajectory 7; = (8o, ag, o, 81,01,71, - - -, S7) following 7y
for each timestep t in trajectory T; do
Gy Zgzt v*~tr, // Compute return
Store (04, a;, Gy) for later averaging
end
end
for each unique observation-action pair (0, a) do
‘ Q(o,a) + m > (0a,c) G // Monte Carlo estimate
end
for each observation o do
for each action a do
m1(alo) < 1.0if @ = argmax,, Q(0,a’), 0.0 otherwise // Deterministic
policy from Q-values
7(alo) < (1 — a)w(alo) + ami(a|loo) // Policy improvement step
end
end
Reset Q(o, a) = 0 for all observations o and actions @ // Reset for next
episode

end
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Table 6: Summary of RL baselines Hyperparameters

algorithm Problem Hyperparameters comb.
Policy Gradient PO/IB/MDP 420
JSI POIBMDP 15
Q-learning PO/IB/MDP 192
Asym Q-learning POIBMDP 768
Sarsa PO/IB/MDP 192
Asym Sarsa POIBMDP 768

Table 7: PG Hyperparameter Space (140 combinations)

Hyperparameter Values Description

Learning Rate (Ir) 0.001, 0.005, 0.01, 0.05, 0.1 Policy gradient step size

Entropy Regularization (tau) -1.0,-0.1, -0.01, 0.0, 0.01, 0.1, 1.0 Entropy regularization coefficient
Temperature (eps) 0.01, 0.1, 1.0, 10 Softmax temperature

Episodes per Update (n_steps) 20, 200, 2000 Number of episodes per policy update

Table 8: PG-IBMDP Hyperparameter Space (140 combinations)

Hyperparameter Values Description

Learning Rate (Ir) 0.001, 0.005, 0.01, 0.05, 0.1 Policy gradient step size

Entropy Regularization (tau) -1.0,-0.1, -0.01, 0.0, 0.01, 0.1, 1.0 Entropy regularization coefficient
Temperature (eps) 0.01, 0.1, 1.0, 10 Softmax temperature

Episodes per Update (n_steps) 10, 100, 1000 Number of episodes per policy update

Table 9: QL Hyperparameter Space (192 combinations)

Hyperparameter Values Description

Epsilon Schedules (0.3, 1),(0.3,0.99), (1, 1) Initial exploration and decrease rate
Epsilon Schedules (0.1, 1), (0.1, 0.99), (0.3, 0.99)  Initial exploration and decrease rate
Lambda 0.0,0.3,0.6,0.9 Eligibility trace decay

Learning Rate (Ir_o)  0.001, 0.005, 0.01, 0.1 Observation Q-learning rate
Optimistic True, False Optimistic initialization

Table 10: QL-Asym Hyperparameter Space (768 combinations)

Hyperparameter Values Description

Epsilon Schedules 0.3, 1),(0.3,0.99), (1, 1) Initial exploration and decrease rate
Epsilon Schedules (0.1, 1), (0.1, 0.99), (0.3, 0.99)  Initial exploration and decrease rate
Lambda 0.0, 0.3,0.6,0.9 Eligibility trace decay

Learning Rate (Ir_o)  0.001, 0.005, 0.01, 0.1 Observation Q-learning rate
Learning Rate (Ir_v)  0.001, 0.005, 0.01, 0.1 State-action Q-learning rate
Optimistic True, False Optimistic initialization

Table 11: QL-IBMDP Hyperparameter Space (192 combinations)

Hyperparameter Values Description

Epsilon Schedules (0.3, 1),(0.3,0.99), (1, 1) Initial exploration and decrease rate
Epsilon Schedules (0.1, 1), (0.1, 0.99), (0.3, 0.99)  Initial exploration and decrease rate
Lambda 0.0, 0.3,0.6,0.9 Eligibility trace decay

Learning Rate (Ir_v)  0.001, 0.005, 0.01, 00.1 State-action Q-learning rate

Optimistic True, False Optimistic initialization
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Table 12: SARSA Hyperparameter Space (192 combinations)

Hyperparameter Values Description

Epsilon Schedules 0.3, 1),(0.3,0.99), (1, 1) Initial exploration and decrease rate
Epsilon Schedules (0.1, 1), (0.1, 0.99), (0.3, 0.99)  Initial exploration and decrease rate
Lambda 0.0,0.3,0.6,0.9 Eligibility trace decay

Learning Rate (Ir_o)

Optimistic

True, False

0.001, 0.005, 0.01, 0.1

Observation SARSA learning rate

Optimistic initialization

Table 13: SARSA-Asym Hyperparameter Space (768 combinations)

Hyperparameter Values Description

Epsilon Schedules 0.3, 1),(0.3,0.99), (1, 1) Initial exploration and decrease rate
Epsilon Schedules (0.1, 1), (0.1, 0.99), (0.3,0.99)  Initial exploration and decrease rate
Lambda 0.0,0.3,0.6,0.9 Eligibility trace decay

Learning Rate (Ir_o)
Learning Rate (Ir_v)

Optimistic

True, False

0.001, 0.005, 0.01, 0.1
0.001, 0.005, 0.01, 0.1

Observation SARSA learning rate
State-action SARSA learning rate

Optimistic initialization

Table 14: SARSA-IBMDP Hyperparameter Space (192 combinations)

Hyperparameter Values Description

Epsilon Schedules (0.3, 1),(0.3,0.99), (1, 1) Initial exploration and decrease rate
Epsilon Schedules (0.1, 1), (0.1, 0.99), (0.3, 0.99)  Initial exploration and decrease rate
Lambda 0.0, 0.3,0.6,0.9 Eligibility trace decay

Learning Rate (Ir_v)

Optimistic

True, False

0.001, 0.005, 0.01, 0.1

State-action SARSA learning rate

Optimistic initialization

Table 15: Asymmetric sarsa hyperparameters (768 combinations each run 10 times)

Hyperparameter

Values

Description

Epsilon Schedules
Epsilon Schedules
Lambda

Learning Rate U

Learning Rate Q

Optimistic

(0.3,1),(0.3,0.99), (1, 1)
(0.1, 1), (0.1, 0.99), (0.3, 0.99)

0.0, 0.3, 0.6, 0.

0.001, 0.005, 0.01, 0.1

0.001, 0.005, 0.01, 0.1

True, False

9

Initial exploration and decrease rate
Initial exploration and decrease rate

Eligibility trace decay
learning rate for

the Q-function
learning rate for the

partial observation dependent Q-function

Optimistic initialization

Hyperparameter | Asym Q-learning (10/10) | Asym Sarsa (10/10) | PG (4/10) |

epsilon_start
epsilon_decay
batch_size
lambda_
Ir o

Ir v
optimistic

Ir

tau

eps

n_steps

1.0
0.99
1
0.0
0.01
0.1
False

1.0
0.99
1
0.0
0.1
0.005
False

0.05
0.1
0.1

2000

Table 16: Best hyperparameters for each algorithm on the POIBMDP problem
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12 POIBMDPs for classification tasks

Let us show that, POIBMDPs associated with MDPs encoding supervised learning tasks, are in fact
MDPs themselves. Let us define such supervised learning MDPs in the context of a classification
task (this definition extends trivially to regression tasks).

Definition 9 (Classification Markov decision process). Given a set of N examples denoted £ =
{(z, yt)}f\il where each datum x; € X is described by a set of p features z;; with 1 < j < p,
and y; € Z™ is the label associated with x;, a classification Markov decision Process is an MDP
(S, A, R, T, Ty) (definition 1). The state space is S = {wl}ivzl the set of training data features.
The action space is A = Z™, the set of unique labels. The reward functionis R : S x A — {0,1}
with R(s = @;,a) = 1{4—y,}. The transition functionis 7' : S x A — A(S) with T'(s,a,s’) =
~ Vs,a,s'. The initial distribution is Ty (sp = s) = .

One can be convinced that policies that maximize the RL objective (definition 2) in classifi-

cation MDPs are classifiers that maximize the prediction accuracy because Zf\il lr@i=y; =

Zf-vzl R(x;, m(x;)). We defer the formal proof in the next part of the manuscript in which we
extensively study supervised learning problems.

Now let us show that associated POIBMDPs are in fact MDPs. We show this by construction.

Definition 10 (Classification POIBMDP). Given a classification MDP ({wi}il,Zm,R, T,To)
(definition 9), and an associated POIBMDP (S, 0, A, A0, R, ¢, Tinfo, T, Tp) (definition 7), a
classification POIBMDP is an MDP (definition 1):

State space  Action space  Reward function Transition functions
PN ,?/\ﬁ = —_—
< @) y Z ) Ainfm Ra C ) Pa 7)0 >

O is the set of possible observations in [L1, U1] X - - - X [Lp, Up] X [L1, U1] X - - - X [Lp, U] where L;
is the minimum value of feature j over all data ; and U} the maximum. Z™ U A, s, is action space:
actions can be label assignments in Z" or bounds refinements in A, s,. The reward for assigning

label a € Z™ when observing some observation o = (L}, Uy, ..., L;,U)) is the proportion of
. e . siL < <UL} {@syi=aVi
training data satisfying the bounds and having label a: R(0,a) = i JE;J 7 szt JS}U;{\E,J-?\ avi}]

The reward for taking an information gathering action that refines bounds is . The transition func-

tionis P : O x (Z™ U Aipnso) = A(O). Whena € Z™, P(o,a,(L1,Us,...,L,,Up)) = 1 (reset

to full bounds). When a = (k,v) € Ajnyo, from o = (L3,Uy, ..., L, U}), the MDP will transit

to orefr = (L1, U7, ..., Li,v, ..., L, Up) (vesp. orignt = (L1, U7,...,Up,v,..., L, Up)) with
oo wiL) <y SUGVjAzig <v}| [{@i: L <x;; <UVjAzip >v}|

probability ‘{£i3L}7S$ijJ§UJ/'Vj}| (resp. ‘{w]i:L_/]-?SwijJSU],'vj}‘ ).

Those classification POIBMDPs are essentially MDPs with stochastic transitions. It means that
deterministic memoryless policies O :— A U A;y, 5, are in fact Markovian policy for those classi-
fication POIBMDPs. More importantly, it means that, for a given ~ and (, if we were to know the
whole POIBMDP model, we could use planning, to compute optimal decision tree policies.
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Figure 14: We reproduce the same plot as in figure 11 for classification POIBMDPs. Each individual
curve is the sub-optimality gap of the learned policy during training averaged over 100 runs for a

single ¢ value.



