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Abstract

Off-policy policy evaluation (OPE), an essential component of reinforcement learning,
has long suffered from stationary state distribution mismatch, undermining both stabil-
ity and accuracy of OPE estimates. While existing methods correct distribution shifts
by estimating density ratios, they often rely on expensive optimization or backward
Bellman-based updates and struggle to outperform simpler baselines. We introduce
Average-DICE, a computationally simple Monte Carlo estimator for the density ratio
that averages discounted importance sampling ratios, providing an unbiased and consis-
tent correction. Average-DICE extends naturally to nonlinear function approximation
using regression, which we roughly tune and test on OPE tasks based on Mujoco Gym
environments and compare with state-of-the-art density-ratio estimators using their re-
ported hyperparameters. In our experiments, Average-DICE is at least as accurate as
state-of-the-art estimators and sometimes offers orders-of-magnitude improvements.
However, a sensitivity analysis shows that best-performing hyperparameters may vary
substantially across different discount factors, so a re-tuning is suggested.

1 Introduction

Off-policy evaluation (OPE) aims to estimate the expected cumulative return of a target policy using
data collected from a different behaviour policy. Assessing a policy with pre-collected data before
deployment is crucial, as executing an unqualified policy can lead to undesirable consequences
(Levine et al. 2020), including life-threatening risks in applications such as surgical robotics and self-
driving vehicles. A straightforward approach is to directly average the observed rewards. However,
distribution shift introduces bias into value estimation, and even temporal difference methods cannot
provide an unbiased evaluation of the target policy under such shifts (Sutton et al. 2016).

A common approach to addressing distribution shift is importance sampling (IS) (Precup et al. 2001),
which reweights samples based on the ratio between two distributions to provide an unbiased estima-
tion. However, when correcting cumulative returns along a trajectory, IS requires multiplying these
ratios over multiple steps, leading to high variance — a problem known as the curse of the horizon.
To mitigate this, researchers have explored marginalized IS ratios for stationary state distributions
(Liu et al. 2018). Current estimators leverage the recursive property of stationary distributions to
formulate optimization tasks. This recursion results in a backward Bellman-based update, where
the value at the next step depends on the current step’s value (Hallak & Mannor 2017). However,
the expectation in the backward Bellman recursion cannot be unbiasedly evaluated without double
sampling. Moreover, off-policy Bellman updates with function approximation, known as the deadly
triad (Baird 1995), are prone to instability and typically lack convergence guarantees.
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Several studies have proposed novel optimization frameworks, such as primal-dual optimization
(Nachum et al. 2019) or multistage optimization (Uehara et al. 2020), to avoid directly minimizing
the backward Bellman error. The optimal solutions corresponding to their novel losses equal to the
desired state density ratio, proven in the tabular case (Liu et al. 2019). However, these methods
introduce additional complexity to the estimation process. This raises an important question: Can
we revisit Monte Carlo methods to develop a new estimator that is both theoretically sound and
computationally simpler? Previously, a state distribution corrector based on the Monte Carlo ex-
pansion of the stationary distribution was developed to account for the missing discount factor in
stationary state distributions for policy gradient algorithms (Che et al. 2023). However, the idea was
not explored in the off-policy setting.

In this paper, we propose a novel estimator for the stationary state distribution ratio, called the aver-
age state distribution correction estimation (Average-DICE). It leverages the Monte Carlo expansion
rather than the recursive property used in prior approaches. Our approach computes the average of
all discounted importance sampling ratio products corresponding to a given state in the dataset. We
prove that this method provides a consistent estimation of the density ratio between the discounted
target and the undiscounted behaviour stationary state distributions. Also, it gives an unbiased esti-
mation of any function.

Furthermore, our estimator can be learned via a least squares regression task, offering a simple and
effective approach to approximating the state distribution ratio. In the case of linear function approx-
imation, we establish its asymptotic convergence to the same fixed point as minimizing the mean
squared error with the exact density ratio, under standard assumptions used in temporal difference
(TD) convergence analysis (Yu 2015).

To evaluate our estimator, we conduct experiments on several discrete classic control tasks and con-
tinuous MuJoCo tasks (Todorov et al. 2012), using a pre-collected fixed off-policy dataset with batch
updates. Our estimator achieves dominant performance on most tasks when appropriately tuned for
the required discount factor and remains competitive on others. Additionally, it demonstrates the
fastest convergence to a stable value, making it practical for integration into other algorithms. How-
ever, our algorithm is sensitive to changes in the discount factor, and we recommend re-tuning it for
each discount setting to ensure optimal performance.

2 Background

Notation We let A(X') denote the set of probability distributions over a finite set X'. Let R denote
the set of real numbers, N be the set of non-negative integers, N1 be the set of positive integers, and
1 be the indicator function.

Markov Decision Process We consider finite Markov decision process (MDP) (Sutton & Barto
2018) defined by a tuple M = (S U {s}, A, r, P,v,~), where S is a finite state space, < is a termi-
nation state, .4 is the action space, r : S x A — R is the reward function, P : § x A — A(S) is
the transition matrix, v € A(S) is the distribution of the initial state, and vy € (0, 1) is the discount
factor. At each step j, the agent applies an action A; sampling from a policy 7 : & — A(A) at
state S;. Then, the agent receives a reward R; and transits to the next state .S ; Our paper focuses

on episodic tasks, where a trajectory, denoted by 7 = {S;, 4;, R;, S ; jT:_Ol, ends at the termination

state ¢ at step 7. We define the random variable T' € NV as the length of the trajectory.

The agent’s goal is to evaluate a policy 7 by estimating the expected discounted cumulative returns.
The expected discounted cumulative return, denoted by J (), is defined as

J(m) = (1= 7Ex | Y 4/r(S;, 45) |,
3=0
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where we use E; to denote the expectation under the distribution induced by 7 and the environment.
Notice that after reaching the termination state, the probability of any state showing up is zero, that
is, P-(S; =s) =0,Vs € S,if T < j and rewards also equal zero.

The Q-value represents the expected cumulative rewards starting from a state-action pair (s, a) fol-
lowing a policy 7, defined as

qx(s,a) = Ex Z'er(sj’ Aj)

Jj=0

So=s5,4=al . (1)

Off-Policy Evaluation We consider evaluating a target policy 7 using a dataset D that consists of
K

K trajectories as {7; }1£ | = {{Si AL R, (S)) )}j gl}. . When trajectories are collected under
a behaviour policy, denoted by p, dlfferlng from the targezt policy, we call the learning off-policy.
m(als)
 nlals)
obtain unbiased estimators. The IS-ratio product, denoted by po.;—1 = ch;é p(Ag|Sk), adjusts the
distribution of an entire trajectory, {So, Ao, - - - , S;}, from the behaviour policy to the target one.
Notice the product is initialized at one, denoted as pp.—1 = 1, with some abuse of notations.

To correct this distribution shift, the importance sampling (IS) ratio p(a|s) = is often used to

This dataset can also be expressed in terms of individual transitions as D =
{(St,At,Rt,S{,timet,pprod,t)}?;ol where n is the dataset size, t is the index for each transi-
tion, time; represents the step of s; in its trajectory and ppoq,¢ for the corresponding IS products
Po:time, —1 until s;. To further simplify notation, let I, indicate the set of step ¢ such that S; = s.

Off-policy TD estimates Q-values by gp and takes a semi-gradient of the empirical temporal differ-

ence errors, which equals

n—1

. 1 . . 2
min £(6; D) = o Z (Re + 4o (S1, Ap) — Go(St, A))™, 2

t=0
where the next action used for the bootstrapping target is sampled from the target policy, that is,
A} ~ 7(:|S]) . TD evaluates the target policy by expected value estimation of initial state-action
pairs, that is, (1 —)Egy~y, 4o~r(-50) [G6(So, Ao)]. However, the dataset’s state distribution shift is
not corrected from the behaviour policy to the target policy, leading to bias in the estimation.

Irreducible Markov Chain The Markov decision process under a policy 7 forms a Markov chain,
denoted by (S U {c}, Pr), where Py (s'|s) = > . s m(a|s)P(s'|s,a) for any s,s" € S. A Markov
chain is said to be irreducible, if for any two states, s and s’, the probability of transiting between
these two states is positive at some time step, that is, P (S; = s’ for some j > 0[Sy = s) > 0 and
P,(S; = sforsome j > 0|S; = s') > 0.

The recurrence time of a state s, denoted by 77 (s), is defined as the time elapsed to revisit a state
s, that is, 7,5 (s) = min{j > 0: S; = s, Sy = s}. A positive recurrent state has a finite expected
recurrence time, that is, E;[7."(s)] < oo. Note that no assumptions are made in the background
section; the terms irreducibility and positive recurrence are presented solely for later use.

Stationary State Distribution The discounted stationary state distribution, denoted by dr , is
defined as the distribution satisfying the following equation for all states s’ € S:

de (5']5) + (1 = 1)w(s)] = dry (5). 3)

A common analytical form of the discounted statlonary distribution can be written as

dr (s ZWP (S; =) @)
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Given the form of the discounted stationary distribution, the expected discounted cumulative return,
J (), can also be written as

J(m) = Z A (s)r2(s), (5)

seS
where 77(s) = Ear(.|s)[r(s, 4)].

The undiscounted stationary distribution, denoted by d is defined as the distribution satisfying
Y scs dx(8)Pr(s'[s) = dr(s"). This distribution is also regarded as the limiting distribution of
state-action visitation at each step. However, in episodic tasks, the step count does not approach
infinity. To define a limit distribution in this setting, the trajectory is considered to restart from the
initial state distribution upon termination. Note that this restart does not occur in practice and is
introduced purely for definitional purposes.

Repeating the transition n steps can give K terminated trajectory and one incomplete trajectory,
) K K k
i A pi i 71 K+1 4K+1 pK+1 K n-K . T
denoted by {{(Sj,Aj, R}, (S7%) )}j:O }idu{ (Sj SAFTLRIT(S)) +1)}j:0 k=100 yWe
relabel the transition by ¢ as {(S¢, A¢, Ry, S}) ?;01. The undiscounted stationary distribution has
multiple analytical forms stated in Sutton and Barto (2018) and Grimmett and Stirzaker (2020,
Theorem 6.4.3), summarized in a lemma from (Che et al. 2023).

Lemma 2.1 (Forms of Undiscounted Stationary Distribution). Under the irreducibility of the
Markov chain and positive recurrences of all states under all policies w, we have the following:
n—1
1

dr(s) = Tim - Z]P)TF(St =s)= B ()] (6)
t=0 mits

3 Related Works

TD with linear function approximation converges when data is sampled as trajectories under the
target policy (Tsitsiklis & Van Roy 1996), but linear TD with off-policy state distribution is not
guaranteed to converge (Che et al. 2024). This issue is called the deadly triad. Meanwhile, the
policy estimation is biased under the state distribution shift.

The data distribution can be corrected by importance sampling (Precup 2000, Precup et al. 2001).
However, these approaches suffer from high variance when correcting the distributions of trajectories
with products of IS ratios. Later papers work on estimating state distribution ratios to avoid the ratio
product (Hallak & Mannor 2017, Yang et al. 2020, Fujimoto et al. 2021).

The state distribution ratio can be estimated based on the backward recursion for the stationary
distribution shown in Equation 3. A backward Bellman recursion for the density ratio w(s) can then
be built for all state s’, and the temporal difference error for the density ratio estimator, denoted by
TD(s), is defined as

w(A|S)
TD(s") :=E(s,a,5)~d, |~w(S") +yw(S) §' =5 +(1=7)p(s).
(S,A,8")~d,, 1(AlS) |
This temporal error equals zero, if w(s) = d;'”(S) provided that non-zero target policy 7(a|s) > 0
"

implying the behaviour policy being non-zero p(als) > 0 for all state-action pairs (Nachum et al.
2019). COP-TD (Hallak & Mannor 2017, Gelada & Bellemare 2019) minimizes the above temporal
difference (TD) error. However, a backward TD estimate cannot be unbiasedly computed from
a dataset without double sampling unless the behaviour policy is concentrated on a single state.
Meanwhile, the algorithm lacks a convergence guarantee.

Several other works (Liu et al. 2018- 2019, Uehara et al. 2020) design novel loss functions based
on the recursive properties of the state distribution instead of directly minimizing the TD error.
These losses reach zero if and only if the solution is the density ratio, providing new multi-stage
optimization objectives for ratio approximation. On the other hand, DualDice (Nachum et al. 2019)
introduces a primal-dual optimization framework by reformulating the problem with the Fenchel
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conjugate. GenDice (Zhang et al. 2020a) estimates the density ratio w(s) and minimizes the f-
divergence between the estimated and true stationary distributions d,, (s)w(s) and d - (s), showing
greater stability than DualDice for high discount factors but lacking convex-concavity. However,
these multi-stage or primal-dual optimization techniques lack the convergence guarantee, and the
training is less stable with multiple variables.

GradientDice (Zhang et al. 2020b) replaces f-divergence in GenDice with a weighted L2-norm, en-
suring convex-concave and convergence properties under linear function approximation. BestDice
(Yang et al. 2020) unifies these multi-stage and primal-dual methods into a general objective, iden-
tifying optimal regularization choices in their BestDice algorithm. However, the learning stability
still needs improvement.

Successor Representation Distribution Correction Estimation (SR-DICE) (Fujimoto et al. 2021)
builds on successor features and derives a loss equivalent to minimizing the mean squared error
to the density ratio under linear function approximation. It achieves lower policy evaluation errors
than other density estimators but still underperforms deep off-policy TD. Meanwhile, state-action
representation features and successor features require pre-training, introducing additional approxi-
mation errors and increasing computation.

4 Distribution Corrector

We derive a novel expression for the state density ratio, leading to a consistent estimator. This
estimator computes the average of discounted IS-ratio products for each state using an off-policy
dataset. Our algorithm, Average-DICE, is named for its averaging approach in approximating this
estimator. As the dataset size approaches infinity, our estimator converges to the true density ratio.
Meanwhile, it corrects the distribution shift from the dataset’s sampling distribution to the target
policy’s discounted stationary distribution, consequently providing an unbiased estimate for any
function by reweighting each state by our estimator.

Recall that a dataset consists of K trajectories and is presented as D =
{(St,At,Rt,S{,timet,ppmd,t)}?;ol, where time; represents the step of S; in its trajectory
and pprod,¢ for the corresponding IS products until S;. I indicates the set of label ¢ such that S; = s.

We first assume the following necessary condition for applying marginalized importance sampling.

Assumption 4.1. If d, , > 0, thend,, > 0.

This assumption is made for all distribution correction estimators (Yu 2015, Zhang et al. 2020b),
requiring the off-policy distribution to cover the target distribution.

Also, for episodic tasks, it is normal to consider the trajectory length to have a finite expectation.

Assumption 4.2.
E,[T] < .

Now we are ready to present the novel formulation of the density ratio.

Proposition 4.3. [Consistency] Given

* a finite Markov decision process,

* a dataset D collected under a behaviour policy i, and

* a target policy ™

such that Assumption 4.1 and 4.2 are satisfied, then for state s with
dr~(s) >0,

we have the density ratio equal

d,m,(s) . n
T lim — (1 — ) By
OREE 7 YEtmr, [y

timey

'pprod,t]a (7)
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where n is the number of transitions, and K denotes the number of trajectories.

We derive a consistent estimator based on the above proposition, defined as

n .
Cp (8) = E(l - V)Etwls [,VUmet pprod,t]~ ()

The expectation is taken over step where state s appears and can be expressed as

; En__ol ’Ytimet Pprod t]l[St = 5]
Etwlg ,ytlmetp 4t = t= — ’
) [ pro ] ?:01 ]I[St = S]

; (€))

where 1[S; = s| equals to one if s appears at step t. The denominator counts the number of
times state s occurs in the dataset, while the numerator sums the corresponding discounted IS-ratio
products. Thus, the expectation in our estimator effectively averages all discounted IS products
associated with state s.

Our main theorem shows that reweighting each data by our estimator gives an unbiased estimator
for any function.

Theorem 4.4 (Unbiasedness). Given

* a finite Markov decision process,
* a dataset D collected under a behaviour policy u, and
* atarget policy ™

such that Assumption 4.1 and 4.2 are satisfied, reweighting data by our average correction gives
unbiased estimation for any function f : S — R, that is,

Ep [Es~p [cp(S)f(S))] = Es~a, ,[f(S)], (10)

where Ep means expectation over trajectories sampled under the behaviour policy, and Eg.p rep-
resenting sampling states uniformly from the dataset.

This theorem holds because our estimator equals the ratio of an unbiased and consistent estimation
of the discounted target distribution, denoted as d - (s) = & ZzK:1 2507 poj—11[S; = s] o

J
P 1[S; = ]

the sampling distribution from the dataset, denoted as cZ(s) = . Therefore, as long

as we can calculate our estimator, the distribution shift can be solved.

5 Average-DICE Algorithm

In this section, we work on how to evaluate our derived estimator ¢p (s). Our estimator averages the
corresponding discounted IS-ratio products for a state s. However, in high-dimensional state spaces,
direct averaging by state counting is infeasible. Thus, we propose to approximate the expectation of
discounted IS-ratio products via regression.

We first introduce our regression losses and propose the Average-DICE algorithm. Then, we show
that with linear function approximation, incrementally updating our loss results in a convergent
algorithm. The fixed point of this update corresponds to minimizing the mean squared error (MSE)
to the true density ratio with regularization.

5.1 Loss

We learn our estimator as a ratio model by minimizing the least squares error. Solving least squares
regression with Markovian data is well studied but generally requires more samples compared to
ii.d. learning tasks (Nagaraj et al. 2020). In our setup, the ratio model takes states as inputs and
is trained by minimizing the mean squared error between its output fy(s;) and its corresponding
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regression target ~'met Pprod,¢- In this case, the ratio is estimated by 7 (1 — ) fo(s). The expected
discounted cumulative return can be estimated by

I
-

S
| =

J(m) = (1 =) fo(St)Rs. (11)

t

Il
=]

In the regression with a fixed dataset, a parameter regularization is usually added to avoid overfitting.

. 6112 . . . .
Our algorithm also uses % to regularize, where \; is the regularization parameter.

Meanwhile, same as GradientDice, the learnt ratio should ensure that ) _d,,(s) 7 (1 — ) fa(s) =

oL du(s) dgﬁg = 1. So our algorithm further regularizes by the loss 22 (3" d,,(s) = (1—7) fo(s)—
1)2, called the distribution regularization. An expectation in a square loss cannot be estimated

unbiasedly using samples. Thus, this regularization term is re-written by the Fenchel conjugate as

2

Ao(max B, [n (1 =) fo(s) =] = 75). (12)

The loss given a dataset D is written as

min £(6: D) = Ee, o | - (fo(S1) — 2™ prea)?] + 22
U D) = Esinp | 5(fo(St) = %" Pproae)” | + —5
+A Es, - (1 — ) fs(S:) — ]—L72 (13)
2 | maxs ol g (L= 7)Jelor) —nl =5 )

5.2 Convergence Analysis

This section focuses on the linear function approximation with f(s) = ¢(s) "0, where ¢(s) € R?
is a given state feature and € R? is the parameter. We denote ® € RISI* as the feature matrix,
where each row corresponds to the feature vector of a particular state s.

At each step t, the agent takes an action according to the behaviour policy at state s;. If the tra-
jectory terminates, the agent restarts according to the initial distribution. The algorithm updates the
parameters € and 7 in our distribution regularization at each step with the newly collected transi-
tion following our loss shown in Equation 13. The regression target, denoted by y; = 1™ pyrod,ts
equals to the discounted IS-ratio products computing using the state’s current trajectory, where time;
represents the step of the state in its current trajectory and pprod,t = 0:time;—1-

Instead of using a running scalar of % in the loss, we evaluate an average trajectory length H at the
beginning and keep it fixed. This fixed multiplier simplifies the proof. We hypothesize that using the
original one % converges as well but with high probability instead of almost surely, since % may
not be bounded for all ¢ € N. However, both two scalars are estimating the average trajectory length
E,[T] and are close.

The update rule is
eyt =1+ o do(H(L—7)d(s0) 0 =1 —mp). (14)
Ori1 = 0 — ar(@(s0)(B(s1) " O — ) + Ao H (1 —7) (1) + A16y), (15)
where «; is the learning rate. We combine the system of equations into
diy1 = di + o (Gryrde + gevr),

0 . .
where d; 1 = L;H} denotes the concatenation of parameters, and update matrices are
t+1

_ [=oGse)o(s) T = MI =X H (1 —7)o(s:) _ [o(s)ye
Gii1= [ Ao H(1 = 7)é(s0) 2 W ] and g1 = [ Y } .

Assumption 5.1. 1. & has linearly independent columns.



Reinforcement Learning Journal

2025

Hopper-v4

10°
102
10!

10°

Log MSE

107t

1072

1073

N o o o o o
ERTIR R e

Training Steps

Walker2d-v4
10°

102

Log MSE

103
102
10!
10°
107t
1072

1073

10°

102

HalfCheetah-v4

—

Log MSE

103
102
10!
10°
107t
1072

1073

Ant-v4

Wesorme

N

N N N N N
5007 Q0% (5007 g0 ee®
Training Steps

CartPole-vl

103

102

N

N N N N N
50 g0 0 g0 oo
Training Steps
== Behaviour Policy Return

= Our Algorithm
~—— COP-TD

Acrobot-vl

SR-DICE
= Deep TD
~—— BestDICE

10t 10t 10t 4 F

100  er—— = = e
107! H :

1072

10° 10°

Log MSE
Log MSE
Log MSE

107t 107t

1072 1072

1073 1073 1073

N N N N N N N N 0 N N N N N N N 0 N
5000 (g0 (500 Q00 00 9007 Q0% (5007 g0 ee® 5007 (g0 (50 00 00

Training Steps Training Steps Training Steps

Figure 1: This figure presents the mean square error of estimating the objective J(7) in the log scale
for each task. Our method, as the red line, shows dominant behaviour on most tasks and comparable
behaviour on Hopper and CartPole.

2. Each feature vector ¢(s) has its L2-norm bounded by L.

3. The behaviour policy p induces an irreducible Markov chain on S and moreover, for all (s,a) €
S x A, p(als) > 0if w(a|s) > 0.

4. The stepsize sequence {«;} is deterministic and eventaully nonincreasing, and satisfies «; €
(0,1], >, a¢ = 0o, and >, af < oo.
These four assumptions are also assumed for ETD convergence analysis and are common for ana-

lyzing the asymptotic behaviours of linear update rules.

Define two matrices

G [F2T D =M MHO =)@ o [t ® Dy
MoH(1—~)d] @ — X2 ’ A2 ’
where y € RS denotes the density ratio d;"f(g‘;) .

Incremental updates under our losses give convergence with linear function approximation. The

proof follows the convergence analysis of ETD and is presented in Appendix B. Intuitively, our

correction gives a consistent estimator with variance controlled by the discount factor, and thus, the

convergence follows.

Theorem 5.2. Based on Assumption 4.2 and 5.1, we have
dy - -G lgas. (16)

which gives the same fixed point for minimizing the mean square error to the true density ratio,

2
which is Eg,p | % ( fo,.(St) — = )1]]2“ = d;r;w(g;)) ] with the same regularizations.

6 Experiments

We perform OPE on classic control and MuJoCo (Todorov et al. 2012) tasks to evaluate our method
and compare it with other distribution correctors, including COP-TD, BestDice, and SR-DICE. Ad-
ditionally, we include two simple baselines: the average reward, which represents the objective
under the behaviour policy, and off-policy TD. In these OPE tasks, the target policy is trained using
PPO (Schulman et al. 2017), which can achieve high-performing policies; for example, the agent for
CartPole receives above 410 return, close to the optimal return of 500. For discrete actions, the be-
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haviour policy is a combination of the target policy and the uniform random policy. For continuous
actions, the behaviour policy is obtained by increasing the variance of the Gaussian target policy.

The hyperparameters are tuned using a dataset with 4000 transitions coming from trajectories each
of length 100. The discount factor is fixed at 0.95, which is a common choice. The random pol-
icy weights 0.3 in the behaviour policy for discrete-action tasks, and the variance is doubled for
continuous-action tasks. We selected the combination of hyperparameters that yields the lowest ob-
jective estimation error, averaged across all tasks. The results are averaged among 10 seeds, and the
variance is tiny due to similar rewards received per step for each run.

Our results in Figure 1 show that most of the existing methods underperform compared to off-policy
TD, confirming prior work (Fujimoto et al. 2021). Only SR-DICE, in the orange line, can give
comparable behaviour. Our method, as the red line, shows dominant behaviour on most tasks and
comparable behaviour on Hopper and CartPole. More surprisingly, it gives the fastest convergence
to a stable low error. Also, in Figure 1, our method is tuned specifically to the trajectory length, the
randomness of the behaviour policy, the size of the dataset, and the discount factor, which gives a
small advantage to our algorithm. Thus, in the next step, we test out the robustness against more
settings, as illustrated in Figure 2. This figure presents the results of the Walker task, while results
for other tasks are provided in Appendix C.

The top-left subfigure of Figure 2 examines robustness against different discount factors. Our algo-
rithm proves less robust to changes in the discount factor and loses its leading performance, yielding
worse results than TD and SR-DICE. Because altering the discount factor significantly changes the
regression targets for the entire dataset, it is reasonable that our method would require re-tuning for
each discount factor to achieve optimal performance.

When the discount factor is fixed at 0.95, our method generally maintains a dominant or at least com-
parable performance relative to other baselines, except in Acrobot and Hopper. In Acrobot, it still
outperforms other density-ratio estimators in most settings and is on par with TD; in Hopper, both
our method and SR-DICE perform similarly to TD. Also, an ablation study without the distribution
regularization is given in Appendix C.
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Figure 2: We evaluate the robustness of our method under varying dataset sizes, trajectory lengths,
behaviour policies, and discount factors. This figure presents the results of the Walker task. Our
algorithm is less robust only to changes in the discount factor and excessively long trajectory length.

7 Conclusion
We introduced Average-DICE, a novel regression-based estimator for the stationary state density

ratio. Our key contributions include deriving an alternative form of the state density ratio, proposing
a novel distribution corrector and designing the learning algorithm for our distribution corrector.
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Furthermore, we showed that incremental updates converge under linear function approximation,
demonstrating that the resulting fixed point coincides with the minimum MSE solution to the true
ratio up to regularization. Empirical results on discrete and continuous tasks confirmed that Average-
DICE provides stable and accurate off-policy evaluation. Looking forward, integrating this density
ratio correction into policy gradient algorithms could address distribution mismatches more effec-
tively than current conservative policy updates.
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Appendix A: Derivation of Our Distribution Corrector

Proof of the Consistency Theorem

We fist present a theorem used for the proof.

Theorem 7.1 (Theorem 1.0.2 Ergodic theorem, Norris (1998)). Let M be an irreducible and posi-
tive recurrent Markov decision process for all policies. Then, for each state s,

s, = 1
IP’( 0 T %E[Tj(s)] asT—)oo)zl.

Next, we present our main theorem and show that our correction term equals the distribution ratio,

dg'”(s) and thus, this term successfully corrects the state distribution shift.
B

Theorem 7.2 (Consistency). Given

* a finite Markov decision process,
* a dataset D collected under a behaviour policy i, and
* atarget policy ™

such that Assumption 4.1 is satisfied, then for state s with

d"v"/(s) > Oa
we have the density ratio equal
dﬂ-ﬁ (S) = i n timey
du(s) Jim == (1= 9)Eenr, [ Pprod,]- (17)

Proof. Reformulate the RHS.

1[5, =s
When sampling ¢ ~ I uniformly, the probability equals n[t—] Furthermore,
> k=1 L[Sk = 8]
n . n n 1[51& _ S],ytimet Pprod,t
— (1 = V)Epr, [V pproa,e] = — (1 —7) 7 ’ (18)
K warl = (1= 2“5
) 15)21[5’1:817%- - (19)
n— J g1
1o L[Sy = s] & i §>0

Note that n is the number of transitions, and K is the number of trajectories.

Define two functions:

9n($) = <= (20)
t:o1 L[Sy = s]
1 & .
fn(s) = (1*7)?221[53‘ = s]v po:j—1- 2D
i=15>0
Note that n _
7 (1= VEer. [V prroai] = gn(5) fu(5)- (22)

Prove the irreducibility. When studying states with non-negative discounted stationary distribution
values under the target policy , they can form an irreducible set with restarts.
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dr,~(s) > 0 implies that d,(s) > 0. Thus,
P,(S; = s, forsome j > 0and j <T) > 0.

Meanwhile, we have IP,,(S; = ¢, forsome j > 0[Sy = s) > 0 for episodic tasks. Thus, with
restarts, given any two states s and s’ with positive stationary distribution values,

PM(Sj = S/|So = S)
> P, (S; =, for some j > 0|Sy = s)P,(S; = ', for some j > 0and j < T)
> 0.

Prove the positive recurrence. Note that a finite and irreducible Markov chain is positive recurrent.

Prove the infinite number of trajectories. By Assumption 4.2, the termination state is positive
recurrent and is visited infinitely many times as the step n goes to zero. Thus, there are infinitely
many trajectories.

Compute the almost sure limit of two functions. The function g,(s) is proven to converge to
g(s) = E,[7"(s)] by the ergodic theorem.

Apparently, lim,, o fr(s) = limg 5 00(1 — 'y)% Zfil Zj>0 1[S; = s]7?po.j—1. By the central
limit theorem, we have B

nh—>nclo fn(s) - M Z IL 7 pO j—1 = dﬂ',’Y(S)' (23)
7>0
Thus,
L.H.S = lim_g,(s)fn(s) (24)
( ) (s) (25)
B[ (5)]dr (s) (26)
dr 5 (s)
= D 27)
du(s)
The last line follows Lemma 2.1, and the proof is completed. O

Proof of the Unbiasedness

Theorem 7.3 (Unbiasedness). Given

* a finite Markov decision process,

* a dataset D collected under a behaviour policy i, and
* atarget policy ™

such that Assumption 4.1 is satisfied, reweighting data by our average correction gives unbiased
estimation for any function f : S — R, that is,

Ep [Es~p [cp(5)f(5)]] = Esna. , [f(5)], (28)

where Ep means expectation over trajectories sampled under the behaviour policy, and Eg..p rep-
resenting sampling states uniformly from the dataset.

~ n—1 —
Proof. Denote the sampling distribution from the dataset as d(s) = W.

As proven in Corollary 4.3 in Equation 22,

cp(S5) = ZZ]IS = s plyj_1- (29)

d( i=1 52>0

Thus, Esp [en(S)f(S)] = Xes f(8)(1 = 1) icy Xy20 LISE = sy pbj1-
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After taking expectation over all K trajectories, we have

Ep | Y f(s)(1—~ ZZﬂ SIV Plj (30)

seS i=1 5>0
=Y FA =)D A P(S; =) GD
SES 7>0
= 3 F(s)dns (). (32)
seS

Appendix B: Asymptotic Convergence

We first introduce and prove the necessary lemmas. The proof of the convergence theorem is given
in the second subsection.

Proof of the Required Lemma

Denote the number of trajectories until step ¢ by K (t). Recall our update rule is dyy1 = dy +
[mH]GH1[¢<><> Ml e )]
Net1]’ A2H (1 —7)o(st) —A2

(677 (Gt+1dt + gt+1) where dt+1 =

and g1 = [QS(;SS\)Qyt].

[l

Lemma 7.4. Define two matrices G =

[MH‘I’ Dﬂy]

W
When Assumption 4.2 and 5.1 are satisfied, we have

{;@TDM@ —MI —XH(1 - y)qﬁﬂ and g —

2H(1—7)d] @ s

t4+1 t4+1 .
. t+1z 0 Gr = G a.s., a”dt+12k 09k = ga.s. andin L1, ast — oo.

2. The real parts of all eigenvalues of G are strictly negative.

Proof. Let’s prove the first point about almost sure convergence. We will prove the convergence
of each sub-matrix separately.

Note that the ergodic theorem gives that the convergence of the top-left sub-matrix of G as

=
T
m 2 —o(sk)p(sk) — Ml
H—OC> Z _d;t(3)¢(8)¢(3)T - All
sES
=-3"D,®— \1I

Similar convergence can be gained for the term Ay H (1 — 7)(s:) by the ergodic theorem as well.

Combining these two results, we gain the almost sure convergence of G;.
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Now we analyze the term y,¢(s¢) = D> ¢(5) D1 (1) ¥i Where I,(t) denotes the showing up steps
for a state a until step t. It can be further expressed as

t+ T+l nyd? 5¢)
1 1
= Z méﬁ(s)m(l - ’Y)m IZ( )yi
1 1
= T 2 g
dﬁﬁ(s)

Note that the third line uses the convergence of % BT

the recurrence time for the termination state has a finite expectation by Assumption 4.2. Similarly,
the ergodic theorem implies the almost sure convergence of It( (tl) to E,,[T7.

to (t) goes to infinity as ¢ — oo since

Euthermore, by central limit theorem, (1 - 7)% D icr.(t) Yi converges to dr - (s). Sigce the
limits of these two terms ar bounded, the limit of the product converges to the product of limits.

For the L1-convergence, we analyze the expectation of y;¢(s;). Define T ;) as the termination step
of K (t)-th trajectory.

1 t+1

7 2 Bulyio(s)] (33)

b1
t+1

:t+12’y St—S (8) (34)
K1) &

= Z e - Kt)Y A'Pa(Sj=5)+ > YPc(S;=5)] (33
T -7 3>0 §=0
1 dﬂﬁ(s)

N m¥d~<s> i 2 a0

Note that t) Zt Ko, P(S; =s) — 0as K(t) — oo and ¢ — o0.

Let’s prove the second point about eigenvalues.

Let ¥ € C, ¥ # 0 be a nonzero eigenvalue of G with normalized eigenvector z, that is z*z = 1,
where z* is the complex conjugate of x. Hence, z*Gx = ¥, v # 0. Let 2" = (x] ,z3), where

21 € C% and 25 € C. We can verify that
0 =—2(®" D@+ A1)z + doas H(1 — y)d, ®x1 — MaxiH(1 = 7)d,® " 25 — Aolws. (37)

Since d;} @ is real, Aoz} H(1 — 7)d,® "y = (A5 H(1 — 7)d,; $21)*. It yields that the real part
of their difference equals zero. Therefore, we have the real part of ¥, denoted by R (%), equals

R(W) = —21(®"D,® + M\ )wy — Aaxhas. (38)
By the first point in Assumption 5.1, we have —z7 (<I>TD;L<I> + A1)z, > 0, where the equality holds
iff 21 = 0. At least one of {x1, z2} is nonzero. Consequently, we have R(}) < 0. O

Proof of the Convergence

Theorem 7.5. Based on Assumption 4.2 and 5.1, and Lemma 7.4, we have
di — —Gilg a.s. 39
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which is the same fixed point for minimizing the following mean square error loss in Equation 40.

The loss given a dataset D to the true density ratio is written as

2
(fem,-e(st) 7 1 dﬂﬂ(s}e)) ] + Aullfimsel3

i mse;D = ES ~
min £L(Opse; D) ¢~D 1—y)EL[T] du(se) 2

0mse

2
30 (sl (1= )l 1= 5 ). G0

Proof. First, we can verify some properties on our labels. Based on these properties and L1-

1 t . . . .
convergence of ;17 > 4, gk, we conclude that our label (y:, ¢(s¢)y:) gives a unique invariant
probability and is ergodic.

The proof is the same as the corresponding proofs of (Yu, 2012, Theorem 3.2 and Prop. 3.2) for the
case of off-policy LSTD.

1. For any initial value of po.—1, sup;>q E[|(y:, ¢(s¢)yz)[l] < oc.

2. Let (yt, @(s¢)ye) and (4, ¢(s¢)y:) be defined by the same recursion and the same random
variables, but with different initial conditions py._1 # po.—1. Then, y; — ¥y — 0a.s. and

d(st)ys — P(st)gr — 0 ass..
3. Zy = (S, Ar, yi, ¢(st)ye) is a weak Feller Markov chain and bounded in probability.
The proof follows ETD, since y; = 7™ pyroq,¢ is a term in the ETD traces. For the second term,

the difference between traces with different initializations for our correction and ETD is the same,
so their proof also works here. The proof for the third claim follows the ETD paper.

Three conditions are required to use Theorem 6.1.1 in Kushner and Yin (2003) and follow the ETD
proof (Theorem 4.1). Define & = (y;, St, At, Si+1) and h(d, &) = Gid + g4

1.

1

t t
1
P kZ:OGk — G and 1 kzzogk — g almost surely. 41)

2. There exist nonnegative measurable functions gi(d), g2(§) such that |A(d,§)] <
g1(d)g2(§) such that gy(d) is bounded on each bounded set, > ,.,E[g2(§)] < oo, and

p%l ZZ:O (92(&k) — Elg2(&x)]) — 0 almost surely.

3. There exist nonnegative measurable functions gs(d), g4 () such that for each d and &', ||h(d, &) —
h(d', &) < g3(d—d’)ga(€) such that g5(d) is bounded on each bounded set, g5(d) — Oasd — 0,

>0 Elga(§)] < oo, and 75 S o (94(&) — Elga(&)]) — 0 almost surely.
In our proof, the function h(d, &) equals

[~6(5)6(s)T = MT —XaH(1 (5] 5 . [6(s)y
"(d’@{xzml—vwst) Y }“[—Az]' “2)

Then, for the second and third points, we first bound the norm of the matrix as followings.

~6(s)p(s)T — ML Ao H (L —7)g(s¢)
| [ Mo H (1 - )(s,) o ] )
—6(s)d(s)T = MI 0 0 ~X2H(1—7)p(s¢)
< ||[ 0 0} I+ | [/\2H(1 b o ] (44)
< l=o(s)p(s) T — MI| + vV 2IAH(1 = 7)d(s0) ) I+ (45)

< L*+ M+ V20 H(1 —7)L + Ao (46)
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@9l < 1| 320 2ol B0 a2

o H (1 —7)p(s¢) -2
< (L2 4+ M+ V20 H(1 —7)L + Ao)|d]| + (||6(s)yl|A2) (43)
< (124 M+ VDNH(L— )L+ Do+ Ly) (] + 1) (49)

Thus, g1(d) = (||d|| + 1) and g2(£) = L? + Ay + V2 2 H(1 —7)L + X2 + Ly.
We can bound the function norm using the matrix norm bound in Equation 46.
T
1h(d, &) — h(d, )] < | Afgf,)(f(f)w ¢(i§)f RH( A;) Yl a—a) 50
< (L2 4+ M + V20 H(1 —~)L+ X)) ||d — d']]. (51)
Thus, g3(d) = ||d|| and g4(&) = L? + A1 + V2A\2 H(1 — 7)L + g is a constant.
To show the fixed point is the same as minimizing the MSE to the true density ratio, we need to

repeat the convergence proof for the new loss. But the only change is in the regression target and all
other steps follow. O

Appendix C: Experimental Materials

The hyperparameters of COP-TD are tuned the same as our method in the setting of dataset size
4000, trajectory length 100, discount factor 0.95 and randomness coefficient 0.3 for discrete-action
tasks and 2.0 for continuous-action tasks. Only one combination of the hyperparameters is used for
all tasks.

For our algorithms, we test out the combination from parameter regularization coefficient \; €
[0,0.001,0.01,0.1], distribution regularization parameter Ay € [0.5,2,10,20], and learning rate
« € [0.00005,0.0001, 0.0005,0.001, 0.005].

The neural network is set to be a two-hidden-layer neural network with hidden units 256, which is
the setting used by SR-DICE. The batch size is set the same as SR-DICE, equaling 512.

The final choice of hyperparameters is shown in Table 1.

Parameter Regularizer \; 0.001
Distribution Regularizer A, 0.5
Learning Rate 0.0005
Activation ReLU
Table 1

Ablation Study

When training without the distribution regularization, the hyperparameters are also tuned with the
regularization coefficient fixed, A2 = 0. Notice that the training step is much fewer than Figure 1.
The results are plotted on a validation set. Without the distribution regularization, the ratio model is
not learning except on CartPole.

Robustness

The top-left subfigure of Figure 2 examines robustness against different discount factors. The main
message is that our algorithm proves less robust to changes in the discount factor and would require
re-tuning for each discount factor to achieve optimal performance. Our algorithm is robust to other
changes except for a trajectory length that is too long. Results for other tasks are presented in Figure
4 and 5 and the conclusion holds for all tasks.
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Figure 3: This figure presents the mean square error of estimating the objective J(7) in the log scale
for each task. We present our method with and without the distribution regularization.

Turning to the bottom-right subfigure of Figure 2, performance degrades when the trajectory length
is set to 200. A similar phenomenon is observed in Hopper and HalfCheetah. We propose two
hypotheses for this drop. First, our method may struggle with very long trajectories, suggesting
that users might benefit from truncating trajectories since longer horizons lead to heavily discounted
and, thus, tiny labels. Second, the total dataset size is fixed at 4,000, so increasing the length
of each trajectory decreases the number of available trajectories. The approximation error decays
sublinearly with the number of trajectories; thus, fewer trajectories can hinder performance.

cartpole,
102 10?
10 10t
10° w 10—
= —_—
1071 g 107!
1072 wp TT—
107 102
08 09 095 099 0995 2000 4000 8000 16000
Discount Factor Buffer Size
10? 10?
10! 10!
10° 9 100
2
107 g 10
el 102
107 103

01 02 03 04 05
Distance Between Behavior & Target Policies

(@)

20

40 80 100
Trajectory Length

Log MSE

Log MSE

acrobot
10? 10%
10t 10t
100 ] 100
=
2
107t 3 107t
1072 1072
107 102
08 09 095 099 0995 2000 4000 8000 16000
Discount Factor Buffer Size
102 102 —+ behaviour policy
—+ our correction
100 10 —+ COPTD
—+— SR-DICE
100 w 100 — DeepTD
= —+— best_dice
2
107t 3 107t \
1072 1072
10 103
01 02 03 04 05 20 40 80 100

Distance Between Behavior & Target Policies

(b)

Trajectory Length

Figure 4: This figure shows the robustness results on discrete-action tasks.
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Figure 5: This figure shows the robustness results on continuous-action tasks.



